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We introduce three- and two-dimensional biophysical models of cardiac excitability derived from a

14-dimensional model of the sinus venosus [Rasmusson, R., et al., 1990. Am. J. Physiol. 259, H352–369].

The reduced models capture normal pacemaking dynamics with a small complement of ionic currents.

The two-dimensional model bears some similarities with the Morris–Lecar model [Morris, C., Lecar,

H., 1981. Biophysical Journal, 35, 193–213]. Because they were reduced from a biophysical model, both

models depend on parameters that were obtained from experimental data. Even though the

correspondence with the original model is not exact, parameters may be adjusted to tune the

reductions to fit experimental traces. As a consequence, unlike other generic low-dimensional models,

the models introduced here provide a means to relate physiologically relevant characteristics of

pacemaker potentials such as diastolic depolarization, plateau, and action potential frequency, to

biophysical variables such as the relative abundance of membrane channels and channel kinetic rates.

In particular, these models can lead to an explicit description of how the shape of cardiac action

potentials depends on the relative contributions and states of inward and outward currents. By being

physiologically derived and computationally efficient, the models presented in this article are useful

tools for theoretical studies of excitability at the cellular and network levels.

Published by Elsevier Ltd.
1. Introduction

Excitable cells mediate different kinds of communication at
the organ and whole-system levels. Some excitable tissues
contain cells that fire action potentials (APs) continuously to
sustain functions like respiration and cardiac activity. Excitable
cells that spontaneously produce rhythmical APs are called
pacemakers. The goal of this article is to introduce two simple,
generic models for pacemaker activity, which are both physiolo-
gically relevant and computationally inexpensive.

Theoretical studies of cellular excitability have followed mainly
two different trends after the seminal work of Hodgkin and Huxley
(1952). One direction consists in establishing simplified models,
such as the generic two-dimensional model obtained by Fitzhugh
(1961) and Nagumo et al. (1962); the model by Morris and Lecar
(1981), which contains two ionic currents (potassium and calcium);
the minimal model of excitability of Av-Ron et al. (1991); the two-
dimensional model proposed by Karma (1993, 1994), a special case
of which was studied by Mitchell and Schaeffer (2003); the modified
FitzHugh–Nagumo model developed by Aliev and Panfilov (1996);
or the three-dimensional model by Fenton and Karma (1998) in
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which gating functions were replaced by step functions. This
approach was pushed even further by Barkley (1991) who used a
piece-wise linear model, or by Izhikevich (2003), who replaced the
typical sigmoid and cubic nullclines from the FitzHugh–Nagumo or
Morris–Lecar 2D models, respectively, by a straight line and a
parabola, together with an artificial reset when the membrane
potential exceeds a threshold value. Another direction consists in
developing high-dimensional models which give as accurate a
description of a cell as possible. Examples of such detailed models
include the work on human atrial cells by Nygren et al. (1998) and
Courtemanche et al. (1998), and models of human ventricular cells
by Priebe and Beuckelmann (1998), or by Ten Tusscher et al. (2004).

It seems natural to look for models that somewhat mediate
between these two directions. For instance, reductions of the Priebe
and Beuckelmann model (15 variables) and of the Ten Tusscher et al.
(2004) model (19 variables) to, respectively, 6 (Bernus et al., 2002)
and 9 variables (Ten Tusscher and Panfilov, 2006) are already
available in the literature. Our goal is to further build on this
approach by seeking models of minimal dimensionality.

As pointed out by FitzHugh (Fitzhugh, 1961) and others
(Izhikevich, 2006; Rinzel and Ermentrout, 1998; Rubin and Terman,
2002), cellular excitability can be captured by using continuous two-
dimensional systems with a fast amplifying variable and a slower
recovery variable. The challenge is thus to write low-dimensional
models that remain close to the physiology of pacemaking, with
biophysical parameters close to those measured experimentally.
What criteria should be satisfied by such models? First, since the
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geometry of the vector field in phase space dictates the qualitative
behavior of the system, the lower dimensional models should
be faithful to the general geometric properties of the original
system. Second, they should be generic and simple enough
to be computationally inexpensive. Third, in contrast with
phenomenological formulations like those of the FitzHugh–Nagumo,
Barkley or Izhikevich models, they should, as much as possible, allow
the researcher to ask questions about cells and tissues in terms of
cellular components or their function (e.g. channels). Therefore, ideal
low-dimensional models should also be biophysical, in the sense that
all of their terms should be directly related to biophysical processes.

In this article, we derive a three-dimensional and a two-
dimensional system with three voltage-dependent ionic currents
(potassium, calcium, and leak) obtained by means of a systematic
dimensional reduction of the 14-dimensional (14D) model for
pacemaker cells of the bullfrog sinus venosus (analog of the
sinoatrial node in mammals), developed by Rasmusson et al.
(1990b). This model was chosen as a starting point because it was
constructed from voltage-clamp data collected by a single research
group on a single organism. We believe that the understanding
gained by Rasmusson et al. in combining theoretical and
experimental approaches gives particularly strong validation to
this work. We hypothesize that the dynamics of this model of the
sinus venosus, and by extension, those of biological systems
established using biophysical measures, may often be reduced to a
minimal system that reproduces the main physiological properties
displayed by the original model. In the present case, a specific
form of this hypothesis is that the minimal collection of currents
that makes up the cardiac pacemaking dynamics in the sinus

venosus consists of an inward current mediated by L-type Ca2 +

channels and an outward current mediated by delayed rectifier K+

channels. The pacemaking frequency may then be modulated by
other currents represented by a non-specific inward current which
can be thought of as regulated by vagal input. The above
statements should hold, after appropriate generalizations, for
cells in atrial nodes of other vertebrate hearts as well. Once such a
model is constructed, additional channels may be added to capture
specific phenomena related to a specific cell type.

This manuscript is organized as follows. We first describe the
general methodology, review the components of the dynamical
system described by Rasmusson et al. (1990b), and analyze the
properties of this model. Then, we introduce approximations
that allow a dimensional reduction from 14 to 3, and then to 2
dimensions. This is done using standard methodologies, some of
which are similar to those discussed by Morris and Lecar (1981),
Vinet and Roberge (1990), Bernus et al. (2002), and Ten Tusscher and
Panfilov (2006). Importantly, the result is in both cases a reduced
model in which equations and parameters retain their original
biophysical attributes and remain directly linked to experimentally
measurable quantities. We then present numerical simulations that
show that the two-dimensional model is able to display a variety of
action potential shapes and could therefore be used as a generic
model for cardiac cells. Finally, the results are summarized and put
into perspective in the last section of the article.
1 Some of the signs were off in Rasmusson et al. (1990b) but have been

corrected, in agreement with Rasmusson et al. (1990a).
2. Methods

The general model of membrane potential used in this article is
a standard, nonlinear, autonomous, first order system of differ-
ential equations of the form

Cm
dv

dt
¼�

X
x

Ixðv,pÞ, ð1Þ

dp

dt
¼ apðvÞð1�pÞ�bpðvÞp, ð2Þ
where Cm is the membrane capacitance (typically in nS), v

represents the membrane potential (typically in mV), and Ix

represents the whole membrane current (WMC) mediated by a
membrane protein labeled as x. The label x (e.g. Na+, K+,
Ca2 +,Na+/Ca2 +, etc) typically indicates the ion(s) carrying the
current and possibly a distinctive feature of the kinetics of
the carrier protein. Channels are assumed to be permeable to only
one ion. The probability of opening of each channel is determined
by the product of up to two variables, each representing the
probability of opening of a gate dictated by Eq. (2), where ap and
bp are the opening and closing rates of the gate. A channel is open
only when all of its gates are open. Eq. (2) can be rearranged so
that the evolution of p is related to its time constant, tp, and the
asymptotic probability of gate opening, p1,

dp

dt
¼

p1ðvÞ�p

tpðvÞ
, ð3Þ

where

t�1
p ¼ apðvÞþbpðvÞ, ð4Þ

p1ðvÞ ¼ apðvÞtpðvÞ: ð5Þ

2.1. Numerical solvers

Numerical simulations shown in this manuscript were per-
formed using the solver integrate.odeint (lsoda from the
FORTRAN library odepack) available from the Python module
scipy (Python Software Foundation, http://www.python.org/). In
addition, ordinary differential equation solvers ode15s and
ode45 from MATLAB (The MathWorks, versions R2007b and
R2008a) were used in combination to check the results for a
typical situation leading to pacemaker oscillations. The accuracy
of the simulation was also tested and it was concluded that the
default optional parameter values of ode15s give accurate results
in an optimal amount of simulation time.

2.2. Description of the initial high-dimensional system

The work of Rasmusson et al. (1990b) for the bullfrog sinus

venosus provides a state-of-the-art example of how to obtain a
reasonably faithful description of relevant channel dynamics and
cellular processes by fitting parameters to experimental data. The
resulting model consists of the following 14 ordinary differential
equations1:

Cm
dv

dt
¼�IKd�ICaL�INaK�INaCa�INaB�ICaP�ICaB, ð6Þ

da

dt
¼

a1�a

ta
, aAfn,f ,dg, ð7Þ

d½x�c
dt
¼
½x�b�½x�c

tx
þ

Ix

zxFVc
, xAfNa,K,Cag, ð8Þ

d½x�i
dt
¼�

Ix

zxFV i
, xAfNa,Kg, ð9Þ

d½Ca2þ
�i

dt
¼

2INaCa�ICaL�ICaP�ICaB

2FV i
�

1

Vi

dOB

dt
, ð10Þ

dOC

dt
¼ 100½Ca2þ

�ið1�OCÞ�0:238OC , ð11Þ

http://www.python.org/
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dOTC

dt
¼ 39½Ca2þ

�ið1�OTCÞ�0:196OTC , ð12Þ

dOTMgC

dt
¼ 100½Ca2þ

�ið1�OTMgC�OTMgMÞ�0:0033OTMgC , ð13Þ

dOTMgM

dt
¼ 0:1½Mg2þ

�ið1�OTMgC�OTMgMÞ�0:333OTMgM , ð14Þ

with dOB/dt in Eq. (10) given by

dOB

dt
¼ 0:000045

dOC

dt
þ0:0000842

dOTC

dt
þ0:0001684

dOTMgC

dt
: ð15Þ

In Equations (8) and (9), Ix refers to IK, INa, or ICa defined as follows:

IK ¼ IKd�2INaK ,

INa ¼ INaBþ3INaK�3INaCa,

ICa ¼ ICaL�2INaCaþ ICaPþ ICaB

Eq. (6) describes the dynamics of the membrane potential, v (mV),
which depend on currents carried by delayed rectifier K+ channels,
voltage-dependent Ca2+ and voltage-independent Na+ channels,
Na+/K+ ATPases, Na+/Ca2+ exchangers and calcium pumps. Note
that, contrary to models of non-nodal atrial or ventricular cells, there
is no voltage-dependent Na+ current. The membrane currents of the
system during the pacemaking activity will be discussed in the next
section. The variable a in Eq. (7) represents any of the gating
functions d, f, or n, which appear in the expressions for IKd and ICa.
The remaining Eqs. (8)–(15), describe changes in the concentrations
of Na+, K+, Ca2+ across the cell membrane and across the capillary
(Eqs. (8)–(10)), as well as the intracellular concentrations of other
molecules involved in Ca2+ buffering and the contractile machinery
in cardiac muscles (Eqs. (11)–(15)).

In the above equations, time is in milliseconds, and the
membrane capacitance, Cm, is in nano Farads, F is Faraday’s
constant, Vi is the volume of a cell, Vc the volume of the
extracellular (cleft) space, and tp is the time constant for
the diffusion of chemicals between the bulk and cleft space
regions. Currents are in nA, time constants and time in general are
given in milliseconds, concentrations in millimolars (mM) and
volumes in nanoliters (nL). The concentration of a chemical A

inside (resp. in the cleft outside) the cell is denoted by [A]i
Fig. 1. K-channel gating and time constants for the Rasmusson et al. model. (A) Activatio
(resp. [A]c), and the concentration of A in the bulk is denoted by
[A]b. The buffering of intracellular calcium concentration is
described in terms of the occupancy of the calcium-binding
proteins calmodulin (OC), troponin-Ca2 + (OTC), and troponin-Mg.

2.3. Membrane currents

The ionic currents of the model by Rasmusson et al. are described
in the following paragraphs. A detailed discussion of the main
currents, namely the (voltage-dependent) Ca2+ and K+ delayed
rectifier currents, is presented first; the remaining currents are
defined afterward.

2.3.1. Delayed-rectifier potassium current

The whole-membrane delayed-rectifier K+ current (IKd) is written
by Rasmusson et al. as

IKd ¼ n2IK ¼ n2 � 0:0115½v�ðvKþvRÞ�, ð16Þ

where vK is the Nernst potential for K+ ions and

vR ¼ 95½1þexpð�ðv�vK�78Þ=25Þ��1 ð17Þ

is a rectifying term which, as reported by Giles and Shibata (1985),
becomes noticeable for v-values larger than or equal to �30 mV. The
gating functions, an and bn used by Rasmusson et al. are given by

an ¼
0:0000144ðvþ26:5Þ

1�expð�0:128ðvþ26:5ÞÞ
, ð18Þ

bn ¼ 0:000286expð�0:0381ðvþ26:5ÞÞ: ð19Þ

Fig. 1 illustrates different aspects of the K-current in the model.
Panel A (top-left) shows the kinetic rates an and bn as functions of the
membrane potential v. The quantities tn and n1, which can be
compared with the experimental measurements shown in Fig. 8 of
Rasmusson et al. (1990b), are plotted in panels B and C. Finally, panel
D of Fig. 1 shows the current IKd assuming gating at steady state.

2.3.2. Voltage-dependent calcium current

The whole-membrane Ca2 + current in Rasmusson et al. (1990b)
is written as

ICaL ¼ dfICa, ð20Þ
n rates a and b. (B) Time constant. (C) Steady state gating. (D) Steady state current.



Fig. 2. Gating and orbit described by the Ca2 +-current. (A) Gating variables at

steady state (solid black) and their trajectories during the pacemaking cycle (gray).

(B) Ca2 +-current at steady state (solid black) and its trajectory (gray).

M.A. Herrera-Valdez, J. Lega / Journal of Theoretical Biology 270 (2011) 164–176 167
where d and f satisfy a differential equation like Eq. (7). The
corresponding functions d1, td, f1, and tf are given by

d1 ¼ ½1þexpð�ðvþ10Þ=6:24Þ��1, ð21Þ

td ¼
d1½1�expð�ðvþ10Þ=6:24Þ�

0:035ðvþ10Þ
, ð22Þ

f1 ¼
1

1þexpððvþ35:06Þ=8:6Þ
þ

0:8

1þexpðð50�vÞ=20Þ
, ð23Þ

tf ¼ ½0:0197expð�½0:0337ðvþ10Þ�2Þþ0:02��1: ð24Þ

It is worth noticing that the inactivation variable f1, given by
Eq. (23), departs from Eq. (5) since it involves two contributions,
each of which has the form of a Boltzmann function with sigmoidal
shape of the form Af1þexp½�aðv�v0Þ�g

�1, for some constant A. The
second term in Eq. (23) is explained by Rasmusson et al. (1990b) as
a partial re-opening of the inactivation gate, but could also be
reinterpreted as the opening of another type of Ca2+ channel.

The expression for ICa given in Rasmusson et al. (1990b)
corresponds to the Goldman constant field approximation. It
reads

ICa ¼ 0:0274v
½Ca2þ

�iexpð0:078vÞ�½Ca2þ
�c

expð0:078vÞ�1
:

Indeed, at 24 3C

zCaq

kT
C

2� 1:602174� 10�19
� 10�3

1:38065� 10�23
ð273:15þ24Þ

C0:0781,

and the expression for ICa can thus be re-written as

ICa ¼ gCa

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Ca2þ

�i½Ca2þ
�c

q
sinh qzCa

2kT v
� � sinh

qzCa

2kT
ðv�vCaÞ

� �
, ð25Þ

where gCa¼0.0274 mS=mM is the maximum whole-membrane
conductance per millimolar. Eq. (25) may be derived from basic
biophysical principles (Endresen et al., 2000), assuming that the
electric potential inside a channel is a linear function of the
distance along the channel pore, and that the pore has constant
cross-sectional area. As discussed in Endresen et al. (2000) and
Nonner and Eisenberg (1998), a constant approximation to the
amplitude

ACa ¼ gCa

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Ca2þ

�i½Ca2þ
�c

q
sinh qzCa

2kT v
� � ð26Þ

may also be assumed while still providing a reasonably accurate
description of the whole membrane current. Fig. 2 illustrates the
behavior of the quantities appearing in (20)–(25) as functions of v.
The thin curves represent the steady state case, and the thick ones
illustrate the dynamics during pacemaker oscillations.

The rest of the currents are listed below:
1.
 Sodium–potassium pump current:

INaK ¼ 0:145
½Kþ �c

½Kþ �cþ0:621

� �2
½Naþ �i

½Naþ �iþ5:46

� �3
vþ150

vþ200
: ð27Þ
2.
 Sodium background current:

INaB ¼ 0:00015ðv�vNaÞ: ð28Þ
3.
 Sodium–calcium exchanger current:

INaCa ¼ 0:000004
½Naþ �3i ½Ca2þ

�cexpð0:0195vÞ�½Naþ �3c ½Ca2þ
�iexpð�0:0195vÞ

1þ0:0001ð½Naþ �3i ½Ca2þ
�cþ½Naþ �3c ½Ca2þ

�iÞ
:

ð29Þ
4.
 Calcium pump current:

ICaP ¼ 0:00675
½Ca2þ

�i

½Ca2þ
�iþ0:001

: ð30Þ
5.
 Calcium background current:

ICaB ¼ 0:0000003ðv�vCaÞ: ð31Þ

These expressions are then coupled to equations for the

intracellular, extracellular (cleft) and bulk concentrations of K+,

Na+ and Ca2 +, as shown in Eqs. (6)–(10).
3. Results

This section is devoted to the derivation of two models for the
dynamics of cardiac cells, obtained as reductions of the model
established in Rasmusson et al. (1990b). The first model is three-
dimensional (3D). The second model is a two-dimensional (2D)
simplification of the 3D model.The properties of the 2D model are
later studied from a more general point of view.

Fig. 3 shows the steady state dynamics of the system (6)–(15),
in a numerical simulation with initial conditions:

vð0Þ ¼�75 mV, dð0Þ ¼ 0, f ð0Þ ¼ 1, nð0Þ ¼ 0:05,

OC ¼ 0:2, OTC ¼ 0:1, OTMgC ¼ 0:9, OTMgM ¼ 0:04

½Kþ �c ¼ 2:6 mM, ½Naþ �c ¼ 111 mM, ½Ca2þ
�c ¼ 2:25 mM,

½Kþ �i ¼ 130 mM, ½Naþ �i ¼ 7:5 mM, ½Ca2þ
�i ¼ 0:0005 mM,



Fig. 3. Dynamics of the 14D pacemaker model. Note: For illustration purposes, the

origin of time is chosen at the maximum diastolic potential after running the

simulation for 1000 seconds. (A) Membrane potential v (Eq. (6)). (B) Gating

variables n (dots), d (solid), and f (dashed) from Eq. (7). (C) Ionic concentrations

(Eqs. (8)–(10)): ½K�c (solid black), ½K�i (dashed black), ½Naþ �c (dash-dot, black),

½Naþ �i (dots, black), ½Ca2þ
�c (dashed, gray), all in mM. The inset shows ½Ca2þ

�i

(dashed, gray). (D) Concentrations OC (solid), OTC (dashed), OTMgC (dots), and OTMgM

(dot-dash) from Eqs. (11)–(15).
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and parameters

Cm ¼ 0:075 nF, Vi ¼ 0:0025 nL, Vc ¼ 0:0004 nL,

F ¼ 96485:30929 C=mol, tp ¼ 10 s, ½Mg2þ
�i ¼ 2:5 mM

½Kþ �b ¼ 2:5 mM, ½Naþ �b ¼ 111 mM, ½Ca2þ
�b ¼ 2:25 mM:

These parameters and initial conditions are the same as in Rasmusson
et al. (1990b). The resulting dynamics tend towards (periodic)
pacemaker oscillations of the membrane potential (Fig. 3A).

3.1. Analysis of pacemaker dynamics

The following observations will be used in the derivation of the
reduced models:
1.
 The orbit of d (Fig. 2A, solid, thick, gray trace) overlaps with the
steady state d1 (Fig. 2A, thin, solid, black trace). It is thus
reasonable to assume that d� d1ðvÞ for all v, and reduce the
system to 13 equations, resulting in almost identical dynamics
to those of the original 14D system.
2.

Fig. 4. Whole membrane currents grouped by the size of their maximal amplitude.

(A) Large, small, and total currents, Ilarge (thick, gray), Ismall (thick, dashed, gray),

and Itotal (thin, solid, black). (B) Large currents. Ilarge (thick, gray), ICa (thin, solid,

black) and IK (thin, dashed, black). (C) Small currents: Ismall (thick, dashed, gray),

and INaK (solid, thin, gray), INaCa (solid, thin, black), ICaP (dots, thin, black), ICaB

(dashed-dot, black), INaB (dashed, thick, black).
As oscillations become more regular, all ionic concentrations,
except the internal calcium concentration, remain relatively
close to constant values (Fig. 3C). This suggests that the
dimension of the model may be significantly reduced by
assuming that these concentrations remain constant and equal
to their average values. We will see later that replacing the
internal calcium concentration by its average value only
significantly affects the period of pacemaking oscillations,
which in turn can be restored by adjusting (increasing)
parameters like the Nernst potential for calcium or the
maximum amplitude of the leak current. A constant internal
calcium concentration would also yield constant values for the
concentrations of OC, OTC, OTMgC, OTMgM, and OTC, potentially
further reducing the system (6)–(15) to only include three
equations for the variables v, n, f.
3.
 The currents in the model can be separated into two groups
depending on their size (Fig. 4):

Itot ¼ Ilargeþ Ismall ð32Þ

where

Ilarge ¼ IKdþ ICaL ð33Þ

Ismall ¼ INaKþ INaCaþ INaBþ ICaPþ ICaB: ð34Þ

The small currents are all written as functions of the ionic
concentrations and of v. When the concentrations of the
different ions are constant, the Na+/Ca2 + exchanger current
has a linear behavior for v in the vicinity of a constant value,
and all of the other small currents become constant or linear
functions of v. As a consequence, the corresponding division
into large and small currents in the three-dimensional (3D)
approximation suggested above would cause Ismall to become
an almost-linear function of v. This observation strongly
suggests that Ismall could be regarded as a leak current, with
reversal potential and conductance determined mostly by the
average ionic concentrations.

In what follows, we apply the above considerations to formulate
the reduced models.



Fig. 5. Dynamics of the 3D pacemaker. (A) Membrane potential v. (B) Gating

variables n (dots), d1 (solid), and f (dashed).

Fig. 6. Whole membrane currents as functions of time in the 3D model. The plots

show, respectively, (A) Ilarge (thick, gray), Ismall (thick, dashed, gray), and Itotal (thin,

solid, black). (B) Large currents. Ilarge (thick, gray), ICa (thin, solid, black) and IK

(thin, dashed, black). (C) Small currents: Ismall (thick, dashed, gray), and INaK (solid,

thin, gray), INaCa (solid, thin, black), ICaP (dots, thin, black), ICaB (dashed-dot, black),

INaB (dashed, thick, black).
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3.2. Derivation of the reduced models

We now show that the above 14-dimensional system may be
reduced first to a three-dimensional and then to a two-dimen-
sional system. The resulting reduced systems are the main
contribution of the work presented in this manuscript. We argue
that the models thus derived may be used as generic models for
cardiac and other excitable cells, especially in situations where
the use of higher-dimensional models would be too expensive
from a computational point of view, and in lieu of less realistic
models using parameters that bear no biophysical meaning and
that therefore cannot be measured experimentally.

3.2.1. Reduction from 14 to 3 dimensions

A first approximation consists in setting d� d1, thereby
reducing the system to 13 equations with almost identical
dynamics compared to those of the original system (not shown).
This is often systematically done each time the corresponding
gating dynamics is fast. For instance, a similar approach was
followed by Vinet and Roberge (1990) in the reduction of the
six-dimensional modified Beeler–Reuter model (Beeler and Reuter,
1977; Drouhard and Roberge, 1987) to a three-dimensional model.

A second approximation is to set all the molecular concentra-
tions in the model equal to their (constant) average values. After
allowing the full model to run for 1000 s, the averages of the
potassium, sodium, and calcium concentrations calculated over a
time interval of 20 s are

½Kþ �c ¼ 2:5 mM, ½Naþ �c ¼ 111 mM, ½Ca2þ
�c ¼ 2:25 mM, ð35Þ

½Kþ �i ¼ 129:16 mM, ½Naþ �i ¼ 8:32 mM, ½Ca2þ
�i ¼ 0:0026 mM:

ð36Þ

A similar assumption was also made by Bernus et al. and Ten
Tusscher and Panfilov. It is known that, under normal conditions,
action potentials are not associated with significant changes in
the transmembrane concentrations of potassium and sodium, as
well as in the extracellular calcium concentration (Johnston et al.,
1995), even though these concentrations participate in pacemaker
generation. On the other hand, the internal free calcium con-
centration changes, sometimes by at least one order of magnitude
(Rasmusson et al., 1990b). However, we will see in Fig. 7 that
replacing the internal calcium concentration by its average value
does not significantly change the voltage dependence of the
calcium currents. More precisely, the maximum amplitude of
the calcium currents decreases slightly, thereby reducing the
amplitude of the action potential, and in consequence reducing
the period of the pacemaker oscillations.

Once these approximations are made, the resulting system has
only three dynamical variables, v, n, and f, and is given by
Eqs. (6)–(7) with

ICa ¼ d1ðvÞfgCa

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Ca2þ

�i½Ca2þ
�c

q
sinh qzCa

2kT v
� � sinh

qzCa

2kT
ðv�vCaÞ

� �
ð37Þ

and the other currents as before. Fig. 5 shows a numerical
simulation of this 3D model. The output is in good qualitative
agreement with the predictions of the full model. However, the
frequency of oscillations is faster than in the original model. As
noted before, the quasi-steady state approximation d� d1ðvÞ only
causes a negligible change in the dynamics. Therefore, the
observed changes can be attributed to approximating ionic
concentrations by constants.

At first glance, the behavior of the currents in the 3D model is
similar to that of the 14D model (see Fig. 6 and compare with
Fig. 4). As before, the time course of the large, small, and total
currents, Ilarge, Ismall, and Itotal, is shown in panel A, whereas
currents contributing to Ilarge and Ismall are plotted in panels B
and C.

The constant approximation for the ionic concentrations
(made in the reduction from 14D to 3D) however, has a strong
effect on the shape of the small currents (Fig. 6C). The maximum
amplitude of the inward portion of Ismall increased slightly,
whereas the peak amplitude of the outward current decreased
slightly. However, the range spanned between both peaks is
similar between the 14D and the 3D models (see Table 1, row 1).
Also, the similarity between the time courses of the small currents



Table 1
Comparison of current amplitudes in the 14D model and its 3D approximation.

Current Model Peak inward Peak outward Difference

Ismall 14D �0.03 0.02 0.05

3D �0.032 0.015 0.047

Ilarge 14D �0.196 0.05 0.246

3D �0.223 0.046 0.27

Itotal 14D �0.188 0.023 0.21

3D �0.221 0.03 0.251

Currents are in nA.
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and the membrane potential oscillations is a reflection of the
almost-linear dependence of these currents on v.

3.2.2. Orbits described by the currents

As mentioned before, the sum of the small currents, Ismall, is
expected to behave as a linear function of v in the 3D
approximation. However, the orbits described by these currents
still reflect some degree of nonlinearity due to the contribution of
the Na+/Ca2 + exchanger to Ismall and the overall nonlinear
behavior of the system. To further assess the effect of replacing
the ionic concentrations by their (average) constant values
(Fig. 7), we examined the relationship between the membrane
potential and the currents Ilarge and Ismall in the 3D approximation.
The ranges of Ilarge and Itotal are more narrow in the 14D model
than in the 3D model (see Table 1, rows 2 and 3). Nevertheless,
the total and large currents in the 3D model do not seem to be
very different from those of the full model (Fig. 7, rows 1 and 2).
Therefore, as mentioned before, the main differences can be found
in the small currents, as these currents depend directly on the
different transmembrane concentrations of Na+, K+, and Ca2 +.

3.2.3. Internal calcium concentration and pacemaking frequency

The global dynamics of the 3D model (Figs. 5 and 6) are also
sensitive to changes in the small currents caused by changes in
the chosen values of the constant ionic concentrations. For
instance, decreasing the intracellular concentration of Ca2 +

leads to pacemaking oscillations of lower frequencies (Fig. 8).
A brief analysis of these properties is presented in the next
paragraphs.

The internal calcium concentration in the 14D model, ½Ca2þ
�i,

displays oscillations that change over an order of magnitude
ð1210 mMÞ. The maximum and minimum of ½Ca2þ

�i are reached,
respectively, during the plateau and the diastolic depolarization
portions of the action potential (not shown). As a consequence, the
minimum (resp. maximum) Ca2+ Nernst potential during pace-
making occurs when ½Ca2þ

�i is at its maximum (resp. minimum).
Therefore, decreasing ½Ca2þ

�i results in action potentials with
larger amplitudes and slightly wider profiles, smaller pacemaking
frequencies, and smaller INaCa current, resulting in smaller Ismall

(Fig. 8). The decrease in frequency can also be explained in part by
the fact that lower intracellular concentrations lead to a decrease in
Fig. 7. Comparison of whole membrane currents as a function of time between the

respectively, (A1,B1) Ilarge (thick, gray), Ismall (thick, dashed, gray), and Itotal (thin, soli

(thin, dashed, black). (A3,B3) Small currents: Ismall (thick, dashed, gray), and INaK (solid,

INaB (dashed, thick, black). (A) 14D Pacemaker. (B) 3D Pacemaker.
the inward current mediated by the Na+/Ca2+ exchanger.
A decrease in ½Ca2þ

�i decreases the amplitudes of the Ca2+-pump
as well, but this contribution to the membrane potential is at least
one order of magnitude smaller than that of the Na+/Ca2+

exchanger.
Taken together, the above considerations and Fig. 8 illustrate

how simulations with the 3D model may be used to analyze the
role of ½Ca2þ

�i in regulating pacemaking activity. They also
suggest a possible extension of the 2D model (developed below)
by adding ½Ca2þ

�i as a third variable, thereby allowing the study of
specific phenomena related to the role of calcium oscillations. For
instance, one could use this model to explore how the release of
Ca2 + from internal stores may regulate cellular rhythmicity.
3.2.4. Approximating the small currents

The almost-linear behavior of Ismall as a function of v allows
one more approximation, in this case by means of a linear
function

Ismall � Ileak ¼ gLðv�vLÞ: ð38Þ

with maximal conductance gL ¼ 0:00045 mS (slope) and reversal
potential vL¼�9.4 mV, calculated directly from Ismall by anchor-
ing a straight line to the point at which the current is zero
(reversal point), and using the local slope for gL. The choice of
these two parameters has different effects on pacemaker
frequencies. As a general rule, steeper slopes yield oscillations
with faster frequencies and larger amplitudes. If the reversal
potential is increased, the frequency also increases.
14D and 3D models. (A1–A3) 14D model. (B1–B3) 3D model. The plots show,

d, black). (A2,B2) Large currents. Ilarge (thick, gray), ICa (thin, solid, black) and IK

thin, gray), INaCa (solid, thin, black), ICaP (dots, thin, black), ICaB (dashed-dot, black),



Fig. 8. Comparison of pacemaker frequencies in the 3D model for different concentrations of ½Ca2þ
�i . The concentrations are 0.0025 (dots), 0.0012 (dashed), and

0.0006 (solid) mM.

Fig. 9. Comparison of the dynamics in the 3D model with Ismall unchanged (gray) and with Ismall replaced by Ileak � gLðv�vLÞ (black). Parameters are gL ¼ 0:00045 mS and

vL¼�9.4 mV. (A) Ismall (gray) vs. Ileak. (B) Dynamics of v with Ismall (gray), and with Ileak (black).
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The dynamics of the 3D model with the leak current in (38) are
displayed in Fig. 9. The current–voltage relationship in the 3D
model is shown in the left panel, with Ileak as a solid black trace,
and Ismall as a gray trace. The right panel of Fig. 9 shows the
corresponding dynamics for v as a function of time. As can be
observed, the pacemaker frequency decreased slightly with the
chosen approximation.

In conclusion, it appears reasonable to replace all of the small
currents by a leak current. Moreover, the amplitude and
frequency of the observed pacemaker oscillations may be tuned
by changing gL.
3.3. Further reduction to 2 dimensions

As Av-Ron et al. (1991) pointed out based on observations
previously made by Fitzhugh (1961) and Rinzel (1985), a minimal
biophysical model of excitability can be written using only two
variables, by considering that an increase in the activation of K+

channels acts in the same direction as a decrease in
the inactivation of Ca2 + channels, assuming the time scales of
the two variables are comparable. The idea is to then replace the
two variables by a common variable w, which plays the role of a
recovery variable, but captures the dynamics of both n and f. Such
an analysis was based on the Hodgkin and Huxley system where
the cycles formed by n and f are relatively narrow and the
relationship between n and 1� f could be approximated by a
straight line through the origin. A similar approach was used in
Vinet and Roberge (1990), in which a slow variable z ¼ n + (1� f)
was introduced. However, in the present case, such assumptions
do not hold because the graph of f as a function of n during
pacemaker oscillations is nearly linear only during the
depolarization stage of the pacemaker cycle (Fig. 10A and inset).
As a consequence, the recovery variable w mentioned above
cannot be obtained as suggested by Av-Ron et al. (1991). We now
test the hypothesis that the linear relationship between n and f

during diastolic depolarization may be used as an approximation
for the dynamics of both in the entire cycle. To this end, we define

fn ¼m � nþb ð39Þ



Fig. 11. Whole membrane currents for the 2D model. (A) Ilarge (thick, gray), Ileak

(thick, dashed, gray), and Itotal (thin, solid, black). (B) Large currents. Ilarge (thick,

gray), ICa (thin, solid, black) and IK (thin, dashed, black). (C) Small currents: Ismall

(thick, solid, gray), and Ileak (thick, dashed, gray).
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with m��1:1 and b� 0:5 calculated to fit the linear portion of
the (n, f) loop, as shown in Fig. 10A and inset, and replace the
inactivation variable f by fn, thereby reducing the 3D model with
leak current to the following 2D system

Cm
dv

dt
¼�IKdðv,nÞ�ICaLðv,nÞ�IleakðvÞ ð40Þ

dn

dt
¼ aðvÞð1�nÞ�bðvÞn ð41Þ

with

ICaL ¼ d1ðvÞfnICaðvÞ:

Therefore, the change in membrane potential in Eq. (40) depends
only on a complement of calcium and potassium currents, and a
leak current. In turn, the leak current is essentially the sum of
sodium and calcium background currents plus the current
generated by sodium/calcium exchangers, and sodium/
potassium and calcium ATPases.

The slope m may be thought of as the ratio of Ca2 +-inactivated
channels to activated K-channels, and the parameter b could be
construed as representing the proportion of non-inactivated Ca2 +-
channels, in the absence of any K-channel openings. A simulation
of this model is shown in Fig. 10; all parameters are the same as
those in the 3D model with the leak current shown in Fig. 9. The
agreement between the shapes of the action potentials for the two
models is noticeable. The main difference is that the period of
pacemaker oscillations of the 2D model is slightly longer than that
of the 3D model, due to a longer diastolic depolarization phase in
the 2D model. In other words, the linear approximation leads to a
decrease in the frequency of oscillations.

In summary, the 2D model described by Eqs. (40)–(41)
qualitatively reproduces the membrane potential dynamics of the
14D model. Note the leak current approximates the amplitude of the
small currents closely (Fig. 11) and the peak amplitude of the inward
component of Ilarge is smaller than in the 14D model. This happens
because the amplitude the calcium current in the 2D model is
slightly smaller than in the 3D and 14D models, especially at the
beginning of the action potential, but it retains its qualitative
behavior. Quantitative agreement, especially in terms of the period
of oscillations, may be achieved by tuning the leak conductance.
Moreover, as we now describe, changes in the parameters m and n

directly affect the shape of the action potential.

3.3.1. Different pacemaker frequencies

The small currents are not necessary to produce pacemaker
oscillations. In fact, there are several combinations of parameters
in which gL¼0, and such that pacemaking still occurs. In the
absence of a leak current, the three-dimensional model produces
oscillations at a frequency (1/Period) o3DC0:013 Hz and the two-
Fig. 10. Orbits and phase of the gating variables n and f, and comparison between the 3

approximation from Eq. (39) (black). (B) Corresponding membrane dynamics. Note: Th
dimensional model at an average frequency o2DC0:007 Hz, as
shown in Fig. 12A. The frequency of pacemaker oscillations
increases as a function of gL, as shown in (Fig. 12B) for the 2D
model. Since the maximal conductance of the leak current
represents the maximal contribution of the small currents, the
increase in pacemaking frequency observed for increasing values of
gL can be regarded as a modulatory influence of the small currents.

3.3.2. Different action potential profiles

We performed a series of numerical simulations to explore the
behavior of the model when the parameters b and m are varied. In
general, several combinations of the two parameters yield
sustained oscillations. At least from a numerical perspective, the
model shows robust pacemaking behavior for slopes close to
those obtained based on the diastolic depolarization, which is
close to �1. That is, the best behavior observed in the model in
D and 2D models. (A) (n, f) orbits from the 3D model with leak (gray) and the linear

e black trace in Fig. 9 is identical to the gray trace here.
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terms of the f�n linear relationship is captured by setting fn close
to b�n. Fig. 13 shows the dynamics of the 2D model with leak for
different choices of b (thin black traces with different markers),
and compares such dynamics to those of the original 14D model
(thick, gray trace). Fig. 13A shows the relationship between n and
f, and Fig. 13B shows the dynamics of v as a function of time. As a
first observation, note that the line segments in Fig. 13A increase
in length as b increases, reflecting the increased probability of
opening in the Ca2 +-inactivation gate. One way to interpret this
result from a physiological perspective is that more Ca2 +-
channels are expected to open if b is larger and, in turn, the
probability of K-channel opening is increased. This observation is
reflected by the spiking dynamics (Fig. 13), which show longer
spike time courses for larger basal opening probabilities of the
Ca2 +-inactivation gate (larger b). Another important feature of the
simulations shown in Fig. 13, is that different shapes of action
potentials, stereotypical of the different action potentials
documented in regions of the vertebrate heart, are captured by
the model just by varying b. As a general rule, spiking frequency
increases as a function of b. However, neither too small, nor too
large values of b will result in sustained oscillations using system
(40)–(41). In fact, an interesting observation that also explains
this phenomenon is that too large or too small values of b

eventually push the dynamics of f, expressed as a function of n, to
leave the interval [0,1] (dynamics not shown). The fact that values
of f not in [0,1] are not physiologically meaningful makes this
observation even more interesting, as non-physiological values of
f tend to cause the system (40)–(41) to display non-physiological
behaviors.
Fig. 12. The small currents are not necessary to obtain pacemaker oscillations but the le

oscillations in the 2D (thin black) and 3D (thick gray) models with gL¼0. (B) Pacemakin

14D model is shown as a straight line (labeled PM14) for comparison.

Fig. 13. 2D model for different choices of f ¼m � nþb. The different markers correspond

(dot-dashed), and 0.9 (solid). All traces are for m ¼ �1.1. Other parameters are as in the

of time.
4. Discussion

The models introduced in this article are simple three- and two-
dimensional systems of first order differential equations describing
observable dynamics of cardiac cells in many animals. Both models
were derived from a 14D system of equations for the membrane
dynamics of the bullfrog sinus venosus. Importantly, all but two
(Ileak and fn) of the functions used to define the dynamics in the low-
dimensional systems presented here are defined using the same
functional forms, parameters, and variables as given in the original
formulation by Rasmusson et al. (1990b).
4.1. Rationale of the reduction process

The 3D and 2D models were obtained through a series of
approximations, as described in the Section entitled ‘‘Analysis of
pacemaker dynamics’’. They involved (i) replacing a fast gating
variable by its steady-state voltage-dependent behavior, as for
instance done by Vinet and Roberge (1990); (ii) replacing
oscillatory concentrations of internal and external potassium,
sodium, and calcium ions by their average values, similar to the
assumptions made for instance by Bernus et al. (2002) and Ten
Tusscher and Panfilov (2006); (iii) introducing a functional
relationship between two of the fast gating variables, as for
instance done by Vinet and Roberge (1990) and by Av-Ron et al.
(1991). A similar series of steps could be systematically applied
to other large-dimensional biophysical models of cardiac cells.
Importantly, the models obtained here are also generic, in
ak current modulates pacemaking frequency. (A) Simulations showing pacemaker

g frequency in the 2D model as a function of gL. The value of the frequency for the

to the different values of b, respectively, 0.33 (solid), 0.4 (dashed), 0.55 (dots), 0.7

previous figures. (A) Relationship between n and f. (B) Dynamics of v as a function
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the sense that they can describe not only the electrophysiologi-
cal behavior of vertebrate cardiac myocytes, but also other
excitable cells not displaying bursting or spike-frequency
adaption (e.g. Av-Ron et al., 1993).

The main idea behind the derivation of the low-dimensional
models presented here is that the qualitative properties of a
system displaying pacemaking dynamics like those in the
recordings by Rasmusson et al. (and many others) are in essence

the result of nonlinear interactions between only two variables,
namely, an excitation variable v, and at least one recovery
variable, n, slower than v (Izhikevich, 2006, Chapter 1). Since
biophysical models representing cardiac membrane dynamics
typically involve more than two variables, it is natural to ask
whether the dimensionality of these models may be reduced
without losing all of the physiological information they contain.
Answering this question amounts to finding a minimal
complement of currents responsible for the cell dynamics. Other
currents can then be thought of as expanding or modulating the
functional repertoire of the cell, but are not necessary to produce
pacemaking (Campbell et al., 1992; Herrera-Valdez et al., 2010;
Sanders et al., 2006). Importantly, such a minimal complement of
currents does not have to include the currents used here. A
particular example is the non-specific cation ‘‘pacemaker
current’’, If, believed to be responsible for the initiation of the
diastolic depolarization in the mammalian sino-atrial node
(Baruscotti et al., 2010, and references therein). This current is
carried at least by sodium, calcium, and potassium ions, gated by
voltage, modulated by at least cAMP, and displays reversal
potentials between �20 and �10 mV when recorded in isolated
mammalian sinoatrial node cells (Verkerk et al., 2007). Although
very different from If in its gating properties, the leak current IL in
our reduced models has functional properties similar to those of If

and, in particular, serves to regulate the rate of diastolic
depolarization.
4.2. Small currents and leak approximation

We first reduced the model to 3 dimensions, and then
observed that the small currents, Ismall, displayed a behavior close
to linear when viewed as a function of v. This observation is
important, since Ismall is the sum of small amplitude currents that
include many candidates debated in the literature as being
responsible for the modulation and generation of diastolic
depolarizations in cardiac cells (DiFrancesco, 1993).

Approximating Ismall by a leak current, Ileak with reversal
potential equal to the reversal potential of Ismall resulted in a
simpler model with only three currents (calcium, potassium, and
leak) that retained the qualitative aspects of the pacemaking in
the model (Figs. 9–11). The amplitudes of Ismall and Ileak remain
very close throughout each pacemaking oscillation and only
differ slightly during the peak and the initial repolarization
phases of the action potential. The leak current is the result of
combining small currents that include the Na+/Ca2 + exchanger
and other currents contributing to diastolic depolarizations
(Verkerk et al., 2007). In particular, the leak current in our 2D
and 3D models plays a role similar to that of the
hyperpolarization-activated cation current, If. Indeed, increasing
the conductance for this current increases the pacemaking
frequency and the reversal potential of this current is close to
0 mV (Verkerk et al., 2007). However, it should be noted that the
kinetics of If currents are nonlinear and voltage-dependent,
whereas Ileak is a linear function of v.

The leak current, Ileak, is inward during diastolic depolariza-
tions and may be tuned to adjust the pacemaking frequency
(Fig. 12B) to physiological ranges. However, Ileak is important for
modulation of the pacemaker frequency, but is not necessary for
pacemaking activity in the 2D and 3D models (Fig. 12A). Further,
In the absence of Ileak (gL¼0), there are several other ways of
adjusting the parameters of the model to increase the frequency
of pacemaking oscillations (not shown). For instance, our
preliminary analysis of the two-dimensional model indicates
that increasing gCa, decreasing the half-maximum voltage of the
steady state activation of the calcium channel, vm, or increasing
the half-maximum voltage of the steady-state activation of the
potassium channel, vn can result in faster pacemaking oscillations,
suggesting possible compensation mechanisms that could be
present in a cell to overcome dysfunction or loss related to leak
channels. The analysis that corresponds to such a claim is beyond
the scope of this paper and will be presented elsewhere (Herrera-
Valdez and Lega, in preparation). One could thus reproduce the
effect of the leak current by, say, increasing gCa in a model with
only two currents.

As a consequence, one may consider that the minimum
complement of currents necessary to produce pacemaking only
consists of an ‘‘up’’ and a ‘‘down’’ current, for instance, a Ca2 + and
a K+ current, respectively. This resonates with recent publications
that support a view in which Ca2 +-dependent cAMP-dependent
protein kinase A phosphorylation of voltage-gated channels
underlies pacemaking (Vinogradova and Lakatta, 2009). For
these reasons, it is reasonable to think of Ileak, and by extension
any of the small currents that make up Ileak, as fulfilling a generic
role in modulating, but not necessarily generating pacemaking
currents, a function that has been proposed and debated for
different currents in different publications over the last four
decades (Accili et al., 2002; Baruscotti and DiFrancesco, 2004;
DiFrancesco, 1993; Henderson et al., 2004).
4.3. Relative proportions of channels, pacemaking frequencies, and

action potential shapes

The reduction process proposed here yields 2D and 3D models
that capture all relevant features associated with pacemaker
oscillations of the bullfrog sinus venosus. As could be expected,
the reduction does not exactly match pacemaker frequency,
action potential amplitude, and other characteristics of the 14D
model. However, as shown in Fig. 14 both 2D and 3D models can
be tuned by slightly changing some of the parameters to obtain
action potentials of similar shape occurring with same frequency as
in the 14D model. Fig. 14 was obtained by performing the following
changes. First, the intracellular calcium concentration was slightly
increased to decrease the Ca2+-Nernst potential and obtain action
potentials with smaller amplitude. Second, the ratios of the maximal
conductances gCa and gK were changed so that the general shape of
the action potential was matched. Third, gL was adjusted to obtain
the right pacemaker frequency. As a rule of thumb, the ratios gCa/Cm,
gK /gCa, and gL /gCa, must be, respectively, around 0.4, 0.258, and in
the interval [0.0033, 0.258]. These ratios can be used to tune the
model after gCa is factored out in Eq. (40). This factorization allows
the rescaling of the maximum dv/dt to fit the data, and determines
gCa if the membrane capacitance is known. If the channel kinetics
are fixed, the ratios gK /gCa and gL /gCa are the only free parameters.
This fitting procedure can be thought of as changing the levels of
expression of the channels that mediate the membrane currents to
match cellular behavior (Schram et al., 2002), and has been
described elsewhere by Herrera-Valdez et al. (2010).

The 2D model also reproduces different action potential shapes
that resemble those typical of atrial, sinoatrial node, atrioven-
tricular node, Purkinje network, and ventricular cells in the
mammalian heart (Fig. 13 and Boron and Boulpaep, 2003). In
consideration of the diversity of electrogenic membrane proteins



Fig. 14. Tuning the 3D and 2D models to match the frequency of pacemaker oscillations of the 14D model. The membrane dynamics of the 14D model are shown in gray.

Parameters for both models: gK ¼ 0:0075 mS, gca
¼ 0.0274 mS/mM, vL ¼�9:4 mV. (A) Membrane potential of the 3D model with gL ¼ 0:0000715 mS. (B) Membrane potential

of the 2D model with gL ¼ 0:000091 mS, b¼0.65, m¼�1.1.
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expressed in cardiac cells, it is remarkable that action potentials
with shapes and time courses observed experimentally can be
reproduced by changing parameters associated with the leak
current, which ultimately is related to the small currents carried
by transport- and channel-mediated currents of small amplitude.
4.4. Possible extensions and modifications of the model

All the parameters of the 3D system shown above are the same
as in the original 14D system. The same is true for the 2D system,
except for the parameters b and m that define the f�n relation-
ship. Therefore, these low-dimensional systems present the
advantage of being relatively simple and of having terms that
retain the same physiological significance as those of the original
model. Because the 3D and 2D models were derived from a
realistic but more complex description of a cardiac pacemaker,
they can be viewed as containing the ingredients essential for the
appearance of pacemaker oscillations in cardiac myocytes.

The original model was, however, developed for the bullfrog’s
sinus venosus. As a consequence, conclusions made on the basis of
the 2D reduction cannot be drawn without pointing out differences
between, say, mammalian cardiac electrophysiology and the
bullfrog’s case. But because the model contains expressions that
are generic, it may be adapted to other situations, by changing the
types of currents used in the model, and possibly adding a limited
number of elements (such as additional currents or one or more
time-dependent variables), appropriate for another system of
interest. For instance, the calcium current could be replaced, or
complemented by a sodium current with instantaneous activation
to justify the study of cardiac oscillations in cells that have a high
permeability for sodium (such as ventricular cells). Alternatively,
one may include the internal calcium concentration as an additional
variable in the 2D system, to study specific effects linked to calcium
oscillations during the pacemaking activity. Since the reduction from
3 to 2 dimensions could have been done without replacing the small
currents, system Eqs. (40)–(41) with Ileak(v) replaced by Ismall could
be used as a model to study the effect of changing any of the small
currents on the pacemaking dynamics. Further simplifications
include setting the leak current to zero and modifying the delayed
rectification of the potassium channel so that, instead of having the
term vR in the driving force of the potassium current, the half
activation potential is shifted to the right.

The 2D model may also be used to develop insight into certain
mechanisms underlying either pacemaking during normal func-
tion under special circumstances involving neuromodulation, or
pathologies. For instance, shifting the half-activation potential vn
to the left, or increasing the basal rate of activation of potassium
channels, rn, progressively leads to a reduction of the duration and
amplitude of action potentials, together with an increase in the
pacemaking frequency. Both situations have been linked to
changes in the structure of potassium channels that underlie
different pathologies (Babij et al., 1998; Schroeder et al., 2000).

The reduction to 2D could also be used to reproduce abnormal
automaticity by introducing a time dependent change in the
parameters. For instance, LQT3-like abnormal automaticities
associated with da-inactivation of inward currents can be made
explicit by changing the conductance of the inward currents in a
2D model, as done by Av-Ron et al. (1993).

In all of the cases mentioned above, the resulting system is
low-dimensional and contains enough parameters to encompass a
wide range of behaviors. Such systematic studies however go
beyond the scope of this manuscript.

4.5. Final remarks

From a more general point of view, the reduced 2D model
derived in this paper may be used as a simple and generic means
of describing normal cardiac dynamics, since its parameters may
be adjusted to reproduce action potential shapes experimentally
observed in a variety of cells.

There are of course inherent limitations to this model. In
particular, dynamical behaviors that require three dimensions,
such as for instance skipped-beat runs (Guevara and Jongsma,
1992), could only be studied with the two-dimensional model by
making the system non-autonomous or by increasing the number
of dependent variables, and therefore its dimension.

Nevertheless, the low dimensionality of the 2D model
introduced here is particularly advantageous. Its dynamics can
indeed be characterized by means of geometric and analytic
considerations, such as phase plane analysis and bifurcation
diagrams. Furthermore, the model provides a convenient tool to
describe normal pacemaking dynamics at the tissue level (i.e. in
terms of partial differential equations) while keeping physiologi-
cally relevant descriptions of currents.
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