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Preface to the Second Edition

If, in 1998, it was presumptuous to attempt to summarize the field of mathematical
physiology in a single book, it is even more so now. In the last ten years, the number
of applications of mathematics to physiology has grown enormously, so that the field,
large then, is now completely beyond the reach of two people, no matter how many
volumes they might write.

Nevertheless, although the bulk of the field can be addressed only briefly, there
are certain fundamental models on which stands a great deal of subsequent work. We
believe strongly that a prerequisite for understanding modern work in mathematical
physiology is an understanding of these basic models, and thus books such as this one
serve a useful purpose.

With this second edition we had two major goals. The first was to expand our
discussion of many of the fundamental models and principles. For example, the con-
nection between Gibbs free energy, the equilibrium constant, and kinetic rate theory
is now discussed briefly, Markov models of ion exchangers and ATPase pumps are dis-
cussed at greater length, and agonist-controlled ion channels make an appearance. We
also now include some of the older models of fluid transport, respiration/perfusion,
blood diseases, molecular motors, smooth muscle, neuroendocrine cells, the barore-
ceptor loop, tubuloglomerular oscillations, blood clotting, and the retina. In addition,
we have expanded our discussion of stochastic processes to include an introduction to
Markov models, the Fokker–Planck equation, the Langevin equation, and applications
to such things as diffusion, and single-channel data.

Our second goal was to provide a pointer to recent work in as many areas as we can.
Some chapters, such as those on calcium dynamics or the heart, close to our own fields
of expertise, provide more extensive references to recent work, while in other chapters,
dealing with areas in which we are less expert, the pointers are neither complete nor
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extensive. Nevertheless, we hope that in each chapter, enough information is given to
enable the interested reader to pursue the topic further.

Of course, our survey has unavoidable omissions, some intentional, others not. We
can only apologize, yet again, for these, and beg the reader’s indulgence. As with the
first edition, ignorance and exhaustion are the cause, although not the excuse.

Since the publication of the first edition, we have received many comments (some
even polite) about mistakes and omissions, and a number of people have devoted con-
siderable amounts of time to help us improve the book. Our particular thanks are due
to Richard Bertram, Robin Callard, Erol Cerasi, Martin Falcke, Russ Hamer, Harold
Layton, Ian Parker, Les Satin, Jim Selgrade and John Tyson, all of whom assisted above
and beyond the call of duty. We also thank Peter Bates, Dan Beard, Andrea Ciliberto,
Silvina Ponce Dawson, Charles Doering, Elan Gin, Erin Higgins, Peter Jung, Yue Xian
Li, Mike Mackey, Robert Miura, Kim Montgomery, Bela Novak, Sasha Panfilov, Ed
Pate, Antonio Politi, Tilak Ratnanather, Timothy Secomb, Eduardo Sontag, Mike Steel,
and Wilbert van Meerwijk for their help and comments.

Finally, we thank the University of Auckland and the University of Utah for contin-
uing to pay our salaries while we devoted large fractions of our time to writing, and
we thank the Royal Society of New Zealand for the James Cook Fellowship to James
Sneyd that has made it possible to complete this book in a reasonable time.

University of Utah James Keener
University of Auckland James Sneyd
2008



Preface to the First Edition

It can be argued that of all the biological sciences, physiology is the one in which
mathematics has played the greatest role. From the work of Helmholtz and Frank in
the last century through to that of Hodgkin, Huxley, and many others in this century,
physiologists have repeatedly used mathematical methods and models to help their
understanding of physiological processes. It might thus be expected that a close con-
nection between applied mathematics and physiology would have developed naturally,
but unfortunately, until recently, such has not been the case.

There are always barriers to communication between disciplines. Despite the
quantitative nature of their subject, many physiologists seek only verbal descriptions,
naming and learning the functions of an incredibly complicated array of components;
often the complexity of the problem appears to preclude a mathematical description.
Others want to become physicians, and so have little time for mathematics other than
to learn about drug dosages, office accounting practices, and malpractice liability. Still
others choose to study physiology precisely because thereby they hope not to study
more mathematics, and that in itself is a significant benefit. On the other hand, many
applied mathematicians are concerned with theoretical results, proving theorems and
such, and prefer not to pay attention to real data or the applications of their results.
Others hesitate to jump into a new discipline, with all its required background reading
and its own history of modeling that must be learned.

But times are changing, and it is rapidly becoming apparent that applied mathe-
matics and physiology have a great deal to offer one another. It is our view that teaching
physiology without a mathematical description of the underlying dynamical processes
is like teaching planetary motion to physicists without mentioning or using Kepler’s
laws; you can observe that there is a full moon every 28 days, but without Kepler’s
laws you cannot determine when the next total lunar or solar eclipse will be nor when
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Halley’s comet will return. Your head will be full of interesting and important facts, but
it is difficult to organize those facts unless they are given a quantitative description.
Similarly, if applied mathematicians were to ignore physiology, they would be losing
the opportunity to study an extremely rich and interesting field of science.

To explain the goals of this book, it is most convenient to begin by emphasizing
what this book is not; it is not a physiology book, and neither is it a mathematics
book. Any reader who is seriously interested in learning physiology would be well
advised to consult an introductory physiology book such as Guyton and Hall (1996) or
Berne and Levy (1993), as, indeed, we ourselves have done many times. We give only a
brief background for each physiological problem we discuss, certainly not enough to
satisfy a real physiologist. Neither is this a book for learning mathematics. Of course,
a great deal of mathematics is used throughout, but any reader who is not already
familiar with the basic techniques would again be well advised to learn the material
elsewhere.

Instead, this book describes work that lies on the border between mathematics
and physiology; it describes ways in which mathematics may be used to give insight
into physiological questions, and how physiological questions can, in turn, lead to new
mathematical problems. In this sense, it is truly an interdisciplinary text, which, we
hope, will be appreciated by physiologists interested in theoretical approaches to their
subject as well as by mathematicians interested in learning new areas of application.

It is also an introductory survey of what a host of other people have done in em-
ploying mathematical models to describe physiological processes. It is necessarily brief,
incomplete, and outdated (even before it was written), but we hope it will serve as an
introduction to, and overview of, some of the most important contributions to the
field. Perhaps some of the references will provide a starting point for more in-depth
investigations.

Unfortunately, because of the nature of the respective disciplines, applied mathe-
maticians who know little physiology will have an easier time with this material than
will physiologists with little mathematical training. A complete understanding of all
of the mathematics in this book will require a solid undergraduate training in mathe-
matics, a fact for which we make no apology. We have made no attempt whatever to
water down the models so that a lower level of mathematics could be used, but have
instead used whatever mathematics the physiology demands. It would be misleading
to imply that physiological modeling uses only trivial mathematics, or vice versa; the
essential richness of the field results from the incorporation of complexities from both
disciplines.

At the least, one needs a solid understanding of differential equations, including
phase plane analysis and stability theory. To follow everything will also require an un-
derstanding of basic bifurcation theory, linear transform theory (Fourier and Laplace
transforms), linear systems theory, complex variable techniques (the residue theorem),
and some understanding of partial differential equations and their numerical simu-
lation. However, for those whose mathematical background does not include all of
these topics, we have included references that should help to fill the gap. We also make
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extensive use of asymptotic methods and perturbation theory, but include explanatory
material to help the novice understand the calculations.

This book can be used in several ways. It could be used to teach a full-year course in
mathematical physiology, and we have used this material in that way. The book includes
enough exercises to keep even the most diligent student busy. It could also be used as
a supplement to other applied mathematics, bioengineering, or physiology courses.
The models and exercises given here can add considerable interest and challenge to an
otherwise traditional course.

The book is divided into two parts, the first dealing with the fundamental principles
of cell physiology, and the second with the physiology of systems. After an introduc-
tion to basic biochemistry and enzyme reactions, we move on to a discussion of various
aspects of cell physiology, including the problem of volume control, the membrane po-
tential, ionic flow through channels, and excitability. Chapter 5 is devoted to calcium
dynamics, emphasizing the two important ways that calcium is released from stores,
while cells that exhibit electrical bursting are the subject of Chapter 6. This book is
not intentionally organized around mathematical techniques, but it is a happy coinci-
dence that there is no use of partial differential equations throughout these beginning
chapters.

Spatial aspects, such as synaptic transmission, gap junctions, the linear cable equa-
tion, nonlinear wave propagation in neurons, and calcium waves, are the subject of the
next few chapters, and it is here that the reader first meets partial differential equations.
The most mathematical sections of the book arise in the discussion of signaling in two-
and three-dimensional media—readers who are less mathematically inclined may wish
to skip over these sections. This section on basic physiological mechanisms ends with
a discussion of the biochemistry of RNA and DNA and the biochemical regulation of
cell function.

The second part of the book gives an overview of organ physiology, mostly from
the human body, beginning with an introduction to electrocardiology, followed by the
physiology of the circulatory system, blood, muscle, hormones, and the kidneys. Finally,
we examine the digestive system, the visual system, ending with the inner ear.

While this may seem to be an enormous amount of material (and it is!), there are
many physiological topics that are not discussed here. For example, there is almost
no discussion of the immune system and the immune response, and so the work of
Perelson, Goldstein, Wofsy, Kirschner, and others of their persuasion is absent. An-
other glaring omission is the wonderful work of Michael Reed and his collaborators
on axonal transport; this work is discussed in detail by Edelstein-Keshet (1988). The
study of the central nervous system, including fascinating topics like nervous control,
learning, cognition, and memory, is touched upon only very lightly, and the field of
pharmacokinetics and compartmental modeling, including the work of John Jacquez,
Elliot Landaw, and others, appears not at all. Neither does the wound-healing work of
Maini, Sherratt, Murray, and others, or the tumor modeling of Chaplain and his col-
leagues. The list could continue indefinitely. Please accept our apologies if your favorite
topic (or life’s work) was omitted; the reason is exhaustion, not lack of interest.
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As well as noticing the omission of a number of important areas of mathematical
physiology, the reader may also notice that our view of what “mathematical” means
appears to be somewhat narrow as well. For example, we include very little discussion
of statistical methods, stochastic models, or discrete equations, but concentrate almost
wholly on continuous, deterministic approaches. We emphasize that this is not from
any inherent belief in the superiority of continuous differential equations. It results
rather from the unpleasant fact that choices had to be made, and when push came to
shove, we chose to include work with which we were most familiar. Again, apologies
are offered.

Finally, with a project of this size there is credit to be given and blame to be cast;
credit to the many people, like the pioneers in the field whose work we freely bor-
rowed, and many reviewers and coworkers (Andrew LeBeau, Matthew Wilkins, Richard
Bertram, Lee Segel, Bruce Knight, John Tyson, Eric Cytrunbaum, Eric Marland, Tim
Lewis, J.G.T. Sneyd, Craig Marshall) who have given invaluable advice. Particular
thanks are also due to the University of Canterbury, New Zealand, where a signifi-
cant portion of this book was written. Of course, as authors we accept all the blame
for not getting it right, or not doing it better.

University of Utah James Keener
University of Michigan James Sneyd
1998
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Biochemical Reactions

Cells can do lots of wonderful things. Individually they can move, contract, excrete,
reproduce, signal or respond to signals, and carry out the energy transactions necessary
for this activity. Collectively they perform all of the numerous functions of any living
organism necessary to sustain life. Yet, remarkably, all of what cells do can be described
in terms of a few basic natural laws. The fascination with cells is that although the rules
of behavior are relatively simple, they are applied to an enormously complex network of
interacting chemicals and substrates. The effort of many lifetimes has been consumed
in unraveling just a few of these reaction schemes, and there are many more mysteries
yet to be uncovered.

1.1 The Law of Mass Action

The fundamental “law” of a chemical reaction is the law of mass action. This law
describes the rate at which chemicals, whether large macromolecules or simple
ions, collide and interact to form different chemical combinations. Suppose that two
chemicals, say A and B, react upon collision with each other to form product C,

A + B
k−→ C. (1.1)

The rate of this reaction is the rate of accumulation of product, d[C]
dt . This rate is the

product of the number of collisions per unit time between the two reactants and the
probability that a collision is sufficiently energetic to overcome the free energy of acti-
vation of the reaction. The number of collisions per unit time is taken to be proportional
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to the product of the concentrations of A and B with a factor of proportionality that
depends on the geometrical shapes and sizes of the reactant molecules and on the
temperature of the mixture. Combining these factors, we have

d[C]
dt
= k[A][B]. (1.2)

The identification of (1.2) with the reaction (1.1) is called the law of mass action, and
the constant k is called the rate constant for the reaction. However, the law of mass
action is not a law in the sense that it is inviolable, but rather it is a useful model, much
like Ohm’s law or Newton’s law of cooling. As a model, there are situations in which
it is not valid. For example, at high concentrations, doubling the concentration of one
reactant need not double the overall reaction rate, and at extremely low concentrations,
it may not be appropriate to represent concentration as a continuous variable.

For thermodynamic reasons all reactions proceed in both directions. Thus, the
reaction scheme for A, B, and C should have been written as

A + B
k+−→←−
k−

C, (1.3)

with k+ and k− denoting, respectively, the forward and reverse rate constants of re-
action. If the reverse reaction is slow compared to the forward reaction, it is often
ignored, and only the primary direction is displayed. Since the quantity A is consumed
by the forward reaction and produced by the reverse reaction, the rate of change of [A]
for this bidirectional reaction is

d[A]
dt
= k−[C] − k+[A][B]. (1.4)

At equilibrium, concentrations are not changing, so that

k−
k+
≡ Keq = [A]eq[B]eq

[C]eq
. (1.5)

The ratio k−/k+, denoted by Keq, is called the equilibrium constant of the reaction.
It describes the relative preference for the chemicals to be in the combined state C
compared to the dissociated state. If Keq is small, then at steady state most of A and B
are combined to give C.

If there are no other reactions involving A and C, then [A] + [C] = A0 is constant,
and

[C]eq = A0
[B]eq

Keq + [B]eq
, [A]eq = A0

Keq

Keq + [B]eq
. (1.6)

Thus, when [B]eq = Keq, half of A is in the bound state at equilibrium.
There are several other features of the law of mass action that need to be mentioned.

Suppose that the reaction involves the dimerization of two monomers of the same
species A to produce species C,
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A + A
k+−→←−
k−

C. (1.7)

For every C that is made, two of A are used, and every time C degrades, two copies of
A are produced. As a result, the rate of reaction for A is

d[A]
dt
= 2k−[C] − 2k+[A]2. (1.8)

However, the rate of production of C is half that of A,

d[C]
dt
= −1

2
d[A]
dt

, (1.9)

and the quantity [A]+2[C] is conserved (provided there are no other reactions).
In a similar way, with a trimolecular reaction, the rate at which the reaction takes

place is proportional to the product of three concentrations, and three molecules are
consumed in the process, or released in the degradation of product. In real life, there
are probably no truly trimolecular reactions. Nevertheless, there are some situations
in which a reaction might be effectively modeled as trimolecular (Exercise 2).

Unfortunately, the law of mass action cannot be used in all situations, because not
all chemical reaction mechanisms are known with sufficient detail. In fact, a vast num-
ber of chemical reactions cannot be described by mass action kinetics. Those reactions
that follow mass action kinetics are called elementary reactions because presumably,
they proceed directly from collision of the reactants. Reactions that do not follow mass
action kinetics usually proceed by a complex mechanism consisting of several elemen-
tary reaction steps. It is often the case with biochemical reactions that the elementary
reaction steps are not known or are very complicated to write down.

1.2 Thermodynamics and Rate Constants

There is a close relationship between the rate constants of a reaction and thermody-
namics. The fundamental concept is that of chemical potential, which is the Gibbs free
energy, G, per mole of a substance. Often, the Gibbs free energy per mole is denoted
by μ rather than G. However, because μ has many other uses in this text, we retain the
notation G for the Gibbs free energy.

For a mixture of ideal gases, Xi, the chemical potential of gas i is a function of
temperature, pressure, and concentration,

Gi = G0
i (T, P)+ RT ln(xi), (1.10)

where xi is the mole fraction of Xi, R is the universal gas constant, T is the absolute
temperature, and P is the pressure of the gas (in atmospheres); values of these constants,
and their units, are given in the appendix. The quantity G0

i (T, P) is the standard free
energy per mole of the pure ideal gas, i.e., when the mole fraction of the gas is 1. Note
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that, since xi ≤ 1, the free energy of an ideal gas in a mixture is always less than that
of the pure ideal gas. The total Gibbs free energy of the mixture is

G =
∑

i

niGi, (1.11)

where ni is the number of moles of gas i.
The theory of Gibbs free energy in ideal gases can be extended to ideal dilute

solutions. By redefining the standard Gibbs free energy to be the free energy at a
concentration of 1 M, i.e., 1 mole per liter, we obtain

G = G0 + RT ln(c), (1.12)

where the concentration, c, is in units of moles per liter. The standard free energy, G0,
is obtained by measuring the free energy for a dilute solution and then extrapolating
to c = 1 M. For biochemical applications, the dependence of free energy on pressure
is ignored, and the pressure is assumed to be 1 atm, while the temperature is taken to
be 25◦C. Derivations of these formulas can be found in physical chemistry textbooks
such as Levine (2002) and Castellan (1971).

For nonideal solutions, such as are typical in cells, the free energy formula (1.12)
should use the chemical activity of the solute rather than its concentration. The re-
lationship between chemical activity a and concentration is nontrivial. However, for
dilute concentrations, they are approximately equal.

Since the free energy is a potential, it denotes the preference of one state compared
to another. Consider, for example, the simple reaction

A −→ B. (1.13)

The change in chemical potential�G is defined as the difference between the chemical
potential for state B (the product), denoted by GB, and the chemical potential for state
A (the reactant), denoted by GA,

�G = GB −GA

= G0
B −G0

A + RT ln([B])−RT ln([A])
= �G0 +RT ln([B]/[A]). (1.14)

The sign of�G is important, which is why it is defined with only one reaction direction
shown, even though we know that the back reaction also occurs. In fact, there is a
wonderful opportunity for confusion here, since there is no obvious way to decide
which is the forward and which is the backward direction for a given reaction. If
�G < 0, then state B is preferred to state A, and the reaction tends to convert A into
B, whereas, if �G > 0, then state A is preferred to state B, and the reaction tends to
convert B into A. Equilibrium occurs when neither state is preferred, so that �G = 0,
in which case

[B]eq

[A]eq
= e

−�G0
RT . (1.15)
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Expressing this reaction in terms of forward and backward reaction rates,

A
k+−→←−
k−

B, (1.16)

we find that in steady state, k+[A]eq = k−[B]eq, so that

[A]eq

[B]eq
= k−

k+
= Keq. (1.17)

Combining this with (1.15), we observe that

Keq = e
�G0
RT . (1.18)

In other words, the more negative the difference in standard free energy, the greater
the propensity for the reaction to proceed from left to right, and the smaller is Keq.
Notice, however, that this gives only the ratio of rate constants, and not their individual
amplitudes. We learn nothing about whether a reaction is fast or slow from the change
in free energy.

Similar relationships hold when there are multiple components in the reaction.
Consider, for example, the more complex reaction

αA + βB −→ γC+ δD. (1.19)

The change of free energy for this reaction is defined as

�G = γGC + δGD − αGA − βGB

= γG0
C + δG0

D − αG0
A − βG0

B + RT ln
( [C]γ [D]δ
[A]α[B]β

)

= �G0 + RT ln
( [C]γ [D]δ
[A]α[B]β

)
, (1.20)

and at equilibrium,

�G0 = RT ln

( [A]αeq[B]βeq

[C]γeq[D]δeq

)
= RT ln(Keq). (1.21)

An important example of such a reaction is the hydrolysis of adenosine triphosphate
(ATP) to adenosine diphosphate (ADP) and inorganic phosphate Pi, represented by the
reaction

ATP −→ ADP+ Pi. (1.22)

The standard free energy change for this reaction is

�G0 = G0
ADP +G0

Pi
−G0

ATP = −31.0 kJ mol−1, (1.23)
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A

B C

k1 k2

k3

k-1 k-2

k-3

Figure 1.1 Schematic diagram of a reaction loop.

and from this we could calculate the equilibrium constant for this reaction. However,
the primary significance of this is not the size of the equilibrium constant, but rather
the fact that ATP has free energy that can be used to drive other less favorable reactions.
For example, in all living cells, ATP is used to pump ions against their concentration
gradient, a process called free energy transduction. In fact, if the equilibrium constant
of this reaction is achieved, then one can confidently assert that the system is dead. In
living systems, the ratio of [ATP] to [ADP][Pi] is held well above the equilibrium value.

1.3 Detailed Balance

Suppose that a set of reactions forms a loop, as shown in Fig. 1.1. By applying the law
of mass action and setting the derivatives to zero we can find the steady-state concen-
trations of A, B and C. However, for the system to be in thermodynamic equilibrium
a stronger condition must hold. Thermodynamic equilibrium requires that the free
energy of each state be the same so that each individual reaction is in equilibrium.
In other words, at equilibrium there is not only, say, no net change in [B], there is
also no net conversion of B to C or B to A. This condition means that, at equilibrium,
k1[B] = k−1[A], k2[A] = k−2[C] and k3[C] = k−3[B]. Thus, it must be that

k1k2k3 = k−1k−2k−3, (1.24)

or

K1K2K3 = 1, (1.25)

where Ki = k−i/ki. Since this condition does not depend on the concentrations of A, B
or C, it must hold in general, not only at equilibrium.

For a more general reaction loop, the principle of detailed balance requires that the
product of rates in one direction around the loop must equal the product of rates in the
other direction. If any of the rates are dependent on concentrations of other chemicals,
those concentrations must also be included.
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1.4 Enzyme Kinetics

To see where some of the more complicated reaction schemes come from, we consider a
reaction that is catalyzed by an enzyme. Enzymes are catalysts (generally proteins) that
help convert other molecules called substrates into products, but they themselves are
not changed by the reaction. Their most important features are catalytic power, speci-
ficity, and regulation. Enzymes accelerate the conversion of substrate into product by
lowering the free energy of activation of the reaction. For example, enzymes may aid
in overcoming charge repulsions and allowing reacting molecules to come into contact
for the formation of new chemical bonds. Or, if the reaction requires breaking of an
existing bond, the enzyme may exert a stress on a substrate molecule, rendering a
particular bond more easily broken. Enzymes are particularly efficient at speeding up
biological reactions, giving increases in speed of up to 10 million times or more. They
are also highly specific, usually catalyzing the reaction of only one particular substrate
or closely related substrates. Finally, they are typically regulated by an enormously
complicated set of positive and negative feedbacks, thus allowing precise control over
the rate of reaction. A detailed presentation of enzyme kinetics, including many differ-
ent kinds of models, can be found in Dixon and Webb (1979), the encyclopedic Segel
(1975) or Kernevez (1980). Here, we discuss only some of the simplest models.

One of the first things one learns about enzyme reactions is that they do not follow
the law of mass action directly. For, as the concentration of substrate (S) is increased,
the rate of the reaction increases only to a certain extent, reaching a maximal reaction
velocity at high substrate concentrations. This is in contrast to the law of mass action,
which, when applied directly to the reaction of S with the enzyme E

S+ E −→ P+ E

predicts that the reaction velocity increases linearly as [S] increases.
A model to explain the deviation from the law of mass action was first proposed

by Michaelis and Menten (1913). In their reaction scheme, the enzyme E converts the
substrate S into the product P through a two-step process. First E combines with S
to form a complex C which then breaks down into the product P releasing E in the
process. The reaction scheme is represented schematically by

S+ E
k1−→←−

k−1

C
k2−→←−

k−2

P+ E.

Although all reactions must be reversible, as shown here, reaction rates are typically
measured under conditions where P is continually removed, which effectively prevents
the reverse reaction from occurring. Thus, it often suffices to assume that no reverse
reaction occurs. For this reason, the reaction is usually written as

S+ E
k1−→←−

k−1

C
k2−→P+ E.

The reversible case is considered in Section 1.4.5.
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There are two similar, but not identical, ways to analyze this equation; the
equilibrium approximation, and the quasi-steady-state approximation. Because these
methods give similar results it is easy to confuse them, so it is important to understand
their differences.

We begin by defining s = [S], c = [C], e = [E], and p = [P]. The law of mass action
applied to this reaction mechanism gives four differential equations for the rates of
change of s, c, e, and p,

ds
dt
= k−1c− k1se, (1.26)

de
dt
= (k−1 + k2)c− k1se, (1.27)

dc
dt
= k1se− (k2 + k−1)c, (1.28)

dp
dt
= k2c. (1.29)

Note that p can be found by direct integration, and that there is a conserved quantity
since de

dt + dc
dt = 0, so that e+ c = e0, where e0 is the total amount of available enzyme.

1.4.1 The Equilibrium Approximation

In their original analysis, Michaelis and Menten assumed that the substrate is in
instantaneous equilibrium with the complex, and thus

k1se = k−1c. (1.30)

Since e+ c = e0, we find that

c = e0s
K1 + s

, (1.31)

where K1 = k−1/k1. Hence, the velocity, V , of the reaction, i.e., the rate at which the
product is formed, is given by

V = dp
dt
= k2c = k2e0s

K1 + s
= Vmaxs

K1 + s
, (1.32)

where Vmax = k2e0 is the maximum reaction velocity, attained when all the enzyme is
complexed with the substrate.

At small substrate concentrations, the reaction rate is linear, at a rate proportional
to the amount of available enzyme e0. At large concentrations, however, the reaction
rate saturates to Vmax, so that the maximum rate of the reaction is limited by the
amount of enzyme present and the dissociation rate constant k2. For this reason, the

dissociation reaction C
k2−→P+ E is said to be rate limiting for this reaction. At s = K1,

the reaction rate is half that of the maximum.
It is important to note that (1.30) cannot be exactly correct at all times; if it were,

then according to (1.26) substrate would not be used up, and product would not be
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formed. This points out the fact that (1.30) is an approximation. It also illustrates the
need for a systematic way to make approximate statements, so that one has an idea of
the magnitude and nature of the errors introduced in making such an approximation.

It is a common mistake with the equilibrium approximation to conclude that since
(1.30) holds, it must be that ds

dt = 0, which if this is true, implies that no substrate is
being used up, nor product produced. Furthermore, it appears that if (1.30) holds, then
it must be (from (1.28)) that dc

dt = −k2c, which is also false. Where is the error here?
The answer lies with the fact that the equilibrium approximation is equivalent to

the assumption that the reaction (1.26) is a very fast reaction, faster than others, or
more precisely, that k−1 � k2. Adding (1.26) and (1.28), we find that

ds
dt
+ dc

dt
= −k2c, (1.33)

expressing the fact that the total quantity s + c changes on a slower time scale. Now
when we use that c = e0s

Ks+s , we learn that

d
dt

(
s+ e0s

K1 + s

)
= −k2

e0s
K1 + s

, (1.34)

and thus,

ds
dt

(
1+ e0K1

(K1 + s)2

)
= −k2

e0s
K1 + s

, (1.35)

which specifies the rate at which s is consumed.
This way of simplifying reactions by using an equilibrium approximation is used

many times throughout this book, and is an extremely important technique, par-
ticularly in the analysis of Markov models of ion channels, pumps and exchangers
(Chapters 2 and 3). A more mathematically systematic description of this approach is
left for Exercise 20.

1.4.2 The Quasi-Steady-State Approximation

An alternative analysis of an enzymatic reaction was proposed by Briggs and Haldane
(1925) who assumed that the rates of formation and breakdown of the complex were
essentially equal at all times (except perhaps at the beginning of the reaction, as the
complex is “filling up”). Thus, dc/dt should be approximately zero.

To give this approximation a systematic mathematical basis, it is useful to introduce
dimensionless variables

σ = s
s0

, x = c
e0

, τ = k1e0t, κ = k−1 + k2

k1s0
, ε = e0

s0
, α = k−1

k1s0
, (1.36)
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in terms of which we obtain the system of two differential equations

dσ
dτ
= −σ + x(σ + α), (1.37)

ε
dx
dτ
= σ − x(σ + κ). (1.38)

There are usually a number of ways that a system of differential equations can be
nondimensionalized. This nonuniqueness is often a source of great confusion, as it is
often not obvious which choice of dimensionless variables and parameters is “best.” In
Section 1.6 we discuss this difficult problem briefly.

The remarkable effectiveness of enzymes as catalysts of biochemical reactions is
reflected by their small concentrations needed compared to the concentrations of the
substrates. For this model, this means that ε is small, typically in the range of 10−2

to 10−7. Therefore, the reaction (1.38) is fast, equilibrates rapidly and remains in
near-equilibrium even as the variable σ changes. Thus, we take the quasi-steady-state
approximation ε dx

dτ = 0. Notice that this is not the same as taking dx
dτ = 0. However,

because of the different scaling of x and c, it is equivalent to taking dc
dt = 0 as suggested

in the introductory paragraph.
One useful way of looking at this system is as follows; since

dx
dτ
= σ − x(σ + κ)

ε
, (1.39)

dx/dτ is large everywhere, except where σ−x(σ+κ) is small, of approximately the same
size as ε. Now, note that σ − x(σ + κ) = 0 defines a curve in the σ , x phase plane, called
the slow manifold (as illustrated in the right panel of Fig. 1.14). If the solution starts
away from the slow manifold, dx/dτ is initially large, and the solution moves rapidly
to the vicinity of the slow manifold. The solution then moves along the slow manifold
in the direction defined by the equation for σ ; in this case, σ is decreasing, and so the
solution moves to the left along the slow manifold.

Another way of looking at this model is to notice that the reaction of x is an ex-
ponential process with time constant at least as large as κ

ε
. To see this we write (1.38)

as

ε
dx
dτ
+ κx = σ(1− x). (1.40)

Thus, the variable x “tracks” the steady state with a short delay.
It follows from the quasi-steady-state approximation that

x = σ

σ + κ , (1.41)

dσ
dτ
= − qσ

σ + κ , (1.42)
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where q = κ − α = k2
k1s0

. Equation (1.42) describes the rate of uptake of the substrate

and is called a Michaelis–Menten law. In terms of the original variables, this law is

V = dp
dt
= −ds

dt
= k2e0s

s+ Km
= Vmaxs

s+ Km
, (1.43)

where Km = k−1+k2
k1

. In quasi-steady state, the concentration of the complex satisfies

c = e0s
s+Km

. (1.44)

Note the similarity between (1.32) and (1.43), the only difference being that the equi-
librium approximation uses K1, while the quasi-steady-state approximation uses Km.
Despite this similarity of form, it is important to keep in mind that the two results
are based on different approximations. The equilibrium approximation assumes that
k−1 � k2 whereas the quasi-steady-state approximation assumes that ε � 1. No-
tice, that if k−1 � k2, then Km ≈ K1, so that the two approximations give similar
results.

As with the law of mass action, the Michaelis–Menten law (1.43) is not universally
applicable but is a useful approximation. It may be applicable even if ε = e0/s0 is not
small (see, for example, Exercise 14), and in model building it is often invoked without
regard to the underlying assumptions.

While the individual rate constants are difficult to measure experimentally, the ratio
Km is relatively easy to measure because of the simple observation that (1.43) can be
written in the form

1
V
= 1

Vmax
+ Km

Vmax

1
s

. (1.45)

In other words, 1/V is a linear function of 1/s. Plots of this double reciprocal curve are
called Lineweaver–Burk plots, and from such (experimentally determined) plots, Vmax

and Km can be estimated.
Although a Lineweaver–Burk plot makes it easy to determine Vmax and Km from

reaction rate measurements, it is not a simple matter to determine the reaction rate
as a function of substrate concentration during the course of a single experiment.
Substrate concentrations usually cannot be measured with sufficient accuracy or time
resolution to permit the calculation of a reliable derivative. In practice, since it is more
easily measured, the initial reaction rate is determined for a range of different initial
substrate concentrations.

An alternative method to determine Km and Vmax from experimental data is the di-
rect linear plot (Eisenthal and Cornish-Bowden, 1974; Cornish-Bowden and Eisenthal,
1974). First we write (1.43) in the form

Vmax = V + V
s

Km, (1.46)
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and then treat Vmax and Km as variables for each experimental measurement of V and s.
(Recall that typically only the initial substrate concentration and initial velocity are
used.) Then a plot of the straight line of Vmax against Km can be made. Repeating this
for a number of different initial substrate concentrations and velocities gives a family
of straight lines, which, in an ideal world free from experimental error, intersect at the
single point Vmax and Km for that reaction. In reality, experimental error precludes an
exact intersection, but Vmax and Km can be estimated from the median of the pairwise
intersections.

1.4.3 Enzyme Inhibition

An enzyme inhibitor is a substance that inhibits the catalytic action of the enzyme.
Enzyme inhibition is a common feature of enzyme reactions, and is an important
means by which the activity of enzymes is controlled. Inhibitors come in many different
types. For example, irreversible inhibitors, or catalytic poisons, decrease the activity of
the enzyme to zero. This is the method of action of cyanide and many nerve gases.
For this discussion, we restrict our attention to competitive inhibitors and allosteric
inhibitors.

To understand the distinction between competitive and allosteric inhibition, it is
useful to keep in mind that an enzyme molecule is usually a large protein, considerably
larger than the substrate molecule whose reaction is catalyzed. Embedded in the large
enzyme protein are one or more active sites, to which the substrate can bind to form the
complex. In general, an enzyme catalyzes a single reaction of substrates with similar
structures. This is believed to be a steric property of the enzyme that results from the
three-dimensional shape of the enzyme allowing it to fit in a “lock-and-key” fashion
with a corresponding substrate molecule.

If another molecule has a shape similar enough to that of the substrate molecule,
it may also bind to the active site, preventing the binding of a substrate molecule, thus
inhibiting the reaction. Because the inhibitor competes with the substrate molecule
for the active site, it is called a competitive inhibitor.

However, because the enzyme molecule is large, it often has other binding sites,
distinct from the active site, the binding of which affects the activity of the enzyme
at the active site. These binding sites are called allosteric sites (from the Greek for
“another solid”) to emphasize that they are structurally different from the catalytic
active sites. They are also called regulatory sites to emphasize that the catalytic activity
of the protein is regulated by binding at this allosteric site. The ligand (any molecule
that binds to a specific site on a protein, from Latin ligare, to bind) that binds at the
allosteric site is called an effector or modifier, which, if it increases the activity of the
enzyme, is called an allosteric activator, while if it decreases the activity of the enzyme,
is called an allosteric inhibitor. The allosteric effect is presumed to arise because of a
conformational change of the enzyme, that is, a change in the folding of the polypeptide
chain, called an allosteric transition.
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Competitive Inhibition
In the simplest example of a competitive inhibitor, the reaction is stopped when the
inhibitor is bound to the active site of the enzyme. Thus,

S+ E
k1−→←−

k−1

C1
k2−→E+ P,

E+ I
k3−→←−

k−3

C2.

Using the law of mass action we find

ds
dt
= −k1se+ k−1c1, (1.47)

di
dt
= −k3ie+ k−3c2, (1.48)

dc1

dt
= k1se− (k−1 + k2)c1, (1.49)

dc2

dt
= k3ie− k−3c2. (1.50)

where s = [S], c1 = [C1], and c2 = [C2]. We know that e+ c1 + c2 = e0, so an equation
for the dynamics of e is superfluous. As before, it is not necessary to write an equation
for the accumulation of the product. To be systematic, the next step is to introduce
dimensionless variables, and identify those reactions that are rapid and equilibrate
rapidly to their quasi-steady states. However, from our previous experience (or from a
calculation on a piece of scratch paper), we know, assuming the enzyme-to-substrate
ratios are small, that the fast equations are those for c1 and c2. Hence, the quasi-steady
states are found by (formally) setting dc1/dt = dc2/dt = 0 and solving for c1 and c2.
Recall that this does not mean that c1 and c2 are unchanging, rather that they are
changing in quasi-steady-state fashion, keeping the right-hand sides of these equations
nearly zero. This gives

c1 = Kie0s
Kmi+Kis+KmKi

, (1.51)

c2 = Kme0i
Kmi+Kis+KmKi

, (1.52)

where Km = k−1+k2
k1

, Ki = k−3/k3. Thus, the velocity of the reaction is

V = k2c1 = k2e0sKi

Kmi+Kis+KmKi
= Vmaxs

s+ Km(1+ i/Ki)
. (1.53)

Notice that the effect of the inhibitor is to increase the effective equilibrium constant of
the enzyme by the factor 1+ i/Ki, from Km to Km(1+ i/Ki), thus decreasing the velocity
of reaction, while leaving the maximum velocity unchanged.
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Figure 1.2 Diagram of the possible states of an enzyme with one allosteric and one catalytic
binding site.

Allosteric Inhibitors

If the inhibitor can bind at an allosteric site, we have the possibility that the enzyme
could bind both the inhibitor and the substrate simultaneously. In this case, there
are four possible binding states for the enzyme, and transitions between them, as
demonstrated graphically in Fig. 1.2.

The simplest analysis of this reaction scheme is the equilibrium analysis. (The more
complicated quasi-steady-state analysis is left for Exercise 6.) We define Ks = k−1/k1,
Ki = k−3/k3, and let x, y, and z denote, respectively, the concentrations of ES, EI and
EIS. Then, it follows from the law of mass action that at equilibrium (take each of the
4 transitions to be at equilibrium),

(e0 − x− y− z)s− Ksx = 0, (1.54)

(e0 − x− y− z)i− Kiy = 0, (1.55)

ys− Ksz = 0, (1.56)

xi−Kiz = 0, (1.57)

where e0 = e + x + y + z is the total amount of enzyme. Notice that this is a linear
system of equations for x, y, and z. Although there are four equations, one is a linear
combination of the other three (the system is of rank three), so that we can determine
x, y, and z as functions of i and s, finding

x = e0Ki

Ki + i
s

Ks + s
. (1.58)

It follows that the reaction rate, V = k2x, is given by

V = Vmax

1+ i/Ki

s
Ks + s

, (1.59)

where Vmax = k2e0. Thus, in contrast to the competitive inhibitor, the allosteric in-
hibitor decreases the maximum velocity of the reaction, while leaving Ks unchanged.
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(The situation is more complicated if the quasi-steady-state approximation is used, and
no such simple conclusion follows.)

1.4.4 Cooperativity

For many enzymes, the reaction velocity is not a simple hyperbolic curve, as predicted
by the Michaelis–Menten model, but often has a sigmoidal character. This can re-
sult from cooperative effects, in which the enzyme can bind more than one substrate
molecule but the binding of one substrate molecule affects the binding of subsequent
ones.

Much of the original theoretical work on cooperative behavior was stimulated by
the properties of hemoglobin, and this is often the context in which cooperativity is
discussed. A detailed discussion of hemoglobin and oxygen binding is given in Chapter
13, while here cooperativity is discussed in more general terms.

Suppose that an enzyme can bind two substrate molecules, so it can exist in one of
three states, namely as a free molecule E, as a complex with one occupied binding site,
C1, and as a complex with two occupied binding sites, C2. The reaction mechanism is
then

S+E
k1−→←−

k−1

C1
k2−→E+ P, (1.60)

S+ C1

k3−→←−
k−3

C2
k4−→C1 + P. (1.61)

Using the law of mass action, one can write the rate equations for the 5 concen-
trations [S], [E], [C1], [C2], and [P]. However, because the amount of product [P] can be
determined by quadrature, and because the total amount of enzyme molecule is con-
served, we only need three equations for the three quantities [S], [C1], and [C2]. These
are

ds
dt
= −k1se+ k−1c1 − k3sc1 + k−3c2, (1.62)

dc1

dt
= k1se− (k−1 + k2)c1 − k3sc1 + (k4 + k−3)c2, (1.63)

dc2

dt
= k3sc1 − (k4 + k−3)c2, (1.64)

where s = [S], c1 = [C1], c2 = [C2], and e+ c1 + c2 = e0.
Proceeding as before, we invoke the quasi-steady-state assumption that dc1/dt =

dc2/dt = 0, and solve for c1 and c2 to get

c1 = K2e0s
K1K2 +K2s+ s2 , (1.65)

c2 = e0s2

K1K2 +K2s+ s2
, (1.66)
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where K1 = k−1+k2
k1

and K2 = k4+k−3
k3

. The reaction velocity is thus given by

V = k2c1 + k4c2 = (k2K2 + k4s)e0s
K1K2 + K2s+ s2 . (1.67)

Use of the equilibrium approximation to simplify this reaction scheme gives, as
expected, similar results, in which the formula looks the same, but with different
definitions of K1 and K2 (Exercise 10).

It is instructive to examine two extreme cases. First, if the binding sites act inde-
pendently and identically, then k1 = 2k3 = 2k+, 2k−1 = k−3 = 2k− and 2k2 = k4, where
k+ and k− are the forward and backward reaction rates for the individual binding sites.
The factors of 2 occur because two identical binding sites are involved in the reaction,
doubling the amount of the reactant. In this case,

V = 2k2e0(K + s)s
K2 + 2Ks+ s2

= 2
k2e0s
K + s

, (1.68)

where K = k−+k2
k+ is the Km of the individual binding site. As expected, the rate of

reaction is exactly twice that for the individual binding site.
In the opposite extreme, suppose that the binding of the first substrate molecule is

slow, but that with one site bound, binding of the second is fast (this is large positive
cooperativity). This can be modeled by letting k3 →∞ and k1 → 0, while keeping k1k3

constant, in which case K2 → 0 and K1 →∞ while K1K2 is constant. In this limit, the
velocity of the reaction is

V = k4e0s2

K2
m + s2

= Vmaxs2

K2
m + s2

, (1.69)

where K2
m = K1K2, and Vmax = k4e0.

In general, if n substrate molecules can bind to the enzyme, there are n equilibrium
constants, K1 through Kn. In the limit as Kn → 0 and K1 → ∞ while keeping K1Kn

fixed, the rate of reaction is

V = Vmaxsn

Kn
m + sn , (1.70)

where Kn
m = �n

i=1Ki. This rate equation is known as the Hill equation. Typically, the
Hill equation is used for reactions whose detailed intermediate steps are not known
but for which cooperative behavior is suspected. The exponent n and the parameters
Vmax and Km are usually determined from experimental data. Observe that

n ln s = n ln Km + ln
(

V
Vmax − V

)
, (1.71)

so that a plot of ln( V
Vmax−V ) against ln s (called a Hill plot) should be a straight line of

slope n. Although the exponent n suggests an n-step process (with n binding sites), in
practice it is not unusual for the best fit for n to be noninteger.

An enzyme can also exhibit negative cooperativity (Koshland and Hamadani, 2002),
in which the binding of the first substrate molecule decreases the rate of subsequent
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Figure 1.3 Reaction velocity plotted against substrate concentration, for three different cases.
Positive cooperativity, K1 = 1000, K2 = 0.001; independent binding sites, K1 = 0.5, K2 = 2; and
negative cooperativity, K1 = 0.5, K2 = 100. The other parameters are e0 = 1, k2 = 1, k4 = 2.
Concentration and time units are arbitrary.

binding. This can be modeled by decreasing k3. In Fig. 1.3 we plot the reaction velocity
against the substrate concentration for the cases of independent binding sites (no coop-
erativity), extreme positive cooperativity (the Hill equation), and negative cooperativity.
From this figure it can be seen that with positive cooperativity, the reaction velocity
is a sigmoidal function of the substrate concentration, while negative cooperativity
primarily decreases the overall reaction velocity.

The Monod–Wyman–Changeux Model
Cooperative effects occur when the binding of one substrate molecule alters the rate
of binding of subsequent ones. However, the above models give no explanation of how
such alterations in the binding rate occur. The earliest model proposed to account for
cooperative effects in terms of the enzyme’s conformation was that of Monod, Wyman,
and Changeux (1965). Their model is based on the following assumptions about the
structure and behavior of enzymes.

1. Cooperative proteins are composed of several identical reacting units, called pro-
tomers, or subunits, each containing one binding site, that occupy equivalent
positions within the protein.

2. The protein has two conformational states, usually denoted by R and T, which
differ in their ability to bind ligands.
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Figure 1.4 Diagram of the states of
the protein, and the possible transi-
tions, in a six-state Monod–Wyman–
Changeux model.

3. If the binding of a ligand to one protomer induces a conformational change in
that protomer, an identical conformational change is induced in all protomers.
Because of this assumption, Monod–Wyman–Changeux (MWC) models are often
called concerted models, as each subunit acts in concert with the others.

To illustrate how these assumptions can be quantified, we consider a protein with
two binding sites. Thus, the protein can exist in one of six states: Ri, i = 0, 1, 2, or
Ti, i = 0, 1, 2, where the subscript i is the number of bound ligands. (In the original
model of Monod, Wyman and Changeux, R denoted a relaxed state, while T denoted a
tense state.) For simplicity, we also assume that R1 cannot convert directly to T1, or vice
versa, and similarly for R2 and T2. The general case is left for Exercise 7. The states
of the protein and the allowable transitions are illustrated in Fig. 1.4. As with other
enzyme models, we assume that the production rate of product is proportional to the
amount of substrate that is bound to the enzyme.

We now assume that all the reactions are in equilibrium. We let a lowercase letter
denote a concentration, and thus ri and ti denote the concentrations of chemical species
Ri and Ti respectively. Also, as before, we let s denote the concentration of the substrate.
Then, the fraction Y of occupied sites (also called the saturation function) is

Y = r1 + 2r2 + t1 + 2t2
2(r0 + r1 + r2 + t0 + t1 + t2)

. (1.72)

(This is also proportional to the production rate of product.) Furthermore, with Ki =
k−i/ki, for i = 1, 2, 3, we find that

r1 = 2sK−1
1 r0, r2 = s2K−2

1 r0, (1.73)

t1 = 2sK−1
3 t0, t2 = s2K−2

3 t0. (1.74)

Substituting these into (1.72) gives

Y = sK−1
1 (1+ sK−1

1 )+ K−1
2 [sK−1

3 (1+ sK−1
3 )]

(1+ sK−1
1 )2 + K−1

2 (1+ sK−1
3 )2

, (1.75)
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where we have used that r0/t0 = K2. More generally, if there are n binding sites, then

Y = sK−1
1 (1+ sK−1

1 )n−1 + K−1
2 [sK−1

3 (1+ sK−1
3 )n−1]

(1+ sK−1
1 )n + K−1

2 (1+ sK−1
3 )n

. (1.76)

In general, Y is a sigmoidal function of s.
It is not immediately apparent how cooperative binding kinetics arises from this

model. After all, each binding site in the R conformation is identical, as is each binding
site in the T conformation. In order to get cooperativity it is necessary that the binding
affinity of the R conformation be different from that of the T conformation. In the
special case that the binding affinities of the R and T conformations are equal (i.e.,
K1 = K3 = K, say) the binding curve (1.76) reduces to

Y = s
K + s

, (1.77)

which is simply noncooperative Michaelis–Menten kinetics.
Suppose that one conformation, T say, binds the substrate with a higher affinity

than does R. Then, when the substrate concentration increases, T0 is pushed through
to T1 faster than R0 is pushed to R1, resulting in an increase in the amount of substrate
bound to the T state, and thus increased overall binding of substrate. Hence the
cooperative behavior of the model.

If K2 = ∞, so that only one conformation exists, then once again the saturation
curve reduces to the Michaelis–Menten equation, Y = s/(s + K1). Hence each con-
formation, by itself, has noncooperative Michaelis–Menten binding kinetics. It is only
when the overall substrate binding can be biased to one conformation or the other that
cooperativity appears.

Interestingly, MWC models cannot exhibit negative cooperativity. No matter
whether K1 > K3 or vice versa, the binding curve always exhibits positive cooperativity.

The Koshland–Nemethy–Filmer model
One alternative to the MWC model is that proposed by Koshland, Nemethy and Filmer
in 1966 (the KNF model). Instead of requiring that all subunit transitions occur in
concert, as in the MWC model, the KNF model assumes that substrate binding to one
subunit causes a conformational change in that subunit only, and that this conforma-
tional change causes a change in the binding affinity of the neighboring subunits. Thus,
in the KNF model, each subunit can be in a different conformational state, and tran-
sitions from one state to the other occur sequentially as more substrate is bound. For
this reason KNF models are often called sequential models. The increased generality
of the KNF model allows for the possibility of negative cooperativity, as the binding to
one subunit can decrease the binding affinity of its neighbors.

When binding shows positive cooperativity, it has proven difficult to distinguish
between the MWC and KNF models on the basis of experimental data. In one of the
most intensely studied cooperative mechanisms, that of oxygen binding to hemoglobin,
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there is experimental evidence for both models, and the actual mechanism is probably
a combination of both.

There are many other models of enzyme cooperativity, and the interested reader is
referred to Dixon and Webb (1979) for a comprehensive discussion and comparison of
other models in the literature.

1.4.5 Reversible Enzyme Reactions

Since all enzyme reactions are reversible, a general understanding of enzyme kinetics
must take this reversibility into account. In this case, the reaction scheme is

S+ E
k1−→←−

k−1

C
k2−→←−

k−2

P+ E.

Proceeding as usual, we let e+ c = e0 and make the quasi-steady-state assumption

0 = dc
dt
= k1s(e0 − c)− (k−1 + k2)c+ k−2p(e0 − c), (1.78)

from which it follows that

c = e0(k1s+ k−2p)
k1s+ k−2p+ k−1 + k2

. (1.79)

The reaction velocity, V = dP
dt = k2c− k−2pe, can then be calculated to be

V = e0
k1k2s− k−1k−2p

k1s+ k−2p+ k−1 + k2
. (1.80)

When p is small (e.g., if product is continually removed), the reverse reaction is
negligible and we get the previous answer (1.43).

In contrast to the irreversible case, the equilibrium and quasi-steady-state assump-
tions for reversible enzyme kinetics give qualitatively different answers. If we assume
that S, E, and C are in fast equilibrium (instead of assuming that C is at quasi-steady
state) we get

k1s(e0 − c) = k−1c, (1.81)

from which it follows that

V = k2c− k−2p(e0 − c) = e0
k1k2s− k−1k−2p

k1s+ k−1
. (1.82)

Comparing this to (1.80), we see that the quasi-steady-state assumption gives addi-
tional terms in the denominator involving the product p. These differences result from
the assumption underlying the fast-equilibrium assumption, that k−1 and k1 are both
substantially larger than k−2 and k2, respectively. Which of these approximations is
best depends, of course, on the details of the reaction.

Calculation of the equations for a reversible enzyme reaction in which the enzyme
has multiple binding sites is left for the exercises (Exercise 11).
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1.4.6 The Goldbeter–Koshland Function

As is seen in many ways in this book, cooperativity is an important ingredient in the
construction of biochemical switches. However, highly sensitive switching behavior re-
quires large Hill coefficients, which would seem to require multiple interacting enzymes
or binding sites, making these unlikely to occur. An alternative mechanism by which
highly sensitive switching behavior is possible, suggested by Goldbeter and Koshland
(1981), uses only two enzymatic transitions. In this model reaction, a substrate can be
in one of two forms, say W and W∗, and transferred from state W to W∗ by one enzyme,
say E1, and transferred from state W∗ to W by another enzyme, say E2. For example,
W∗ could be a phosphorylated state of some enzyme, E1 could be the kinase that phos-
phorylates W, and E2 could be the phosphatase that dephosphorylates W∗. Numerous
reactions of this type are described in Chapter 10, where W is itself an enzyme whose
activity is determined by its phosphorylation state. Thus, the reaction scheme is

W + E1

k1−→←−
k−1

C1
k2−→E1 +W∗,

W∗ + E2

k3−→←−
k−3

C2
k4−→E2 +W.

Although the full analysis of this reaction scheme is not particularly difficult, a simpli-
fied analysis quickly shows the salient features. If we suppose that the enzyme reactions
take place at Michaelis–Menten rates, the reaction simplifies to

W
r1−→←−

r−1

W∗, (1.83)

where

r1 = V1E1

K1 +W
, r−1 = V2E2

K2 +W∗
, (1.84)

and the concentration of W is governed by the differential equation

dW
dt
= r−1(Wt −W)− r1W, (1.85)

where W +W∗ =Wt. In steady state, the forward and backward reaction rates are the
same, leading to the equation

V1E1

V2E2
= W∗(K1 +W)

W(K2 +W∗) . (1.86)

This can be rewritten as

v1

v2
= (1− y)(K̂1 + y)

y(K̂2 + 1− y)
, (1.87)
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Figure 1.5 Plots of y as a function of the ratio v1
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.

where y = W
Wt

, K̂i = Ki/Wt, vi = ViEi, for i = 1, 2. Plots of y as a function of the ratio
v1
v2

are easy to draw. One simply plots v1
v2

as a function of y and then reverses the axes.
Examples of these are shown in Fig. 1.5. As is seen in this figure, the ratio v1

v2
controls

the relative abundance of y in a switch-like fashion. In particular, the switch becomes
quite sharp when the equilibrium constants K̂1 and K̂2 are small compared to 1. In
other words, if the enzyme reactions are running at highly saturated levels, then there
is sensitive switch-like dependence on the enzyme velocity ratio v1

v2
.

Equation (1.87) is a quadratic polynomial in y, with explicit solution

y = β −√β2 − 4αγ
2α

, (1.88)

where

α = v1

v2
− 1, (1.89)

β = (1− K̂1)− v1

v2
(K̂2 + 1), (1.90)

γ = K̂1. (1.91)

The function

G(v1, v2, K̂1, K̂2) = β −√β2 − 4αγ
2α

(1.92)

is called the Goldbeter–Koshland function. The Goldbeter–Koshland function is often
used in descriptions of biochemical networks (Chapter 10). For example, V1 and V2
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could depend on the concentration of another enzyme, Ẽ say, leading to switch-like
regulation of the concentration of W as a function of the concentration of Ẽ. In this
way, networks of biochemical reactions can be constructed in which some of the
components are switched on or switched off, relatively abruptly, by other components.

1.5 Glycolysis and Glycolytic Oscillations

Metabolism is the process of extracting useful energy from chemical bonds. A metabolic
pathway is the sequence of enzymatic reactions that take place in order to transfer
chemical energy from one form to another. The common carrier of energy in the cell
is the chemical adenosine triphosphate (ATP). ATP is formed by the addition of an
inorganic phosphate group (HPO2−

4 ) to adenosine diphosphate (ADP), or by the ad-
dition of two inorganic phosphate groups to adenosine monophosphate (AMP). The
process of adding an inorganic phosphate group to a molecule is called phosphorylation.
Since the three phosphate groups on ATP carry negative charges, considerable energy
is required to overcome the natural repulsion of like-charged phosphates as additional
groups are added to AMP. Thus, the hydrolysis (the cleavage of a bond by water) of ATP
to ADP releases large amounts of energy.

Energy to perform chemical work is made available to the cell by the oxidation of
glucose to carbon dioxide and water, with a net release of energy. The overall chemical
reaction for the oxidation of glucose can be written as

C6H12O6 + 6O2 −→ 6CO2 + 6H2O+ energy, (1.93)

but of course, this is not an elementary reaction. Instead, this reaction takes place in
a series of enzymatic reactions, with three major reaction stages, glycolysis, the Krebs
cycle, and the electron transport (or cytochrome) system.

The oxidation of glucose is associated with a large negative free energy, �G0 =
−2878.41 kJ/mol, some of which is dissipated as heat. However, in living cells much of
this free energy in stored in ATP, with one molecule of glucose resulting in 38 molecules
of ATP.

Glycolysis involves 11 elementary reaction steps, each of which is an enzymatic
reaction. Here we consider a simplified model of the initial steps. (To understand more
of the labyrinthine complexity of glycolysis, interested readers are encouraged to con-
sult a specialized book on biochemistry, such as Stryer, 1988.) The first three steps of
glycolysis are (Fig. 1.6)

1. the phosphorylation of glucose to glucose 6-phosphate;
2. the isomerization of glucose 6-phosphate to fructose 6-phosphate; and
3. the phosphorylation of fructose 6-phosphate to fructose 1,6-bisphosphate.

The direct reaction of glucose with phosphate to form glucose 6-phosphate has
a relatively large positive standard free energy change (�G0 = 14.3 kJ/mol) and so
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Figure 1.6 The first three reactions in the glycolytic
pathway.

does not occur significantly under physiological conditions. However, the first step
of metabolism is coupled with the hydrolysis of ATP to ADP (catalyzed by the enzyme
hexokinase), giving this step a net negative standard free energy change and making the
reaction strongly spontaneous. This feature turns out to be important for the efficient
operation of glucose membrane transporters, which are described in the next chapter.

The second step of glycolysis has a relatively small positive standard free energy
change (�G0 = 1.7 kJ/mol), with an equilibrium constant of 0.5. This means that
significant amounts of product are formed under normal conditions.

The third step is, like the first step, energetically unfavorable, were it not cou-
pled with the hydrolysis of ATP. However, the net standard free energy change
(�G0 = −14.2 kJ/mol) means that not only is this reaction strongly favored, but also
that it augments the reaction in the second step by depleting the product of the second
step.

This third reaction is catalyzed by the enzyme phosphofructokinase (PFK1). PFK1
is an example of an allosteric enzyme as it is allosterically inhibited by ATP. Note that
ATP is both a substrate of PFK1, binding at a catalytic site, and an allosteric inhibitor,
binding at a regulatory site. The inhibition due to ATP is removed by AMP, and thus the
activity of PFK1 increases as the ratio of ATP to AMP decreases. This feedback enables
PFK1 to regulate the rate of glycolysis based on the availability of ATP. If ATP levels
fall, PFK1 activity increases thereby increasing the rate of production of ATP, whereas,
if ATP levels become high, PFK1 activity drops shutting down the production of ATP.
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As PFK1 phosphorylates fructose 6-P, ATP is converted to ADP. ADP, in turn, is
converted back to ATP and AMP by the reaction

2ADP −→←− ATP+ AMP,

which is catalyzed by the enzyme adenylate kinase. Since there is normally little AMP
in cells, the conversion of ADP to ATP and AMP serves to significantly decrease the
ATP/AMP ratio, thus activating PFK1. This is an example of a positive feedback loop;
the greater the activity of PFK1, the lower the ATP/AMP ratio, thus further increasing
PFK1 activity.

It was discovered in 1980 that in some cell types, another important allosteric
activator of PFK1 is fructose 2,6-bisphosphate (Stryer, 1988), which is formed from
fructose 6-phosphate in a reaction catalyzed by phosphofructokinase 2 (PFK2), a differ-
ent enzyme from phosphofructokinase (PFK1) (you were given fair warning about the
labyrinthine nature of this process!). Of particular significance is that an abundance of
fructose 6-phosphate leads to a corresponding abundance of fructose 2,6-bisphosphate,
and thus a corresponding increase in the activity of PFK1. This is an example of a
negative feedback loop, where an increase in the substrate concentration leads to a
greater rate of substrate reaction and consumption. Clearly, PFK1 activity is controlled
by an intricate system of reactions, the collective behavior of which is not obvious a
priori.

Under certain conditions the rate of glycolysis is known to be oscillatory, or even
chaotic (Nielsen et al., 1997). This biochemical oscillator has been known and studied
experimentally for some time. For example, Hess and Boiteux (1973) devised a flow
reactor containing yeast cells into which a controlled amount of substrate (either glu-
cose or fructose) was continuously added. They measured the pH and fluorescence
of the reactants, thereby monitoring the glycolytic activity, and they found ranges of
continuous input under which glycolysis was periodic.

Interestingly, the oscillatory behavior is different in intact yeast cells and in yeast
extracts. In intact cells the oscillations are sinusoidal in shape, and there is strong
evidence that they occur close to a Hopf bifurcation (Danø et al., 1999). In yeast extract
the oscillations are of relaxation type, with widely differing time scales (Madsen et al.,
2005).

Feedback on PFK is one, but not the only, mechanism that has been proposed as
causing glycolytic oscillations. For example, hexose transport kinetics and autocatal-
ysis of ATP have both been proposed as possible mechanisms (Madsen et al., 2005),
while some authors have claimed that the oscillations arise as part of the entire net-
work of reactions, with no single feedback being of paramount importance (Bier et al.,
1996; Reijenga et al., 2002). Here we focus only on PFK regulation as the oscillatory
mechanism.

A mathematical model describing glycolytic oscillations was proposed by Sel’kov
(1968) and later modified by Goldbeter and Lefever (1972). It is designed to capture only
the positive feedback of ADP on PFK1 activity. In the Sel’kov model, PFK1 is inactive
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in its unbound state but is activated by binding with several ADP molecules. Note that,
for simplicity, the model does not take into account the conversion of ADP to AMP and
ATP, but assumes that ADP activates PFK1 directly, since the overall effect is similar.
In the active state, the enzyme catalyzes the production of ADP from ATP as fructose-
6-P is phosphorylated. Sel’kov’s reaction scheme for this process is as follows: PFK1
(denoted by E) is activated or deactivated by binding or unbinding with γ molecules
of ADP (denoted by S2)

γS2 + E
k3−→←−

k−3

ESγ2 ,

and ATP (denoted S1) can bind with the activated form of enzyme to produce a product
molecule of ADP. In addition, there is assumed to be a steady supply rate of S1, while
product S2 is irreversibly removed. Thus,

v1−→S1, (1.94)

S1 + ESγ2

k1−→←−
k−1

S1ESγ2
k2−→ESγ2 + S2, (1.95)

S2
v2−→. (1.96)

Note that (1.95) is an enzymatic reaction of exactly Michaelis–Menten form so we
should expect a similar reduction of the governing equations.

Applying the law of mass action to the Sel’kov kinetic scheme, we find five differ-
ential equations for the production of the five species s1 = [S1], s2 = [S2], e = [E], x1 =
[ESγ2 ], x2 = [S1ESγ2 ]:

ds1

dt
= v1 − k1s1x1 + k−1x2, (1.97)

ds2

dt
= k2x2 − γk3sγ2 e+ γk−3x1 − v2s2, (1.98)

dx1

dt
= −k1s1x1 + (k−1 + k2)x2 + k3sγ2 e− k−3x1, (1.99)

dx2

dt
= k1s1x1 − (k−1 + k2)x2. (1.100)

The fifth differential equation is not necessary, because the total available enzyme is
conserved, e+x1+x2 = e0. Now we introduce dimensionless variables σ1 = k1s1

k2+k−1
, σ2 =

(
k3

k−3
)1/γ s2, u1 = x1/e0, u2 = x2/e0, t = k2+k−1

e0k1k2
τ and find

dσ1

dτ
= ν − k2 + k−1

k2
u1σ1 + k−1

k2
u2, (1.101)

dσ2

dτ
= α

[
u2 − γk−3

k2
σ
γ

2 (1− u1 − u2)+ γk−3

k2
u1

]
− ησ2, (1.102)
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ε
du1

dτ
= u2 − σ1u1 + k−3

k2 + k−1

[
σ
γ

2 (1− u1 − u2)− u1
]
, (1.103)

ε
du2

dτ
= σ1u1 − u2, (1.104)

where ε = e0k1k2
(k2+k−1)

2 , ν = v1
k2e0

, η = v2(k2+k−1)

k1k2e0
, α = k2+k−1

k1
(

k3
k−3
)1/γ . If we assume that ε is a

small number, then both u1 and u2 are fast variables and can be set to their quasi-steady
values,

u1 = σ
γ

2

σ
γ

2 σ1 + σγ2 + 1
, (1.105)

u2 = σ1σ
γ

2

σ
γ

2 σ1 + σγ2 + 1
= f (σ1, σ2), (1.106)

and with these quasi-steady values, the evolution of σ1 and σ2 is governed by

dσ1

dτ
= ν − f (σ1, σ2), (1.107)

dσ2

dτ
= αf (σ1, σ2)− ησ2. (1.108)

The goal of the following analysis is to demonstrate that this system of equations
has oscillatory solutions for some range of the supply rate ν. First observe that because
of saturation, the function f (σ1, σ2) is bounded by 1. Thus, if ν > 1, the solutions of the
differential equations are not bounded. For this reason we consider only 0 < ν < 1.
The nullclines of the flow are given by the equations

σ1 = ν

1− ν
1+ σ γ2
σ
γ

2

(
dσ1

dτ
= 0

)
, (1.109)

σ1 = 1+ σ γ2
σ
γ−1
2 (p− σ2)

(
dσ2

dτ
= 0

)
, (1.110)

where p = α/η. These two nullclines are shown plotted as dotted and dashed curves
respectively in Fig. 1.7.

The steady-state solution is unique and satisfies

σ2 = pν, (1.111)

σ1 = ν(1+ σγ2 )
(1− ν)σγ2

. (1.112)

The stability of the steady solution is found by linearizing the differential equations
about the steady-state solution and examining the eigenvalues of the linearized system.
The linearized system has the form

dσ̃1

dτ
= −f1σ̃1 − f2σ̃2, (1.113)

dσ̃2

dτ
= αf1σ̃1 + (αf2 − η)σ̃2, (1.114)
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Figure 1.7 Phase portrait of the Sel’kov glycolysis model with ν = 0.0285, η = 0.1, α = 1.0,
and γ = 2. Dotted curve: dσ1

dτ = 0. Dashed curve: dσ2
dτ = 0.

where fj = ∂f
∂σj

, j = 1, 2, evaluated at the steady-state solution, and where σ̃i denotes

the deviation from the steady-state value of σi. The characteristic equation for the
eigenvalues λ of the linear system (1.113)–(1.114) is

λ2 − (αf2 − η − f1)λ+ f1η = 0. (1.115)

Since f1 is always positive, the stability of the linear system is determined by the sign of
H = αf2−η− f1, being stable if H < 0 and unstable if H > 0. Changes of stability, if they
exist, occur at H = 0, and are Hopf bifurcations to periodic solutions with approximate
frequency ω = √f1η.

The function H(ν) is given by

H(ν) = (1− ν)
(1+ y)

(ηγ + (ν − 1)y)− η, (1.116)

y = (pν)γ . (1.117)

Clearly, H(0) = η(γ − 1), H(1) = −η, so for γ > 1, there must be at least one Hopf
bifurcation point, below which the steady solution is unstable. Additional computa-
tions show that this Hopf bifurcation is supercritical, so that for ν slightly below the
bifurcation point, there is a stable periodic orbit.

An example of this periodic orbit is shown in Fig. 1.7 with coefficients ν =
0.0285, η = 0.1,α = 1.0, and γ = 2. The evolution of σ1 and σ2 are shown plotted
as functions of time in Fig. 1.8.

A periodic orbit exists only in a very small region of parameter space, rapidly ex-
panding until it becomes infinitely large in amplitude as ν decreases. For still smaller
values of ν, there are no stable trajectories. This information is summarized in a bi-
furcation diagram (Fig. 1.9), where we plot the steady state, σ1, against one of the
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Figure 1.8 Evolution of σ1 and σ2 for the Sel’kov glycolysis model toward a periodic solution.
Parameters are the same as in Fig. 1.7.
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Figure 1.9 Bifurcation diagram for the Sel’kov glycolysis model.

parameters, in this case ν. Thus, ν is called the bifurcation parameter. The dashed line
labeled “unstable ss” is the curve of unstable steady states as a function of ν, while the
solid line labeled “stable ss” is the curve of stable steady states as a function of ν. As is
typical in such bifurcation diagrams, we also include the maximum of the oscillation
(when it exists) as a function of ν. We could equally have chosen to plot the minimum
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of the oscillation (or both the maximum and the minimum). Since the oscillation is
stable, the maximum of the oscillation is plotted with a solid line.

From the bifurcation diagram we see that the stable branch of oscillations origi-
nates at a supercritical Hopf bifurcation (labeled HB), and that the periodic orbits only
exist for a narrow range of values of ν. The question of how this branch of periodic
orbits terminates is not important for the discussion here, so we ignore this important
point for now.

We use bifurcation diagrams throughout this book, and many are considerably
more complicated than that shown in Fig. 1.9. Readers who are unfamiliar with the ba-
sic theory of nonlinear bifurcations, and their representation in bifurcation diagrams,
are urged to consult an elementary book such as Strogatz (1994).

While the Sel’kov model has certain features that are qualitatively correct, it fails
to agree with the experimental results at a number of points. Hess and Boiteux (1973)
report that for high and low substrate injection rates, there is a stable steady-state
solution. There are two Hopf bifurcation points, one at the flow rate of 20 mM/hr
and another at 160 mM/hr. The period of oscillation at the low flow rate is about 8
minutes and decreases as a function of flow rate to about 3 minutes at the upper
Hopf bifurcation point. In contrast, the Sel’kov model has but one Hopf bifurcation
point.

To reproduce these additional experimental features we consider a more de-
tailed model of the reaction. In 1972, Goldbeter and Lefever proposed a model of
Monod–Wyman–Changeux type that provided a more accurate description of the os-
cillations. More recently, by fitting a simpler model to experimental data on PFK1
kinetics in skeletal muscle, Smolen (1995) has shown that this level of complexity is
not necessary; his model assumes that PFK1 consists of four independent, identical
subunits, and reproduces the observed oscillations well. Despite this, we describe only
the Goldbeter–Lefever model in detail, as it provides an excellent example of the use of
Monod–Wyman–Changeux models.

In the Goldbeter–Lefever model of the phosphorylation of fructose-6-P, the enzyme
PFK1 is assumed to be a dimer that exists in two states, an active state R and an
inactive state T. The substrate, S1, can bind to both forms, but the product, S2, which
is an activator, or positive effector, of the enzyme, binds only to the active form. The
enzymatic forms of R carrying substrate decompose irreversibly to yield the product
ADP. In addition, substrate is supplied to the system at a constant rate, while product
is removed at a rate proportional to its concentration. The reaction scheme for this is
as follows: let Tj represent the inactive T form of the enzyme bound to j molecules of
substrate and let Rij represent the active form R of the enzyme bound to i substrate
molecules and j product molecules. This gives the reaction diagram shown in Fig. 1.10.
In this system, the substrate S1 holds the enzyme in the inactive state by binding with
T0 to produce T1 and T2, while product S2 holds the enzyme in the active state by
binding with R00 to produce R01 and binding with R01 to produce R02. There is a factor
of two in the rates of reaction because a dimer with two available binding sites reacts
like twice the same amount of monomer.
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Figure 1.10 Possible states of the en-
zyme PFK1 in the Goldbeter–Lefever
model of glycolytic oscillations.

In addition to the reactions shown in Fig. 1.10, the enzyme complex can disassociate
to produce product via the reaction

Rij
k−→Ri−1,j + S2, (1.118)

provided i ≥ 1.
The analysis of this reaction scheme is substantially more complicated than that of

the Sel’kov scheme, although the idea is the same. We use the law of mass action to write
differential equations for the fourteen chemical species. For example, the equation for
s1 = [S1] is

ds1

dt
= v1 − F, (1.119)

where

F = k−2(r10 + r11 + r12)+ 2k−2(r20 + r21 + r22)

− 2k2s1(r00 + r01 + r02)− k2s1(r10 + r11 + r12)

− 2k3s1t0 − k3s1t1 + k−3t1 + 2k−3t2, (1.120)

and the equation for r00 = [R00] is
dr00

dt
= −(k1 + 2k2s1 + 2k2s2)r00 + (k−2 + k)r10 + k−2r01 + k−1t0. (1.121)
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We then assume that all twelve of the intermediates are in quasi-steady state. This leads
to a 12 by 12 linear system of equations, which, if we take the total amount of enzyme
to be e0, can be solved. We substitute this solution into the differential equations for s1

and s2 with the result that

ds1

dt
= v1 − F(s1, s2), (1.122)

ds2

dt
= F(s1, s2)− v2s2, (1.123)

where

F(s1, s2) =
(

2k2k−1ke0

k+ k−2

)
⎛

⎜⎝
s1

(
1+ k2

k+k−2
s1

)
(s2 +K2)

2

K2
2 k1

(
k3

k−3
s1 + 1

)2 + k−1

(
1+ k2

k+k−2
s1

)2
(K2 + s2)2

⎞

⎟⎠ ,

(1.124)
where K2 = k−2

k2
. Now we introduce dimensionless variables σ1 = s1

K2
, σ2 = s2

K2
, t = τ

τc

and parameters ν = k2v1
k−2τc

, η = v2
τc

, where τc = 2k2k−1ke0
k1(k+k−2)

, and arrive at the system (1.107)–
(1.108), but with a different function f (σ1, σ2), and with α = 1. If, in addition, we assume
that

1. the substrate does not bind to the T form (k3 = 0, T is completely inactive),
2. T0 is preferred over R00 (k1 � k−1), and
3. if the substrate S1 binds to the R form, then formation of product S2 is preferred

to dissociation (k� k−2),

then we can simplify the equations substantially to obtain

f (σ1, σ2) = σ1(1+ σ2)
2. (1.125)

The nullclines for this system of equations are somewhat different from the Sel’kov
system, being

σ1 = ν

(1+ σ2)
2

(
dσ1

dτ
= 0

)
, (1.126)

σ1 = ησ2

(1+ σ2)
2

(
dσ2

dτ
= 0

)
, (1.127)

and the unique steady-state solution is given by

σ1 = ν

(1+ σ2)
2

, (1.128)

σ2 = ν

η
. (1.129)

The stability of the steady-state solution is again determined by the characteristic
equation (1.115), and the sign of the real part of the eigenvalues is the same as the sign
of

H = f2 − f1 − η = 2σ1(1+ σ2)− (1+ σ2)
2 − η, (1.130)
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evaluated at the steady state (1.126)–(1.127). Equation (1.130) can be written as the
cubic polynomial

1
η

y3 − y+ 2 = 0, y = 1+ ν
η

. (1.131)

For η sufficiently large, the polynomial (1.131) has two roots greater than 2, say, y1 and
y2. Recall that ν is the nondimensional flow rate of substrate ATP. To make some corre-
spondence with the experimental data, we assume that the flow rate ν is proportional
to the experimental supply rate of glucose. This is not strictly correct, although ATP is
produced at about the same rate that glucose is supplied. Accepting this caveat, we see
that to match experimental data, we require

y2 − 1
y1 − 1

= ν2

ν1
= 160

20
= 8. (1.132)

Requiring (1.131) to hold at y1 and y2 and requiring (1.132) to hold as well, we find
numerical values

y1 = 2.08, y2 = 9.61, η = 116.7, (1.133)

corresponding to ν1 = 126 and ν2 = 1005.
At the Hopf bifurcation point, the period of oscillation is

Ti = 2π
ωi
= 2π√

η(1+ σ2)
= 2π√

ηyi
. (1.134)

For the numbers (1.133), we obtain a ratio of periods T1/T2 = 4.6, which is acceptably
close to the experimentally observed ratio T1/T2 = 2.7.

The behavior of the solution as a function of the parameter ν is summarized in
the bifurcation diagram, Fig. 1.11, shown here for η = 120. The steady-state solution
is stable below η = 129 and above η = 1052. Between these values of η the steady-
state solution is unstable, but there is a branch of stable periodic solutions which
terminates and collapses into the steady-state solution at the two points where the
stability changes, the Hopf bifurcation points.

A typical phase portrait for the periodic solution that exists between the Hopf
bifurcation points is shown in Fig. 1.12, and the concentrations of the two species
are shown as functions of time in Fig. 1.13.

1.6 Appendix: Math Background

It is certain that some of the mathematical concepts and tools that we routinely in-
voke here are not familiar to all of our readers. In this first chapter alone, we have
used nondimensionalization, phase-plane analysis, linear stability analysis, bifurca-
tion theory, and asymptotic analysis, all the while assuming that these are familiar to
the reader.
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Figure 1.11 Bifurcation diagram for the reduced Goldbeter–Lefever glycolysis model, with
η = 120.

Figure 1.12 Phase portrait of
the Goldbeter–Lefever model with
ν = 200, η = 120. Dotted curve:
dσ1
dτ = 0. Dashed curve: dσ2

dτ = 0.

Figure 1.13 Solution of the
Goldbeter–Lefever model with
ν = 200, η = 120.
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The purpose of this appendix is to give a brief guide to those techniques that are a
basic part of the applied mathematician’s toolbox.

1.6.1 Basic Techniques

In any problem, there are a number of parameters that are dictated by the problem.
However, it often happens that not all parameter variations are independent; that is,
different variations in different parameters may lead to identical changes in the behav-
ior of the model. Second, there may be parameters whose influence on a behavior is
negligible and can be safely ignored for a given context.

The way to identify independent parameters and to determine their relative mag-
nitudes is to nondimensionalize the problem. Unfortunately, there is not a unique
algorithm for nondimensionalization; nondimensionalization is as much art as it is
science.

There are, however, rules of thumb to apply. In any system of equations, there
are a number of independent variables (time, space, etc.), dependent variables
(concentrations, etc.) and parameters (rates of reaction, sizes of containers, etc.).
Nondimensionalization begins by rescaling the independent and dependent variables
by “typical” units, rendering them thereby dimensionless. One goal may be to ensure
that the dimensionless variables remain of a fixed order of magnitude, not becoming
too large or negligibly small. This usually requires some a priori knowledge about the
solution, as it can be difficult to choose typical scales unless something is already known
about typical solutions. Time and space scales can be vastly different depending on the
context.

Once this selection of scales has been made, the governing equations are written
in terms of the rescaled variables and dimensionless combinations of the remaining
parameters are identified. The number of remaining free dimensionless parameters is
usually less than the original number of physical parameters. The primary difficulty
(at least to understand and apply the process) is that there is not necessarily a single
way to scale and nondimensionalize the equations. Some scalings may highlight cer-
tain features of the solution, while other scalings may emphasize others. Nonetheless,
nondimensionalization often (but not always) provides a good starting point for the
analysis of a model system.

An excellent discussion of scaling and nondimensionalization can be found in Lin
and Segel (1988, Chapter 6). A great deal of more advanced work has also been done
on this subject, particularly its application to the quasi-steady-state approximation, by
Segel and his collaborators (Segel, 1988; Segel and Slemrod, 1989; Segel and Perelson,
1992; Segel and Goldbeter, 1994; Borghans et al., 1996; see also Frenzen and Maini,
1988).

Phase-plane analysis and linear stability analysis are standard fare in introductory
courses on differential equations. A nice introduction to these topics for the biologically
inclined can be found in Edelstein-Keshet (1988, Chapter 5) or Braun (1993, Chapter
4). A large number of books discuss the qualitative theory of differential equations,
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for example, Boyce and Diprima (1997), or at a more advanced level, Hale and Koçak
(1991), or Hirsch and Smale (1974).

Bifurcation Theory

Bifurcation theory is a topic that is gradually finding its way into introductory litera-
ture. The most important terms to understand are those of steady-state bifurcations,
Hopf bifurcations, homoclinic bifurcations, and saddle-node bifurcations, all of which
appear in this book. An excellent introduction to these concepts is found in Strogatz
(1994, Chapters 3, 6, 7, 8), and an elementary treatment, with particular application to
biological systems, is given by Beuter et al. (2003, Chapters 2, 3). More advanced treat-
ments include those in Guckenheimer and Holmes (1983), Arnold (1983) or Wiggins
(2003).

One way to summarize the behavior of the model is with a bifurcation diagram
(examples of which are shown in Figs. 1.9 and 1.11), which shows how certain features
of the model, such as steady states or limit cycles, vary as a parameter is varied. When
models have many parameters there is a wide choice for which parameter to vary. Often,
however, there are compelling physiological or experimental reasons for the choice of
parameter. Bifurcation diagrams are important in a number of chapters of this book,
and are widely used in the analysis of nonlinear systems. Thus, it is worth the time
to become familiar with their properties and how they are constructed. Nowadays,
most bifurcation diagrams of realistic models are constructed numerically, the most
popular choice of software being AUTO (Doedel, 1986; Doedel et al., 1997, 2001). The
bifurcation diagrams in this book were all prepared with XPPAUT (Ermentrout, 2002),
a convenient implementation of AUTO.

In this text, the bifurcation that is seen most often is the Hopf bifurcation. The
Hopf bifurcation theorem describes conditions for the appearance of small periodic
solutions of a differential equation, say

du
dt
= f (u, λ), (1.135)

as a function of the parameter λ. Suppose that there is a steady-state solution, u = u0(λ),
and that the system linearized about u0,

dU
dt
= ∂f (u0(λ),λ)

∂u
U, (1.136)

has a pair of complex eigenvalues μ(λ) = α(λ)± iβ(λ). Suppose further that α(λ0) = 0,
α′(λ0) �= 0, and β(λ0) �= 0, and that at λ = λ0 no other eigenvalues of the system have
zero real part. Then λ0 is a Hopf bifurcation point, and there is a branch of periodic
solutions emanating from the point λ = λ0. The periodic solutions could exist (locally)
for λ > λ0, for λ < λ0, or in the degenerate (nongeneric) case, for λ = λ0. If the periodic
solutions occur in the region of λ for which α(λ) > 0, then the periodic solutions
are stable (provided all other eigenvalues of the system have negative real part), and
this branch of solutions is said to be supercritical. On the other hand, if the periodic
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solutions occur in the region of λ for which α(λ) < 0, then the periodic solutions are
unstable, and this branch of solutions is said to be subcritical.

The Hopf bifurcation theorem applies to ordinary differential equations and delay
differential equations. For partial differential equations, there are some technical issues
having to do with the nature of the spectrum of the linearized operator that complicate
matters, but we do not concern ourselves with these here. Instead, rather than checking
all the conditions of the theorem, we find periodic solutions by looking only for a change
of the sign of the real part of an eigenvalue, using numerical computations to verify
the existence of periodic solutions, and calling it good.

1.6.2 Asymptotic Analysis

Applied mathematicians love small parameters, because of the hope that the solution
of a problem with a small parameter might be approximated by an asymptotic represen-
tation. A commonplace notation has emerged in which ε is often the small parameter.
An asymptotic representation has a precise mathematical meaning. Suppose that G(ε)
is claimed to be an asymptotic representation of g(ε), expressed as

g(ε) = G(ε)+O(φ(ε)). (1.137)

The precise meaning of this statement is that there is a constant A such that
∣∣∣∣
g(ε)−G(ε)

φ(ε)

∣∣∣∣ ≤ A (1.138)

for all ε with |ε| ≤ ε0 and ε > 0. The function φ(ε) is called a gauge function, a typical
example of which is a power of ε.

Perturbation Expansions
It is often the case that an asymptotic representation can be found as a power series in
powers of the small parameter ε. Such representations are called perturbation expan-
sions. Usually, a few terms of this power series representation suffice to give a good
approximation to the solution. It should be kept in mind that under no circumstances
does this power series development imply that a complete power series (with an infinite
number of terms) exists or is convergent. Terminating the series at one or two terms is
deliberate.

However, there are times when a full power series could be found and would be
convergent in some nontrivial ε domain. Such problems are called regular perturbation
problems because their solutions are regular, or analytic, in the parameter ε.

There are numerous examples of regular perturbation problems, including all of
those related to bifurcation theory. These problems are regular because their solutions
can be developed in a convergent power series of some parameter.

There are, however, many problems with small parameters whose solutions are
not regular, called singular perturbation problems. Singular perturbation problems are
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characterized by the fact that their dependence on the small parameter is not regular,
but singular, and their convergence as a function of ε is not uniform.

Singular problems come in two basic varieties. Characteristic of the first type is a
small region of width ε somewhere in the domain of interest (either space or time) in
which the solution changes rapidly. For example, the solution of the boundary value
problem

εu′′ + u′ + u = 0 (1.139)

subject to boundary conditions u(0) = u(1) = 1 is approximated by the asymptotic
representation

u(x; ε) = (1− e)e−x/ε + e1−x +O(ε). (1.140)

Notice the nonuniform nature of this solution, as

e = lim
x→0+

(
lim
ε→0+

u(x; ε)
)
�= lim

ε→0+

(
lim

x→0+
u(x; ε)

)
= 1.

Here the term e−x/ε is a boundary layer correction, as it is important only in a small
region near the boundary at x = 0.

Other terms that are typical in singular perturbation problems are interior layers
or transition layers, typified by expressions of the form tan( x−x0

ε
), and corner layers,

locations where the derivative changes rapidly but the solution itself changes little.
Transition layers are of great significance in the study of excitable systems (Chapter 5).
While corner layers show up in this book, we do not study or use them in any detail.

Singular problems of this type can often be identified by the fact that the order of
the system decreases if ε is set to zero. An example that we have already seen is the
quasi-steady-state analysis used to simplify reaction schemes in which some reactions
are significantly faster than others. Setting ε to zero in these examples reduces the
order of the system of equations, signaling a possible problem. Indeed, solutions of
these equations typically have initial layers near time t = 0. We take a closer look at
this example below.

The second class of singular perturbation problems is that in which there are two
scales in operation everywhere in the domain of interest. Problems of this type show
up throughout this book. For example, action potential propagation in cardiac tissue
is through a cellular medium whose detailed structure varies rapidly compared to the
length scale of the action potential wave front. Physical properties of the cochlear
membrane in the inner ear vary slowly compared to the wavelength of waves that
propagate along it. For problems of this type, one must make explicit the dependence on
multiple scales, and so solutions are often expressed as functions of two variables, say
x and x/ε, which are treated as independent variables. Solution techniques that exploit
the multiple-scale nature of the solution are called multiscale methods or averaging
methods.

Detailed discussions of these asymptotic methods may be found in Murray (1984),
Kevorkian and Cole (1996), and Holmes (1995).
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1.6.3 Enzyme Kinetics and Singular Perturbation Theory

In most of the examples of enzyme kinetics discussed in this chapter, extensive use was
made of the quasi-steady-state approximation (1.44), according to which the concen-
tration of the complex remains constant during the course of the reaction. Although this
assumption gives the right answers (which, some might argue, is justification enough),
mathematicians have sought for ways to justify this approximation rigorously. Bowen
et al. (1963) and Heineken et al. (1967) were the first to show that the quasi-steady-state
approximation can be derived as the lowest-order term in an asymptotic expansion of
the solution. This has since become one of the standard examples of the application
of singular perturbation theory to biological systems, and it is discussed in detail by
Rubinow (1973), Lin and Segel (1988), and Murray (2002), among others.

Starting with (1.37) and (1.38),

dσ
dτ
= −σ + x(σ + α), (1.141)

ε
dx
dτ
= σ − x(σ + κ), (1.142)

with initial conditions

σ(0) = 1, (1.143)

x(0) = 0, (1.144)

we begin by looking for solutions of the form

σ = σ0 + εσ1 + ε2σ2 + · · · , (1.145)

x = x0 + εx1 + ε2x2 + · · · . (1.146)

We substitute these solutions into the differential equations and equate coefficients
of powers of ε. To lowest order (i.e., equating all those terms with no ε) we get

dσ0

dτ
= −σ0 + x0(σ0 + α), (1.147)

0 = σ0 − x0(σ0 + κ). (1.148)

Note that, because we are matching powers of ε, the differential equation for x has
been converted into an algebraic equation for x0, which can be solved to give

x0 = σ0

σ0 + κ . (1.149)

It follows that

dσ0

dτ
= −σ0 + x0(σ0 + α) = −σ0

(
κ − α
σ0 + κ

)
. (1.150)

These solutions for x0 and σ0 (i.e., for the lowest-order terms in the power series
expansion) are the quasi-steady-state approximation of Section 1.4.2. We could carry
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on and solve for σ1 and x1, but since the calculations rapidly become quite tedious,
with little to no benefit, the lowest-order solution suffices.

However, it is important to notice that this lowest-order solution cannot be correct
for all times. For, clearly, the initial conditions σ(0) = 1, x(0) = 0 are inconsistent with
(1.149). In fact, by setting ε to be zero, we have decreased the order of the differential
equations system, making it impossible to satisfy the initial conditions.

There must therefore be a brief period of time at the start of the reaction during
which the quasi-steady-state approximation does not hold. It is not that ε is not small,
but rather that ε dx

dt is not small during this initial period, since dx/dt is large. Indeed, it
is during this initial time period that the enzyme is “filling up” with substrate, until the
concentration of complexed enzyme reaches the value given by the quasi-steady-state
approximation. Since there is little enzyme compared to the total amount of substrate,
the concentration of substrate remains essentially constant during this period.

For most biochemical reactions this transition to the quasi-steady state happens
so fast that it is not physiologically important, but for mathematical reasons, it is
interesting to understand these kinetics for early times as well. To see how the reaction
behaves for early times, we make a change of time scale, η = τ/ε. This change of
variables expands the time scale on which we look at the reaction and allows us to
study events that happen on a fast time scale. To be more precise, we also denote the
solution on this fast time scale by a tilde. In the new time scale, (1.37)–(1.38) become

dσ̃
dη
= ε(−σ̃ + x̃(σ̃ + α)), (1.151)

dx̃
dη
= σ̃ − x̃(σ̃ + κ). (1.152)

The initial conditions are σ̃ (0) = 1, x̃(0) = 0.
As before, we expand σ̃ and x̃ in power series in ε, substitute into the differential

equations, and equate coefficients of powers of ε. To lowest order in ε this gives

dσ̃0

dη
= 0, (1.153)

dx̃0

dη
= σ̃0 − x̃0(σ̃0 + κ). (1.154)

Simply stated, this means that σ̃0 does not change on this time scale, so that σ̃0 = 1.
Furthermore, we can solve for x̃0 as

x̃0 = 1
1+ κ (1− e−(1+κ)η), (1.155)

where we have used the initial condition x̃0(0) = 0.
Once again, we could go on to solve for σ̃1 and x̃1, but such calculations, being long

and of little use, are rarely done. Thus, from now on, we omit the subscript 0, since it
plays no essential role.

One important thing to notice about this solution for σ̃ and x̃ is that it cannot be
valid at large times. After all, σ cannot possibly be a constant for all times. Thus, σ̃ and
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x̃ are valid for small times (since they satisfy the initial conditions), but not for large
times.

At first sight, it looks as if we are at an impasse. We have a solution, σ and x, that
works for large times but not for small times, and we have another solution, σ̃ and x̃,
that works for small times, but not for large ones. The goal now is to match them to
obtain a single solution that is valid for all times. Fortunately, this is relatively simple
to do for this example.

In terms of the original time variable τ , the solution for x̃ is

x̃(τ ) = σ̃

σ̃ + κ (1− e−(1+κ)
τ
ε ). (1.156)

As τ gets larger than order ε, the exponential term disappears, leaving only

x̃(τ ) = σ̃

σ̃ + κ , (1.157)

which has the same form as (1.149). It thus follows that the solution

x(τ ) = σ

σ + κ (1− e−(1+κ)
τ
ε ) (1.158)

is valid for all times.
The solution for σ is obtained by direct solution of (1.150), which gives

σ + κ log σ = (α − κ)t+ 1, (1.159)

where we have used the initial condition σ(0) = 1. Since σ does not change on the short
time scale, this solution is valid for both small and large times.

This simple analysis shows that there is first a time span during which the enzyme
products rapidly equilibrate, consuming little substrate, and after this initial “layer” the
reaction proceeds according to Michaelis–Menten kinetics along the quasi-steady-state
curve. This is shown in Fig. 1.14. In the phase plane one can see clearly how the solution
moves quickly until it reaches the quasi-steady-state curve (the slow manifold) and

Figure 1.14 The solution to the quasi-steady-state approximation, plotted as functions of time
(left panel) and in the phase plane (right panel). Calculated using κ = 1.5, α = 0.5, ε = 0.05.
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then moves slowly along that curve toward the steady state. Note that the movement
to the quasi-steady-state curve is almost vertical, since during that time σ remains
approximately unchanged from its initial value. A similar procedure can be followed
for the equilibrium approximation (Exercise 20). In this case, the fast movement to
the slow manifold is not along lines of constant σ , but along lines of constant σ + αx,
where α = e0/s0.

In this problem, the analysis of the initial layer is relatively easy and not particularly
revealing. However, this type of analysis is of much greater importance later in this book
when we discuss the behavior of excitable systems.

1.7 Exercises
1. Consider the simple chemical reaction in which two monomers of A combine to form a

dimer B, according to

A + A
k+−→←−
k−

B.

(a) Use the law of mass action to find the differential equations governing the rates of
production of A and B.

(b) What quantity is conserved? Use this conserved quantity to find an equation governing
the rate of production of A that depends only on the concentration of A.

(c) Nondimensionalize this equation and show that these dynamics depend on only one
dimensionless parameter.

2. In the real world trimolecular reactions are rare, although trimerizations are not. Consider
the following trimerization reaction in which three monomers of A combine to form the
trimer C,

A + A
k1−→←−

k−1

B,

A + B
k2−→←−

k−2

C.

(a) Use the law of mass action to find the rate of production of the trimer C.

(b) Suppose k−1 � k−2, k2A. Use the appropriate quasi-steady-state approximation to
find the rates of production of A and C, and show that the rate of production of C is
proportional to [A]3. Explain in words why this is so.

3. The length of microtubules changes by a process called treadmilling, in which monomer is
added to one end of the microtubule and taken off at the other end. To model this process,
suppose that monomer A1 is self-polymerizing in that it can form dimer A2 via

A1 + A1
k+−→A2.
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Furthermore, suppose A1 can polymerize an n-polymer An at one end making an n + 1-
polymer An+1

A1 + An
k+−→An+1.

Finally, degradation can occur one monomer at a time from the opposite end at rate k−.
Find the steady-state distribution of polymer lengths after an initial amount of monomer
A0 has fully polymerized.

4. Suppose that the reaction rates for the three reactant loop of Fig. 1.1 do not satisfy detailed
balance. What is the net rate of conversion of A into B when the reaction is at steady state?

5. Consider an enzymatic reaction in which an enzyme can be activated or inactivated by the
same chemical substance, as follows:

E+X
k1−→←−

k−1

E1, (1.160)

E1 +X
k2−→←−

k−2

E2, (1.161)

E1 + S
k3−→ P+Q+E. (1.162)

Suppose further that X is supplied at a constant rate and removed at a rate proportional
to its concentration. Use quasi-steady-state analysis to find the nondimensional equation
describing the degradation of X,

dx
dt
= γ − x− βxy

1+ x+ y+ α
δ

x2
. (1.163)

Identify all the parameters and variables, and the conditions under which the quasi-steady
state approximation is valid.

6. Using the quasi-steady-state approximation, show that the velocity of the reaction for an
enzyme with an allosteric inhibitor (Section 1.4.3) is given by

V =
(

VmaxK3
i+ K3

)(
s(k−1 + k3i+ k1s+ k−3)

k1(s+ K1)
2 + (s+ K1)(k3i+ k−3 + k2)+ k2k−3/k1

)
. (1.164)

Identify all parameters. Under what conditions on the rate constants is this a valid
approximation? Show that this reduces to (1.59) in the case K1 = κ1.

7. (a) Derive the expression (1.76) for the fraction of occupied sites in a Monod–Wyman–
Changeux model with n binding sites.

(b) Modify the Monod–Wyman–Changeux model shown in Fig. 1.4 to include transitions
between states R1 and T1, and between states R2 and T2. Use the principle of de-
tailed balance to derive an expression for the equilibrium constant of each of these
transitions. Find the expression for Y , the fraction of occupied sites, and compare it
to (1.72).

8. An enzyme-substrate system is believed to proceed at a Michaelis–Menten rate. Data for
the (initial) rate of reaction at different concentrations is shown in Table 1.1.

(a) Plot the data V vs. s. Is there evidence that this is a Michaelis–Menten type reaction?

(b) Plot V vs. V/s. Are these data well approximated by a straight line?
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.Table 1.1 Data for Problem 8.

Substrate Reaction
Concentration (mM) Velocity (mM/s)

0.1 0.04
0.2 0.08
0.5 0.17
1.0 0.24
2.0 0.32
3.5 0.39
5.0 0.42

.Table 1.2 Data for Problem 9.

Substrate Reaction
Concentration (mM) Velocity (mM/s)

0.2 0.01
0.5 0.06
1.0 0.27
1.5 0.50
2.0 0.67
2.5 0.78
3.5 0.89
4.0 0.92
4.5 0.94
5.0 0.95

(c) Use linear regression and (1.46) to estimate Km and Vmax. Compare the data to the
Michaelis–Menten rate function using these parameters. Does this provide a reasonable
fit to the data?

9. Suppose the maximum velocity of a chemical reaction is known to be 1 mM/s, and the
measured velocity V of the reaction at different concentrations s is shown in Table 1.2.

(a) Plot the data V vs. s. Is there evidence that this is a Hill type reaction?

(b) Plot ln
(

V
Vmax−V

)
vs. ln(s). Is this approximately a straight line, and if so, what is its

slope?

(c) Use linear regression and (1.71) to estimate Km and the Hill exponent n. Compare the
data to the Hill rate function with these parameters. Does this provide a reasonable fit
to the data?

10. Use the equilibrium approximation to derive an expression for the reaction velocity of the
scheme (1.60)–(1.61).
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Answer:

V = (k2K3 + k4s)e0s

K1K3 + K3s+ s2
, (1.165)

where K1 = k−1/k1 and K3 = k−3/k3.

11. (a) Find the velocity of reaction for an enzyme with three active sites.

(b) Under what conditions does the velocity reduce to a Hill function with exponent three?
Identify all parameters.

(c) What is the relationship between rate constants when the three sites are independent?
What is the velocity when the three sites are independent?

12. The Goldbeter–Koshland function (1.92) is defined using the solution of the quadratic
equation with a negative square root. Why?

13. Suppose that a substrate can be broken down by two different enzymes with different
kinetics. (This happens, for example, in the case of cAMP or cGMP, which can be hydrolyzed
by two different forms of phosphodiesterase—see Chapter 19).

(a) Write the reaction scheme and differential equations, and nondimensionalize, to get
the system of equations

dσ
dt
= −σ + α1(μ1 + σ)x+ α2(μ2 + σ)y, (1.166)

ε1
dx
dt
= 1
λ1
σ(1− x)− x, (1.167)

ε2
dy
dt
= 1
λ2
σ(1− y)− y. (1.168)

where x and y are the nondimensional concentrations of the two complexes. Identify
all parameters.

(b) Apply the quasi-steady-state approximation to find the equation governing the dy-
namics of substrate σ . Under what conditions is the quasi-steady-state approximation
valid?

(c) Solve the differential equation governing σ .

(d) For this system of equations, show that the solution can never leave the positive octant
σ , x, y ≥ 0. By showing that σ+ε1x+ε2y is decreasing everywhere in the positive octant,
show that the solution approaches the origin for large time.

14. For some enzyme reactions (for example, the hydrolysis of cAMP by phosphodiesterase in
vertebrate retinal cones) the enzyme is present in large quantities, so that e0/s0 is not a small
number. Fortunately, there is an alternate derivation of the Michaelis–Menten rate equation
that does not require that ε = e0

s0
be small. Instead, if one or both of k−1 and k2 are much

larger than k1e0, then the formation of complex c is a rapid exponential process, and can be
taken to be in quasi-steady state. Make this argument systematic by introducing appropriate
nondimensional variables and then find the resulting quasi-steady-state dynamics. (Segel,
1988; Frenzen and Maini, 1988; Segel and Slemrod, 1989; Sneyd and Tranchina, 1989).
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15. ATP is known to inhibit its own dephosphorylation. One possible way for this to occur is if
ATP binds with the enzyme, holding it in an inactive state, via

S1 + E
k4−→←−

k−4

S1E.

Add this reaction to the Sel’kov model of glycolysis and derive the equations governing
glycolysis of the form (1.107)–(1.108). Explain from the model why this additional reaction
is inhibitory.

16. In the case of noncompetitive inhibition, the inhibitor combines with the enzyme-substrate
complex to give an inactive enzyme-substrate-inhibitor complex which cannot undergo
further reaction, but the inhibitor does not combine directly with free enzyme or affect its
reaction with substrate. Use the quasi-steady-state approximation to show that the velocity
of this reaction is

V = Vmax
s

Km + s+ i
Ki

s
. (1.169)

Identify all parameters. Compare this velocity with the velocity for other types of inhibition
discussed in the text.

17. The following reaction scheme is a simplified version of the Goldbeter–Lefever reaction
scheme for glycolytic oscillations:

R0

k1−→←−
k−1

T0,

S1 + Rj

k2−→←−
k−2

Cj
k−→Rj + S2, j = 0, 1, 2,

S2 + R0

2k3−→←−
k−3

R1,

S2 + R1

k3−→←−
2k−3

R2.

Show that, under appropriate assumptions about the ratios k1/k−1 and k−2+k3
k2

the equa-

tions describing this reaction are of the form (1.107)–(1.108) with f (σ1, σ2) given by
(1.125).

18. Use the law of mass action and the quasi-steady-state assumption for the enzymatic reac-
tions to derive a system of equations of the form (1.107)–(1.108) for the Goldbeter–Lefever
model of glycolytic oscillations. Verify (1.124).

19. When much of the ATP is depleted in a cell, a considerable amount of cAMP is formed as
a product of ATP degradation. This cAMP activates an enzyme phosphorylase that splits
glycogen, releasing glucose that is rapidly metabolized, replenishing the ATP supply.

Devise a model of this control loop and determine conditions under which the
production of ATP is oscillatory.

20. (a) Nondimensionalize (1.26)–(1.29) in a way appropriate for the equilibrium approxima-
tion (rather than the quasi-steady-state approximation of Section 1.4.2). Hint: Recall
that for the equilibrium approximation, the assumption is that k1e0 and k−1 are large
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compared to k2. You should end up with equations that look something like

ε
dσ
dτ
= αx− βασ(1− x), (1.170)

ε
dx
dτ
= βσ(1− x)− x− εx, (1.171)

where ε = k2/k−1, α = e0/s0 and β = s0/K1.

(b) Find the behavior, to lowest order in ε for this system. (Notice that the slow variable
is σ + αx.)

(c) To lowest order in ε, what is the differential equation for σ on this time scale?

(d) Rescale time to find equations valid for small times.

(e) Show that, to lowest order in ε, σ + αx = constant for small times.

(f) Without calculating the exact solution, sketch the solution in the phase plane, showing
the initial fast movement to the slow manifold, and then the movement along the slow
manifold.



C H A P T E R 2

Cellular Homeostasis

2.1 The Cell Membrane

The cell membrane provides a boundary separating the internal workings of the cell
from its external environment. More importantly, it is selectively permeable, permitting
the free passage of some materials and restricting the passage of others, thus regulat-
ing the passage of materials into and out of the cell. It consists of a double layer (a
bilayer) of phospholipid molecules about 7.5 nm (75 angstroms) thick (Fig. 2.1). The
term lipid is used to specify a category of water-insoluble, energy rich macromolecules,
typical of fats, waxes, and oils. Irregularly dispersed throughout the phospholipid bi-
layer are aggregates of globular proteins, which are free to move within the layer, giving
the membrane a fluid-like appearance. The membrane also contains water-filled pores
with diameters of about 0.8 nm, as well as protein-lined pores, called channels, which
allow passage of specific molecules. Both the intracellular and extracellular environ-
ments consist of, among many other things, a dilute aqueous solution of dissolved
salts, primarily NaCl and KCl, which dissociate into Na+, K+, and Cl− ions. The cell
membrane acts as a barrier to the free flow of these ions and maintains concentration
differences of these ions. In addition, the cell membrane acts as a barrier to the flow
of water.

Molecules can be transported across the cell membrane by passive transport or
active processes. An active process is one that requires the expenditure of energy, while
a passive process results solely from the inherent, random movement of molecules.
Osmosis, i.e., the diffusion of water down its concentration gradient, is the most im-
portant process by which water moves through the cell membrane. Simple diffusion
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Figure 2.1 Schematic diagram of the
cell membrane. (Davis et al., 1985,
Fig. 3-1, p. 41.)

accounts for the passage of small molecules through pores and of lipid-soluble
molecules through the lipid bilayer. For example, water, urea (a nitrogenous waste
product of metabolism), and hydrated Cl− ions diffuse through membrane pores. Oxy-
gen and carbon dioxide diffuse through the membrane readily because they are soluble
in lipids. Sodium and K+ ions pass through ion-specific channels, driven by diffusion
and electrical forces. Some other mechanism must account for the transport of larger
sugar molecules such as galactose, glucose, and sucrose, as they are too large to pass
through membrane pores.

Concentration differences are set up and maintained by active mechanisms that
use energy to pump ions against their concentration gradient. One of the most im-
portant of these pumps is the Na+–K+ ATPase, which uses the energy stored in ATP
molecules to pump Na+ out of the cell and K+ in. Another pump, the Ca2+ ATPase,
pumps Ca2+ out of the cell or into the endoplasmic reticulum. There are also a variety
of exchange pumps that use the energy inherent in the concentration gradient of one
ion type to pump another ion type against its concentration gradient. For example,
the Na+–Ca2+ exchanger removes Ca2+ from the cell at the expense of Na+ entry, and
similarly for the Na+–H+ exchanger. Typical values for intracellular and extracellular
ionic concentrations are given in Table 2.1.

Differences in ionic concentrations create a potential difference across the cell
membrane that drives ionic currents. Water is also absorbed into the cell because of
concentration differences of these ions and also because of other large molecules con-
tained in the cell, whose presence provides an osmotic pressure for the absorption
of water. It is the balance of these forces that regulates both the cell volume and the
membrane potential.
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.Table 2.1 Typical values for intracellular and extracellular ionic concentrations, Nernst po-
tentials and resting potentials, from three different cell types. Concentrations are given in units
of mM, and potentials are in units of mV. Extracellular concentrations for the squid giant axon
are for seawater, while those for frog muscle and red blood cells are for plasma. (Adapted from
Mountcastle, 1974, Table 1-1.)

Squid Frog Human
Giant Sartorius Red Blood
Axon Muscle Cell

Intracellular
concentrations

Na+ 50 13 19
K+ 397 138 136
Cl− 40 3 78

Mg2+ 80 14 5.5
Extracellular

concentrations
Na+ 437 110 155
K+ 20 2.5 5
Cl− 556 90 112

Mg2+ 53 1 2.2
Nernst

potentials
VNa +56 +55 +55
VK −77 −101 −86
VCl −68 −86 −9

Resting
potentials −65 −99 −6 to −10

2.2 Diffusion

To keep track of a chemical concentration or any other measurable entity, we must
track where it comes from and where it goes; that is, we must write a conservation law.
If U is some chemical species in some region, then the appropriate conservation law
takes the following form (in words):

rate of change of U = rate of production of U+ accumulation of U due to transport.

If � is a region of space, this conservation law can be written symbolically as

d
dt

∫

�

u dV =
∫

�

f dV −
∫

∂�

J · n dA, (2.1)

where u is the concentration of the chemical species U, ∂� is the boundary of the region
�, n is the outward unit normal to the boundary of�, f represents the local production
density of U per unit volume, and J is the flux density of U. According to the divergence
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theorem, if J is sufficiently smooth, then
∫

∂�

J · n dA =
∫

�

∇ · J dV , (2.2)

so that if the volume in which u is being measured is fixed but arbitrary, the integrals
can be dropped, with the result that

∂u
∂t
= f − ∇ · J. (2.3)

This, being a conservation law, is inviolable. However, there are many ways in which
the production term f and the flux J can vary. Indeed, much of our study in this book
is involved in determining appropriate models of production and flux.

2.2.1 Fick’s Law

Suppose that u is a function of a single spatial variable, x, and consider the two situ-
ations shown in Fig. 2.2, one where u has a steep gradient, the other with a shallow
gradient. It is intuitively reasonable that the flux of u should be greater in magnitude
in the first case than in the second, and this is indeed what is found experimentally,
provided u is not too large. Thus

J = −D
du
dx

. (2.4)

Note the sign of J. By definition, a flux of u from left to right is identified as a positive
flux, and thus the flux is opposite in sign to the gradient.

In higher dimensions

J = −D∇u. (2.5)

Equation (2.5) is called a constitutive relationship, and for chemical species it is called
Fick’s law. The scalar D is the diffusion coefficient and is characteristic of the solute
and the fluid in which it is dissolved. If u represents the heat content of the volume,
(2.5) is called Newton’s law of cooling. Fick’s law is not really a law, but is a reasonable

x

u
J>0

du/dx < 0

x

u
J<0

du/dx > 0

Figure 2.2 Fick’s Law.The flux is proportional to the gradient, and opposite in sign.
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approximation to reality if the concentration of the chemical species is not too high.
When Fick’s law applies, the conservation equation becomes the reaction–diffusion
equation

∂u
∂t
= ∇ · (D∇u)+ f , (2.6)

or, if D is a constant,

∂u
∂t
= D∇2u+ f . (2.7)

The diffusion equation can also be derived from a random walk (Section 2.9.1).
There is a vast literature on reaction–diffusion equations. To mention but a very few,

Aronson and Weinberger (1975), Britton (1986) and Grindrod (1991) are biologically
oriented, as is Murray (2002), while Smoller (1994) and Fife (1979) are more theoretical
presentations.

2.2.2 Diffusion Coefficients

A quantitative understanding of diffusion was given by Einstein (1906) in his theory of
Brownian motion. He showed that if a spherical solute molecule is large compared to
the solvent molecule, then

D = kT
6πμa

, (2.8)

where k = R
NA

is Boltzmann’s constant, NA is Avogadro’s number, T is the absolute tem-
perature of the solution,μ is the coefficient of viscosity for the solute, and a is the radius
of the solute molecule. For nonspherical molecules, Einstein’s formula generalizes to

D = kT
f

, (2.9)

where f is the Stokes frictional coefficient of the particle and f = 6πμa for a sphere of
radius a. The molecular weight of a spherical molecule is

M = 4
3
πa3ρ, (2.10)

where ρ is the molecular density, so that, in terms of molecular weight,

D = kT
3μ

( ρ

6π2M

)1/3
. (2.11)

The density of most large protein molecules is nearly constant (about 1.3−1.4
g/cm3), so that DM1/3 is nearly the same for spherical molecules at a fixed tempera-
ture. The diffusion of small molecules, such as the respiratory gases, is different, being
proportional to M−1/2.
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.Table 2.2 Molecular weight and diffusion coefficients of some biochemical substances in
dilute aqueous solution.

Substance Molecular Weight D(cm2/s)
hydrogen 1 4.5× 10−5

oxygen 32 2.1× 10−5

carbon dioxide 48 1.92× 10−5

glucose 192 6.60× 10−6

insulin 5,734 2.10× 10−6

Cytochrome c 13,370 1.14 × 10−6

Myoglobin 16,900 5.1× 10−7

Serum albumin 66,500 6.03× 10−7

hemoglobin 64,500 6.9× 10−7

Catalase 247,500 4.1× 10−7

Urease 482,700 3.46× 10−7

Fibrinogen 330,000 1.97× 10−7

Myosin 524,800 1.05× 10−7

Tobacco mosaic virus 40,590,000 5.3× 10−8

2.2.3 Diffusion Through a Membrane: Ohm’s Law

We can use Fick’s law to derive the chemical analogue of Ohm’s law for a membrane
of thickness L. Suppose that a membrane separates two large reservoirs of a dilute
chemical, with concentration cl on the left (at x = 0), and concentration cr on the right
(at x = L). According to the diffusion equation, in the membrane (assuming that the
only gradients are transverse to the membrane)

∂c
∂t
= D

∂2c
∂x2 , (2.12)

subject to boundary conditions c(0, t) = cl, c(L, t) = cr.
The full time-dependent solution can be found using separation of variables, but

for our purposes here, the steady-state solution is sufficient. At steady state, ∂c
∂t = 0,

so that ∂J
∂x = −D ∂2c

∂x2 = 0, from which it follows that J = −D ∂c
∂x = constant, or that

c(x) = ax+b, for some constants a and b. Applying the boundary conditions, we obtain

c(x) = cl + (cr − cl)
x
L

. (2.13)

From Fick’s law it follows that the flux of chemical is constant, independent of x, and
is given by

J = D
L
(cl − cr). (2.14)

The ratio L/D is the effective “resistance” of the membrane, and so D/L is called the
conductance, or permeability, per unit area.
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2.2.4 Diffusion into a Capillary

Suppose that a long capillary, open at one end, with uniform cross-sectional area A and
filled with water, is inserted into a solution of known chemical concentration C0, and
the chemical species is free to diffuse into the capillary through the open end. Since
the concentration of the chemical species depends only on the distance along the tube
and time, it is governed by the diffusion equation

∂c
∂t
= D

∂2c

∂x2
, 0 < x <∞, t > 0, (2.15)

where for convenience we assume that the capillary is infinitely long. Because the solute
bath in which the capillary sits is large, it is reasonable to assume that the chemical
concentration at the tip is fixed at C(0, t) = C0, and since the tube is initially filled with
pure water we set C(x, 0) = 0.

The solution of this problem is given by

C(x, t) = 2C0

(
1− 1√

2π

∫ z

−∞
exp

(
−s2

2

)
ds

)
, z = x√

2Dt
. (2.16)

From this, one can easily calculate that the total number of molecules that enter
the capillary in a fixed time T is

N = A
∫ ∞

0
C(x, T)dx = 2C0A

√
TD
π

. (2.17)

From this equation it is possible to determine the diffusion coefficient by solving (2.17)
for D, yielding

D = πN2

4C2
0A2T

. (2.18)

A second useful piece of information is found from (2.16) by observing that
C(x, t)/C0 is constant on any curve for which z is constant. Thus, the curve t = x2/D is a
level curve for the concentration, and gives a measure of how fast the substance is mov-
ing into the capillary. The time t = x2/D is called the diffusion time for the process. To
give some idea of the effectiveness of diffusion in various cellular contexts, in Table 2.3
is shown typical diffusion times for a variety of cellular structures. Clearly, diffusion is
effective for transport when distances are short, but totally inadequate for longer dis-
tances, such as along a nerve axon. Obviously, biological systems must employ other
transport mechanisms in these situations in order to survive.

2.2.5 Buffered Diffusion

It is often the case that reactants in an enzymatic reaction (as in Chapter 1) are free
to diffuse, so that one must keep track of the effects of both diffusion and reaction.
Such problems, called reaction–diffusion systems, are of fundamental significance in
physiology and are also important and difficult mathematically.
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.Table 2.3 Estimates of diffusion times for cellular structures of typical dimensions, computed
from the relation t = x2/D using D = 10−5cm2/s (typical for molecules the size of oxygen or
carbon dioxide).

x t Example
10 nm 100 ns Thickness of cell membrane
1 μm 1 ms Size of mitochondrion
10 μm 100 ms Radius of small mammalian cell
100 μm 10 s Diameter of a large muscle fiber
250 μm 60 s Radius of squid giant axon
1 mm 16.7 min Half-thickness of frog sartorius muscle
2 mm 1.1 h Half-thickness of lens in the eye
5 mm 6.9 h Radius of mature ovarian follicle
2 cm 2.6 d Thickness of ventricular myocardium
1 m 31.7 yrs Length of a (long!) nerve axon

An important situation, in which reaction and diffusion interact to modify the
behavior, occurs when a diffusing species is buffered by a larger diffusing molecule.
This occurs, for example, with oxygen in muscle (which we discuss below), or Ca2+,
or H+. The earliest studies of the buffered diffusion equation were those of Irving et
al. (1990) and Wagner and Keizer (1994), while Neher and his colleagues (Zhou and
Neher, 1993; Naraghi and Neher, 1997; Naraghi et al. 1998) have done a great deal of
work on Ca2+ buffering. More theoretical analyses have been performed by Sneyd et
al. (1998), Smith et al. (2001), and Tsai and Sneyd (2005, 2007a,b).

Consider a “one-dimensional” cell is which there are hydrogen ions (for example)
and buffer, B. We assume that the buffering reaction follows

H+ + B
k+−→←−
k−

HB. (2.19)

Conservation implies

∂u
∂t
= Dh

∂2u
∂x2
+ k−w− k+uv+ f (t, x, u), (2.20)

∂v
∂t
= Db

∂2v
∂x2 + k−w− k+uv, (2.21)

∂w
∂t
= Db

∂2w
∂x2
− k−w+ k+uv, (2.22)

where u = [H+], v = [B], and w = [HB]. Since the buffer is a large molecule, we
assume that the diffusion of B is the same as that of HB. We impose no-flux boundary
conditions at the ends of the cell and assume that v and w are initially uniform (for
example, if w is initially zero, and the buffer is uniformly distributed). The reaction
term f (t, x, u) denotes all the other reactions of u apart from the buffering.
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Adding (2.21) and (2.22) we obtain

∂(v+w)
∂t

= Db
∂2(v+w)
∂x2

. (2.23)

Since v + w is initially uniform, it remains uniform for all time, so that v + w = w0,
where w0 is the total amount of buffer.

If the buffering reaction is fast compared to the other reactions (i.e., those described
by f (t, x, u)), then we can assume u and v to be in quasi-equilibrium, so that

k−(w0 − v)− k+uv = 0, (2.24)

which implies that

v = Keqw0

Keq + u
, where Keq = k−

k+
. (2.25)

Subtracting (2.21) from (2.20) yields

∂(u− v)
∂t

= Dh
∂2u
∂x2 −Db

∂2v
∂x2 + f (t, x, u). (2.26)

However, since we know v as a function of u, we can eliminate v to find a nonlinear
reaction–diffusion equation for u alone,

∂

∂t

(
u− Keqw0

Keq + u

)
= Dh

∂2u

∂x2
−Db

∂2

∂x2

(
Keqw0

Keq + u

)
+ f (t, x, u). (2.27)

We expand some of the derivatives and find
(

1+ Keqw0

(Keq + u)2

)
ut = Dh

∂2u
∂x2
+Db

∂

∂x

(
Keqw0

(Keq + u)2
ux

)
+ f (t, x, u). (2.28)

Letting

θ(u) = Keqw0

(Keq + u)2
(2.29)

then gives

ut = Dh + θ(u)Db

1+ θ(u) uxx + Dbθ
′(u)

1+ θ(u) (ux)
2 + f (t, x, u)

1+ θ(u) . (2.30)

Thus, buffering gives rise to a nonlinear transport equation with a diffusion coefficient
that is a nonlinear function of u.

In some cases it is reasonable to assume that u� Keq. In this limit we find that u
has an effective diffusion coefficient

Deff =
Dh +Db

w0
Keq

1+ w0
Keq

, (2.31)

a convex linear combination of the two diffusion coefficients, Dh and Db. In addition,
the reaction terms are scaled by the constant factor 1

1+w0/Keq
. If, additionally, Db = 0, we
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recover the usual diffusion equation, but one for which both the diffusion coefficient
and the reaction terms are scaled by the same constant factor.

2.3 Facilitated Diffusion

A second important example in which both diffusion and reaction play a role is known
as facilitated diffusion. Facilitated diffusion occurs when the flux of a chemical is am-
plified by a reaction that takes place in the diffusing medium. An example of facilitated
diffusion occurs with the flux of oxygen in muscle fibers. In muscle fibers, oxygen is
bound to myoglobin and is transported as oxymyoglobin, and this transport is greatly
enhanced above the flow of oxygen in the absence of myoglobin (Wyman, 1966; Murray,
1971; Murray and Wyman, 1971; Rubinow and Dembo, 1977).

This well-documented observation needs further explanation, because at first
glance it seems counterintuitive. Myoglobin molecules are much larger (molecular
weight M = 16,890) than oxygen molecules (molecular weight M = 32) and therefore
have a much smaller diffusion coefficient (D = 4.4×10−7 and D = 1.2×10−5cm2/s for
myoglobin and oxygen, respectively). The diffusion of oxymyoglobin would therefore
seem to be much slower than the diffusion of free oxygen. Further, from the calculation
in the last section, the diffusion of free oxygen is much slower when it is buffered by
myoglobin since the effective diffusion coefficient of oxygen is lowered substantially
by diffusion.

To anticipate slightly, the answer is that, at steady state, the total transport of oxygen
is the sum of the free oxygen transport and additional oxygen that is transported by the
diffusing buffer. If there is a lot of buffer, with a lot of oxygen bound, this additional
transport due to the buffer can be substantial.

A simple model of this phenomenon is as follows. Suppose we have a slab reactor
containing diffusing myoglobin. On the left (at x = 0) the oxygen concentration is held
fixed at s0, and on the right (at x = L) it is held fixed at sL, which is assumed to be less
than s0.

If f is the rate of uptake of oxygen into oxymyoglobin, then equations governing
the concentrations of s = [O2], e = [Mb], c = [MbO2] are

∂s
∂t
= Ds

∂2s
∂x2
− f , (2.32)

∂e
∂t
= De

∂2e
∂x2 − f , (2.33)

∂c
∂t
= Dc

∂2c

∂x2
+ f . (2.34)

It is reasonable to take De = Dc, since myoglobin and oxymyoglobin are nearly identical
in molecular weight and structure. Since myoglobin and oxymyoglobin remain inside
the slab, it is also reasonable to specify the boundary conditions ∂e/∂x = ∂c/∂x = 0
at x = 0 and x = L. Because it reproduces the oxygen saturation curve (discussed in
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Chapter 13), we assume that the reaction of oxygen with myoglobin is governed by the
elementary reaction

O2 +Mb
k+−→←−
k−

MbO2,

so that (from the law of mass action) f = −k−c+ k+se. The total amount of myoglobin
is conserved by the reaction, so that at steady state e+ c = e0 and (2.33) is superfluous.

At steady state,

0 = st + ct = Dssxx +Dccxx, (2.35)

and thus there is a second conserved quantity, namely

Ds
ds
dx
+Dc

dc
dx
= −J, (2.36)

which follows by integrating (2.35) once with respect to x. The constant J (which is yet
to be determined) is the sum of the flux of free oxygen and the flux of oxygen in the
complex oxymyoglobin, and therefore represents the total flux of oxygen. Integrating
(2.36) with respect to x between x = 0 and x = L, we can express the total flux J in
terms of boundary values of the two concentrations as

J = Ds

L
(s0 − sL)+ Dc

L
(c0 − cL), (2.37)

although the values c0 and cL are as yet unknown.
To further understand this system of equations, we introduce dimensionless

variables, σ = k+
k− s, u = c/e0, and x = Ly, in terms of which (2.32) and (2.34) become

ε1σyy = σ(1− u)− u = −ε2uyy, (2.38)

where ε1 = Ds
e0k+L2 , ε2 = Dc

k−L2 .

Reasonable numbers for the uptake of oxygen by myoglobin (Wittenberg, 1966)
are k+ = 1.4 × 1010cm3 M−1s−1, k− = 11 s−1, and L = 0.022 cm in a solution with
e0 = 1.2 × 10−5 M/cm3. (These numbers are for an experimental setup in which the
concentration of myoglobin was substantially higher than what naturally occurs in
living tissue.) With these numbers we estimate that ε1 = 1.5×10−7, and ε2 = 8.2×10−5.
Clearly, both of these numbers are small, suggesting that oxygen and myoglobin are at
quasi-steady state throughout the medium, with

c = e0
s

K + s
, (2.39)
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where K = k−/k+. Now we substitute (2.39) into (2.37) to find the flux

J = Ds

L
(s0 − sL)+ Dc

L
e0

(
s0

K + s0
− sL

K + sL

)

= Ds

L
(s0 − sL)

(
1+ Dc

Ds

e0K
(s0 + K)(sL +K)

)

= Ds

L
(1+ μρ)(s0 − sL), (2.40)

where ρ = Dc
Ds

e0
K ,μ = K2

(s0+K)(sL+K) .
In terms of dimensionless variables the full solution is given by

σ(y)+ ρu(y) = y[σ(1)+ ρu(1)] + (1− y)[σ(0)+ ρu(0)], (2.41)

u(y) = σ(y)
1+ σ(y) . (2.42)

Now we see how diffusion can be facilitated by an enzymatic reaction. In the ab-
sence of a diffusing carrier, ρ = 0 and the flux is purely Fickian, as in (2.14). However,
in the presence of carrier, diffusion is enhanced by the factor μρ. The maximum en-
hancement possible is at zero concentration, when μ = 1. With the above numbers for
myoglobin, this maximum enhancement is substantial, being ρ = 560. If the oxygen
supply is sufficiently high on the left side (near x = 0), then oxygen is stored as oxymyo-
globin. Moving to the right, as the total oxygen content drops, oxygen is released by
the myoglobin. Thus, even though the bound oxygen diffuses slowly compared to free
oxygen, the quantity of bound oxygen is high (provided that e0 is large compared to the
half saturation level K), so that lots of oxygen is transported . We can also understand
that to take advantage of the myoglobin-bound oxygen, the concentration of oxygen
must drop to sufficiently low levels so that myoglobin releases its stored oxygen.

To explain it another way, note from (2.40) that J is the sum of two terms, the
usual ohmic flux term and an additional term that depends on the diffusion coefficient
of MbO2. The total oxygen flux is the sum of the flux of free oxygen and the flux of
oxygen bound to myoglobin. Clearly, if oxymyoglobin is free to diffuse, the total flux
is thereby increased. But since oxymyoglobin can only diffuse down its gradient, the
concentration of oxymyoglobin must be higher on one side than the other.

In Fig. 2.3A are shown the dimensionless free oxygen concentration σ and the di-
mensionless bound oxygen concentration u plotted as functions of position. Notice that
the free oxygen content falls at first, indicating higher free oxygen flux, and the bound
oxygen decreases more rapidly at larger y. Perhaps easier to interpret is Fig. 2.3B, where
the dimensionless flux of free oxygen and the dimensionless flux of bound oxygen are
shown as functions of position. Here we can see that as the free oxygen concentration
drops, the flux of free oxygen also drops, but the flux of bound oxygen increases. For
large y, most of the flux is due to the bound oxygen. For these figures, ρ = 10, σ(0) = 2.0,
σ(1) = 0.1.

One mathematical detail that was ignored in this discussion is the validity of the
quasi-steady-state solution (2.39) as an approximation of (2.38). Usually, when one
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Figure 2.3 A: Free oxygen content σ(y ) and bound oxygen content u(y ) as functions of y .
B: Free oxygen flux −σ ′(y ) and bound oxygen flux −ρu′(y ) as functions of y .

makes an approximation to boundary value problems in which the order of the system
is reduced (as here where the order is four, and drops by two when ε1 and ε2 are
ignored), there are difficulties with the solution at the boundary, because the boundary
conditions cannot, in general, be met. Such problems, discussed briefly in Chapter 1
in the context of enzyme kinetics, are called singular perturbation problems, because
the behavior of the solutions as functions of the small parameters is not regular, but
singular (certain derivatives become infinitely large as the parameters approach zero).
In this problem, however, there are no boundary layers, and the quasi-steady-state
solution is a uniformly valid approximation to the solution. This occurs because the
boundary conditions on c are of no-flux (Neumann) type, rather than of fixed (Dirichlet)
type. That is, since the value of c is not specified by the boundary conditions, c is
readily adjusted so that there are no boundary layers. Only a slight correction to the
quasi-steady-state solution is needed to meet the no-flux boundary conditions, but this
correction affects only the derivative, not the value, of c in a small region near the
boundaries.

2.3.1 Facilitated Diffusion in Muscle Respiration

Even at rest, muscle fibers consume oxygen. This is because ATP is constantly consumed
to maintain a nonzero membrane potential across a muscle cell wall, and this con-
sumption of energy requires constant metabolizing of sugar, which consumes oxygen.
Although sugar can be metabolized anaerobically, the waste product of this reaction
is lactic acid, which is toxic to the cell. In humans, the oxygen consumption of live
muscle tissue at rest is about 5× 10−8 mol/cm3s, and the concentration of myoglobin
is about 2.8× 10−7 mol/cm3. Thus, when myoglobin is fully saturated, it contains only
about a 5 s supply of oxygen. Further, the oxygen at the exterior of the muscle cell must
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penetrate to the center of the cell to prevent the oxygen concentration at the center
falling to zero, a condition called oxygen debt.

To explain how myoglobin aids in providing oxygen to a muscle cell and helps to
prevent oxygen debt, we examine a model of oxygen consumption that includes the
effects of diffusion of oxygen and myoglobin. We suppose that a muscle fiber is a long
circular cylinder (radius a = 2.5 × 10−3 cm) and that diffusion takes place only in the
radial direction. We suppose that the oxygen concentration at the boundary of the fiber
is a fixed constant and that the distribution of chemical species is radially symmetric.
With these assumptions, the steady-state equations governing the diffusion of oxygen
and oxymyoglobin are

Ds
1
r

d
dr

(
r
ds
dr

)
− f − g = 0, (2.43)

Dc
1
r

d
dr

(
r
dc
dr

)
+ f = 0, (2.44)

where, as before, s = [O2], c = [MbO2], and f = −k−c+ k+se. The coordinate r is in the
radial direction. The new term in these equations is the constant g, corresponding to
the constant consumption of oxygen. The boundary conditions are s = sa, dc/dr = 0 at
r = a, and ds/dr = dc/dr = 0 at r = 0. For muscle, sa is typically 3.5 × 10−8 mol/cm3

(corresponding to the partial pressure 20 mm Hg). Numerical values for the parameters
in this model are difficult to obtain, but reasonable numbers are Ds = 10−5 cm2/s, Dc =
5× 10−7 cm2/s, k+ = 2.4× 1010 cm3/mol · s, and k− = 65/s (Wyman, 1966).

Introducing nondimensional variables σ = k+
k− s, u = c/e0, and r = ay, we obtain the

differential equations

ε1
1
y

d
dy

(
y

dσ
dy

)
− γ = σ(1− u)− u = −ε2

1
y

d
dy

(
y

du
dy

)
, (2.45)

where ε1 = Ds
e0k+a2 , ε2 = Dc

k−a2 , γ = g/k−. Using the parameters appropriate for muscle,

we estimate that ε1 = 2.3× 10−4, ε2 = 1.2× 10−3, γ = 3.3× 10−3. While these numbers
are not as small as for the experimental slab described earlier, they are small enough to
warrant the assumption that the quasi-steady-state approximation (2.39) holds in the
interior of the muscle fiber.

It also follows from (2.45) that

ε1
1
y

d
dy

(
y

dσ
dy

)
+ ε2

1
y

d
dy

(
y

du
dy

)
= γ . (2.46)

We integrate (2.46) twice with respect to y to find

ε1σ + ε2u = A ln y+ B+ γ
4

y2. (2.47)

The constants A and B are determined by boundary conditions. Since we want the
solution to be bounded at the origin, A = 0, and B is related to the concentration at the
origin.
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The dashed curve is the critical concentration
with no facilitated diffusion.

Now suppose that there is just enough oxygen at the boundary to prevent oxygen
debt. In this model, oxygen debt occurs if σ falls to zero. Marginal oxygen debt occurs
if σ = u = 0 at y = 0. For this boundary condition, we take A = B = 0. Then the
concentration at the boundary must be at least as large as σ0, where, using the quasi-
steady state σ(1− u) = u,

σ0 + ρ σ0

σ0 + 1
= γ

4ε1
, (2.48)

and where ρ = ε2/ε1. Otherwise, the center of the muscle is in oxygen debt. Note also
that σ0 is a decreasing function of ρ, indicating a reduced need for external oxygen
because of facilitated diffusion.

A plot of this critical concentration σ0 as a function of the scaled consumption γ
4ε1

is shown in Fig. 2.4. For this plot ρ = 5, which is a reasonable estimate for muscle. The
dashed curve is the critical concentration when there is no facilitated diffusion (ρ = 0).
The easy lesson from this plot is that facilitated diffusion decreases the likelihood of
oxygen debt, since the external oxygen concentration necessary to prevent oxygen debt
is smaller in the presence of myoglobin than without.

A similar lesson comes from Fig. 2.5, where the internal free oxygen content σ is
shown, plotted as a function of radius y. The solid curves show the internal free oxy-
gen with facilitated diffusion, and the dashed curve is without. The smaller of the two
solid curves and the dashed curve have exactly the critical external oxygen concentra-
tion, showing clearly that in the presence of myoglobin, oxygen debt is less likely at a
given external oxygen concentration. The larger of the two solid curves has the same
external oxygen concentration as the dashed curve, showing again the contribution of
facilitation toward preventing oxygen debt. For this figure, ρ = 5, γ /ε1 = 14.

2.4 Carrier-Mediated Transport

Some substances are insoluble in the cell membrane and yet pass through by a process
called carrier-mediated transport. It is also called facilitated diffusion in many physiology
books, although we prefer to reserve this expression for the process described in the
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Figure 2.5 Free oxygen σ as a func-
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previous section. Carrier-mediated transport is the means by which some sugars cross
the cell membrane to provide an energy source for the cell. For example, glucose, the
most important of the sugars, combines with a carrier protein at the outer boundary
of the membrane, and by means of a conformational change is released from the inner
boundary of the membrane.

There are three types of carrier-mediated transport. Carrier proteins that transport
a single solute from one side of the membrane to the other are called uniports. Other
proteins function as coupled transporters by which the simultaneous transport of two
solute molecules is accomplished, either in the same direction (called a symport) or in
the opposite direction (called an antiport).

2.4.1 Glucose Transport

Although the details are not certain, the transport of glucose across the lipid bilayer of
the cell membrane is thought to occur when the carrier molecule alternately exposes
the solute binding site first on one side and then on the other side of the membrane. It
is considered highly unlikely that the carrier molecule actually diffuses back and forth
through the membrane.

We can model the process of glucose transport as follows: We suppose that the
population of enzymatic carrier proteins C has two conformational states, Ci and Ce,
with its glucose binding site exposed on the cell interior (subscript i) or exterior (sub-
script e) of the membrane, respectively. The glucose substrate on the interior Si can
bind with Ci and the glucose substrate on the exterior can bind with enzyme Ce to form
the complex Pi or Pe, respectively. Finally, a conformational change transforms Pi into
Pe and vice versa. These statements are summarized in Fig. 2.6.

The equations describing this model are

dpi

dt
= kpe − kpi + k+sici − k−pi, (2.49)
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Figure 2.6 Schematic diagram of the
glucose transporter described by (2.49)–
(2.52).

dpe

dt
= kpi − kpe + k+sece − k−pe, (2.50)

dci

dt
= kce − kci + k−pi − k+sici, (2.51)

dce

dt
= kci − kce + k−pe − k+sece. (2.52)

where si = [Si], pi = [Pi], etc. Since the total amount of receptor is conserved, we have
pi+pe+ci+ce = C0, where C0 is a constant (the total transporter concentration). Hence
there are only three independent equations, not four. The flux, J, is

J = k−pi − k+sici = k+sece − k−pe, (2.53)

where we have defined a flux from outside to inside to be positive.
We find the steady-state flux by setting all derivatives to zero and solving the

resulting algebraic system. It follows that

J = 1
2

KkC0
se − si

(si + K + Kd)(se + K + Kd)−K2
d

, (2.54)

where K = k−/k+ and Kd = k/k+. Since k is the rate at which conformational change
takes place, it acts like a diffusion coefficient in that it reflects the effect of random
thermal activity at the molecular level.

The nondimensional flux is

j = σe − σi

(σi + 1+ κ)(σe + 1+ κ)− κ2
, (2.55)

where σi = si/K, σe = se/K, κ = Kd/K. A plot of this nondimensional flux is shown in
Fig. 2.7, plotted as a function of extracellular glucose σe, with fixed intracellular glucose
and fixed κ. We can see that the rate of transport is limited by saturation of the en-
zyme kinetics (this saturation is observed experimentally) and thermal conformational
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Figure 2.7 Plot of the (nondimensional) flux of glucose as a function of extracellular glucose,
for three fixed intracellular glucose concentrations (σi ), with κ = Kd /K = 0.5.

change is crucial to the transport process, as transport J drops to zero if Kd = 0. The
binding affinity of the carrier protein for glucose (k+), and hence the flux of glucose, is
controlled by insulin.

It is important to recognize that the above expression for J is for the steady-state
flux only. If the system is not at steady state, then the flux from the outside to the
transporter, Jon = k+sece− k−pe, need not be the same as the flux off the transporter to
the inside, Joff = k−pi − k+sici. Obviously, in this case the differential equations must
be solved to obtain Jon and Joff .

It should be noted that there are two ways that the model of Fig. 2.6 can be un-
derstood. First, as we did here, we can let each variable represent the concentration of
transporters in each of the four possible states. In this case, the conservation relation-
ship is si + pi + se + pe = C0. If each of the variables is scaled by C0, the conservation
relationship becomes si + pi + se + pe = 1, and each variable is then the fraction of the
population in each state.

However, there is another way to interpret this second conservation relationship.
If si+pi+ se+pe = 1 we can interpret the model as referring to the behavior of a single
exchanger, in which case the variables are probabilities of being in a given state, and
the exchanger is modeled as a Markov process (see the Appendix to this chapter).

Markov models such as that shown in Fig. 2.6 can often be simplified by assuming
that some of the transitions are much faster than others. The technique of reduction
using a fast time scale is used in many places throughout this book; indeed, it is used
in Chapter 1, in the equilibrium and quasi-steady-state approximations of enzyme ki-
netics; even though the technique is described in Chapter 1, it is sufficiently important
that it warrants repeating.

The procedure can be simply illustrated with this model of the glucose transporter.
Suppose that the binding and release of glucose is much faster than the change in
conformation, i.e., that the transitions between Ce and Pe, and between Ci and Pi, are
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much faster than those between Ci and Ce, or between Pe and Pi, so that Kd � 1.
Assuming fast equilibrium between Ce and Pe, and between Ci and Pi, gives

sece = Kpe, sici = Kpi. (2.56)

Now, we introduce two variables, x = ce + pe, y = ci + pi = 1 − x (taking C0 = 1).
The differential equation for x is found by adding (2.50) and (2.52) to be

dx
dt
= kci + kpi − kce − kpe

= ky− kx

= k(1− 2x), (2.57)

from which it follows that the steady value of x is x0 = 1/2.
Next, from (2.56) we find that

x = ce(1+ se/K) = pe(1+ K/se), (2.58)

with similar equations for y. Hence, at steady state, the flux through the transporter is
given by

J = k+sece − k−pe = kpi − kpe

= ksix0

si + K
− ksex0

se + K

= ksi
1
2

si + K
− kse

1
2

se + K

= kK
1
2

si − se

(si +K)(se +K)
, (2.59)

where we have used (2.58) to replace pe, and the analogous equation to replace pi.
Notice that this answer is the same as found by letting Kd → 0 in (2.54). However,

while the two approaches give the same answer, the quasi-steady-state reduction of the
full model is often preferable, especially when the solution of the full model is difficult
to obtain.

Other examples of how to simplify Markov models with a fast time scale reduction
are given in Exercises 12 and 13.

2.4.2 Symports and Antiports

Models of symport and antiport transporters follow in similar fashion. For a symport
the protein carrier has multiple binding sites, which can be exposed to the intracellu-
lar or extracellular space. A change of conformation exchanges the location of all of
the participating binding sites, from inside to outside, or vice versa. An example of a
symport is the Na+-driven glucose symport that transports glucose and Na+ from the
lumen of the gut to the intestinal epithelium. A similar process occurs in epithelial cells
lining the proximal tubules in the kidney, to remove glucose and amino acids from the
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filtrate (discussed in Chapter 17). Five different amino acid cotransporters have been
identified.

If there are k binding sites that participate in the exchange, then there are 2k pos-
sible combinations of bound and unbound sites. The key assumption that makes this
model of transport work is that only the completely unbound or completely bound
carrier participates in a conformational change. Thus, there is a carrier molecule, say
C, with two conformations, Ci and Ce, and a fully bound complex P, also with two
conformations, Pi and Pe, and possible transformation between the two conformations,

Ci

kc
−→←−
k−c

Ce, Pi

kp
−→←−
k−p

Pe. (2.60)

In addition, there are 2k possible combinations of binding and unbinding in each
of the two conformations. For example, with two substrates S and T, and one binding
site for each, we have the complexes C, SC, CT, and SCT = P. The possible reactions
are summarized in Fig. 2.8.

Unfortunately, the analysis of this fully general reaction scheme is quite compli-
cated. However, it simplifies significantly if we assume that the intermediates can be
safely ignored and postulate the multi-molecular reaction scheme

mS+ nT+ C
k+−→←−
k−

P. (2.61)

Now the result for a symport is strikingly similar to the uniport flux, with

J = 1
2

KdKk+C0
sm

e tne − sm
i tni

(sm
i tn

i + K + Kd)(sm
e tne + K + Kd)− K2

d

, (2.62)

where the flux of s is mJ and the flux of t is nJ. Here we have set kc = k−c = kp = k−p = k
and then K = k−/k+ and Kd = k/k+.

C

CT SC

SCT

Figure 2.8 States and possible transitions of a trans-
porter with two substrates, S and T, and one binding
site for each.
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For an antiport, the subscripts on one of the substances must be exchanged, to give

J = 1
2

KdKk+C0
sm

e tni − sm
i tne

(sm
i tn

e + K + Kd)(sm
e tni + K + Kd)− K2

d

. (2.63)

The effectiveness of this type of exchanger is determined by the coefficients m and n.
For this antiport, flux is positive (S flows inward and T flows outward) if

(
se

si

)m

>

(
te
ti

)n

. (2.64)

For example, for the Na+–Ca2+ exchanger (discussed in more detail in the next section)
which exchanges three Na+ ions for one Ca2+ ion, a ratio of extracellular to intracellular
Na+ of about 8 can be used to effectively pump Ca2+ out of a cell even when the ratio
of extracellular to intracellular Ca2+ is 500.

2.4.3 Sodium–Calcium Exchange

For the glucose transporter described above, membrane flux is driven by a concen-
tration difference of glucose across the membrane, and if glucose concentrations
equilibrate, the transmembrane flux becomes zero. However, because it relies on two
concentration differences, an antiport transporter such as the Na+–Ca2+ exchanger
can act as a pump. Although this transporter is a passive pump (because it consumes
no chemical energy directly), it is often described as a secondarily active pump; it uses
the Na+ gradient to pump Ca2+ out of the cell against its concentration gradient, but
energy is required to establish and maintain the Na+ gradient. Na+–Ca2+ exchange
is an important mechanism for Ca2+ removal in a number of cell types, particularly
cardiac ventricular cells, in which much of the Ca2+ that enters the cell during an ac-
tion potential is removed from the cell by the Na+–Ca2+ exchanger (Chapter 12). It
has therefore been studied extensively, and a number of highly detailed models have
been constructed (Hilgemann, 2004; Kang and Hilgemann, 2004). Here we describe a
simple model of this important transporter.

In our model (see Fig. 2.9), Ei is the exchanger protein in the conformation for
which the binding sites are exposed to the interior of the cell, and Ee is the conformation
for which the binding sites are exposed to the exterior. Starting at state X1 in the top
left of the figure, the exchanger can bind Ca2+ inside the cell, simultaneously releasing
three Na+ ions to the interior. A change of conformation to Ee then allows the exchanger
to release the Ca2+ to the outside and bind three external Na+. A return to the Ei

conformation completes the cycle. Of course, it is a crude approximation to assume
that one Ca2+ and three Na+ ions bind or unbind the exchanger simultaneously.

It is now straightforward to calculate the steady flux for this model. As with the
previous transporter models, we first solve for the steady-state values of x1, x2, y1, and
y2, the fraction of exchangers in the state X1, X2, Y1, and Y2, respectively. There are
four equations: three differential equations for exchanger states and one conservation
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Figure 2.9 Schematic diagram of a simple model of the Na+–Ca2+ exchanger.

equation. These are

dx1

dt
= k−1n3

i x2 + k4y1 − (k1ci + k−4)x1, (2.65)

dx2

dt
= k−2y2 + k1cix1 − (k2 + k−1n3

i )x2, (2.66)

dy1

dt
= k−4x1 + k3n3

e y2 − (k4 + k−3ce)y1, (2.67)

1 = x1 + x2 + y1 + y2. (2.68)

Here c and n denote, respectively, Ca2+ and Na+ concentration, and the subscripts e
and i represent external and internal concentrations.

Using a symbolic package such as Maple, the steady-state solution of these
equations is easily calculated. The flux, J, is found to be

J = k4y1 − k−4x1 = k1k2k3k4(cin3
e − K1K2K3K4cen3

i )

16 positive terms
, (2.69)

where, as usual, Ki = k−i/ki.
Notice that the units of the flux J here (1/time) are different from those in the pre-

vious examples (concentration/time), because here the variables xi and yi are fractions
of exchangers in a particular state (or probabilities) rather than concentrations of ex-
changers in a particular state. Hence, the flux in this model is a turnover rate, i.e., the
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number of times the exchanger goes around the cycle per unit time. This can easily be
converted to a concentration per time if the concentration of the exchangers is known.

An Electrogenic Exchanger
An important difference between the Na+–Ca2+ exchange process and the transport
processes discussed previously is that Na+ and Ca2+ are ions. Since each cycle of the
Na+–Ca2+ exchanger transports two positive charges out and three positive charges
in, it generates an electric current. Such exchangers are said to be electrogenic.

As is discussed in Section 2.6, all cells have an electrical potential difference across
their membranes. Clearly, additional work is necessary for the exchanger to move elec-
tric current against a potential difference. To take this into account, consider a ligand,
L, with a charge z, and suppose that there is a process that moves L from the cell interior
with potential Vi to the cell exterior with potential Ve, i.e.,

Li→ Le. (2.70)

The change in chemical potential (cf. Section 1.2) for this reaction is

�G = G0
Le
+ RT ln([Le])+ zFVe −G0

Li
− RT ln([Li])− zFVi

= RT ln
( [Le]
[Li]

)
− zFV , (2.71)

where V = Vi − Ve is the transmembrane potential. (The standard convention is to
define the potential difference across the membrane as the internal potential minus
the external potential, as discussed further in Section 2.6.1.) The standard free energy
for L is the same on both sides of the membrane, so G0

Le
= G0

Li
. At equilibrium,�G = 0,

so that

K = [Li]eq

[Le]eq
= exp

(−zFV
RT

)
, (2.72)

where K is the equilibrium constant for the reaction.
For the Na+–Ca2+ exchanger, the overall reaction begins with three Na+ outside

the cell and one Ca2+ inside the cell, and ends with three Na+ inside the cell and one
Ca2+ outside. We can write this as

3Na+e + Ca2+
i −→ 3Na+i + Ca2+

e . (2.73)

The change in chemical potential for this reaction is

�G = RT ln

(
n3

i ce

n3
e ci

)
+ FV . (2.74)

At equilibrium we must have �G = 0, in which case

n3
i,eqce,eq

n3
e,eqci,eq

= exp
(
−FV

RT

)
. (2.75)
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Recall that detailed balance requires that around any closed reaction loop the prod-
uct of the forward rates must be the same as the product of the reverse rates. It follows
that

k1ci,eqk2k3n3
e,eqk4 = n3

i,eqk−1k−4ce,eqk−3k−2, (2.76)

and thus

K1K2K3K4 = ci,eq

ce,eq

n3
e,eq

n3
i,eq

. (2.77)

Combining (2.76) and (2.77), we get

K1K2K3K4 = exp
(

FV
RT

)
, (2.78)

which, being independent of the concentrations, must hold in general.
It follows from (2.69) that the flux is given by

J = k1k2k3k4(cin3
e − e

FV
RT cen3

i )

16 positive terms
. (2.79)

All of the terms in the denominator are cubic products of rate constants, so that the
flux J has units of inverse time. In general, the denominator of this expression also
contains terms that depend on the membrane potential difference.

In writing (2.78), no assumption was made about where the charge transfer takes
place. From Fig. 2.9 it might appear that the charge transfer takes place during the
transitions Y1 → X1 and X2 → Y2. However, this is not necessarily the case. It could
be that those conformational changes are accompanied by no charge transfer, but that
the charge transfer occurs during other transitions. However, if we assume that one
Ca2+ ion is transferred from inside to outside during the X2 → Y2 transition, and three
Na+ ions are transferred during the Y1 → X1 transition, free energy arguments yield
the additional constraints

k−2

k2
= K̃2 exp

(−2FV
RT

)
,

k4

k−4
= K̃−1

4 exp
(−3FV

RT

)
, (2.80)

where K̃2 and K̃4 are independent of voltage, and where K1K̃2K3K̃4 = 1.
The most important observation is that for given ni and ne (set by other mechanisms

such as the Na+–K+ ATPase discussed in the next section), a negative V enhances the
rate at which the Na+–Ca2+ exchanger removes Ca2+ from the cell. This makes sense;
if V is negative, the potential inside the cell is negative compared to the outside and
thus it is easier for the exchanger to move one positive charge into the cell. Since cells
typically have a negative resting potential (Section 2.6), the electrogenic nature of the
exchanger increases its ability to remove Ca2+ in resting conditions. To be specific,
if the ratio of extracellular to intracellular Na+ is 8, and the potential difference is
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V = −85 mV (which is typical), then Ca2+ is removed, provided

ci

ce
>

n3
i

n3
e

e
FV
RT = 7× 10−5. (2.81)

Notice that the difference in potential gives an improvement in the capability of the
exchanger by a factor of 27 over an exchanger that is not electrogenic.

2.5 Active Transport

The carrier-mediated transport described above is always down electrochemical gra-
dients, and so is identified with diffusion. Any process that works against gradients
requires the expenditure of energy.

There are three primary means by which cells use energy to pump chemical species.
The first is to keep the concentration of the cargo in the downstream domain small by
binding or modifying it in some way. A binding protein in one compartment could
sequester the transported cargo, or the cargo could be covalently modified in one com-
partment so that it no longer interacts with the transporter. For example, the flux
of glucose is inward because intracellular glucose is quickly phosphorylated, thereby
keeping the concentration of intracellular glucose low. However, phosphorylation of in-
tracellular glucose requires the hydrolysis of an ATP molecule, from which the needed
energy is extracted.

The second means is to use the gradient of one species to pump another species
against its gradient. This is the mechanism of the Na+–Ca2+ exchanger as well
as numerous other exchangers that use to advantage the energy stored in the Na+
gradient.

The third means is to regulate the binding of the cargo to the transporter in such
a way that binding to the transporter is favored in one compartment and unbinding is
favored in the other compartment. This change in affinity is driven by the hydrolysis of
ATP or GTP. One important example of such an active (energy-consuming) exchanger
is the Na+–K+ ATPase. This pump acts as an antiport, actively pumping Na+ ions out
of the cell and pumping K+ ions in, each against a steep electrochemical gradient. It
accomplishes this by using the energy released by the hydrolysis of ATP, and thus is
called an ATPase. As is described later in this chapter, the Na+–K+ ATPase is important
for regulating the cell volume and maintaining a membrane potential. Indeed, almost
a third of the energy requirement of a typical animal cell is consumed in fueling this
pump; in electrically active nerve cells, this figure approaches two-thirds of the cell’s
energy requirement. Other important ATPases are the sarco/endoplasmic reticulum
calcium ATPase pumps (SERCA pumps) that pump Ca2+ into the endoplasmic or sar-
coplasmic reticulum, or the plasma membrane Ca2+ ATPases, which pump Ca2+ out
of the cell.
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2.5.1 A Simple ATPase

We begin by considering a model of an ATPase that pumps a ligand, L, up its concen-
tration gradient (Fig. 2.10). This hypothetical ATPase exists in six states. E is the base
state; ATP can bind to E, followed by binding of the ligand L, to form the top line of
states in Fig. 2.10. In each of these states the L binding site is exposed to the inside
of the cell. Once ATP and L are bound, the ATPase changes conformation, exposing
the L binding site to the outside, and at the same time decreasing the affinity of L
for its binding site. Thus, L leaves the ATPase, followed by the hydrolysis of ATP and
eventual return of the ATPase to its base state to complete the cycle. The overall cycle
results in the transport of one L molecule from inside to outside. Although a realistic
ATPase cycle is considerably more complicated than this one, this simple model serves
to illustrate the basic principles.

If there is also a transition from E · ATP to Ee · ATP, as shown by the dashed line,
then the overall cycle can break into two separate subcycles as indicated. This is called
slippage, since each of the subcycles accomplishes nothing toward the goal of pumping
L. The subcycle on the left goes naturally in a clockwise direction and hydrolyzes ATP
to ADP and inorganic phosphate, Pi, without using this energy to pump L. Similarly,
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Ee•ATP•LEe•ATPEe•ADP•Pi
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Figure 2.10 Schematic diagram of an ATPase pump that transports one ligand, L, from the
inside to the outside against its concentration gradient. For each L transported, one molecule
of ATP is hydrolyzed. A subscript e denotes the ATPase conformation in which the L binding
sites are exposed to the exterior of the cell.
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the subcycle on the right goes naturally in the direction that allows L to flow down its
concentration gradient. The energy of the ATP is used to pump L against its gradient
only when the ATPase proceeds around the entire cycle.

We use the law of mass action to write the differential equations for the six ATPase
states. For example,

d[E]
dt
= k−1[E · ATP] + k6[Ee · ADP · Pi] − (k1[ATP] + k−6[Pi][ADP])[E], (2.82)

with similar equations for each of the other states. The steady-state flux, J, is given by

J = k1[ATP][E] − k−1[E · ATP]. (2.83)

Even a relatively simple model of six states gives a long expression for the steady-
state flux. In this case (with no slippage),

J =
[ATP][Li][ADP][Pi][Le] −K1K2K3K4K5K6

φ
, (2.84)

where φ > 0 is a complicated function of rate constants and concentrations, and where,
as usual, Ki = k−i/ki. (Even though it is not obvious from the way it is written, the flux
J has, as before, units of inverse time.)

Since detailed balance requires

6∏

i=1

Ki = [Li]eq

[Le]eq

[ATP]eq

[ADP]eq[Pi]eq
, (2.85)

it follows that

J =
[Li][Le]

[ATP]
[ADP][Pi] −

[Li]eq
[Le]eq

[ATP]eq
[ADP]eq [Pi]eq

φ
. (2.86)

We see from the numerator that the flux is either positive or negative depending
on how far the concentrations of L, ATP, ADP, and Pi are from their equilibrium con-
centrations. In general, [ATP] is much higher than its equilibrium concentration (due
to other processes in the cell that are continuously generating ATP), and it is this that
causes a positive pump flux, pumping L against its gradient. However, if [Le] is high
enough it can force the pump to work in reverse, allowing L to move from the outside
to the inside of the cell, generating ATP in the process.

To relate the rate constants to the change in free energy we use that the overall
reaction is

Li + ATP −→ Le + ADP+ Pi. (2.87)
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The change in free energy is given by

�G = GADP +GPi +GLe −GATP −GLi (2.88)

= G0
ADP +G0

Pi
−G0

ATP − RT ln
( [ATP][Li]
[ADP][Pi][Le]

)
(2.89)

= �G0
ATP − RT ln

( [ATP][Li]
[ADP][Pi][Le]

)
. (2.90)

Note that the standard free energy of L is the same inside and outside the cell. At
equilibrium �G = 0 and thus

�G0
ATP = RT ln

( [Li]eq

[Le]eq

[ATP]eq

[ADP]eq[Pi]eq

)
. (2.91)

Combining this with (2.85) gives

6∏

i=1

Ki = e
�G0

ATP
RT M−1, (2.92)

which, because it is independent of concentrations, must hold in general. Notice from
(2.91) that both sides of (2.92) must have units of liters per mole, or M−1. In fact, since
the free energy released by the hydrolysis of ATP is well known to be −31 kJ mole−1, it
follows that

e
�G0

ATP
RT = 3.73× 10−6. (2.93)

Now from (2.84) it follows that

J =
[Li][Le]

[ATP]
[ADP][Pi] − e

�G0
ATP

RT M−1

φ
. (2.94)

2.5.2 Active Transport of Charged Ions

Suppose that the interior of the cell has an electric potential of Vi while the exterior
has a potential of Ve, and suppose further that L has a charge z. Then the change in
potential of the ATPase cycle (2.87) is

�G = �G0
ATP − RT ln

( [ATP][Li]
[ADP][Pi][Le]

)
− zFV , (2.95)

where V = Vi − Ve is, as usual, the membrane potential difference.
An identical argument to before shows that

6∏

i=1

Ki = e
�0GATP

RT e
−zFV

RT l mole−1, (2.96)
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and thus

J =
[Li][Le]

[ATP]
[ADP][Pi] − e

�0GATP
RT e

−zFV
RT M−1

φ(V)
. (2.97)

Note that the denominator is now a function of V also, since φ depends on the rate
constants, which are themselves functions of V , and thus the precise dependence of J
on V is not immediately clear. However, if z > 0 and V > 0, the flux is zero at lower
concentrations of Li, while if V < 0, the flux is zero at higher concentrations of Li. Thus
we conclude that a positive membrane potential makes it easier for the pump to move
positive ions from inside to outside, while a negative membrane potential makes this
more difficult. Although this is not a rigorous argument, a more detailed calculation
shows that this result holds in general.

Although this thermodynamic argument shows that there must be some voltage-
dependence in the rate constants, it does not tell us in which step (or steps) the voltage-
dependence occurs. For example, in this model, the transition from E · ATP · L to Ee ·
ATP·L involves the net movement of the charge across the cell membrane, so that k−3

k3
=

e
−zFV

RT . (The argument here is identical to the argument used for the voltage-dependence
of the Na+–Ca2+ exchanger.) However, there are other possibilities. Although each
model must have the same solution when J = 0, and the expressions for J must have
the same sign, the models can have significantly different expressions for φ(V).

2.5.3 A Model of the Na+–K+ ATPase

One of the best-known ATPases is the Na+–K+ ATPase, which pumps K+ into the cell
and Na+ out of the cell through the overall reaction scheme

ATP+ 3Na+i + 2K+e −→ ADP+ Pi + 3Na+e + 2K+i . (2.98)

It is an electrogenic pump (each pump cycle transfers one positive charge from inside
to out) and a member of the family of P-type active cation transporters which includes
the SERCA ATPases that are discussed at length in Chapter 7. A great deal of work has
been done to determine the mechanisms that underlie Na+ and K+ transport by this
ATPase; the most widely accepted model is the Post–Albers model which was developed
by two independent groups in the 1960s (Albers et al., 1963; Charnock and Post, 1963).
A more recent review is Apell (2004), while a history of investigations into the Na+–K+
ATPase is given by Glynn (2002). An excellent mathematical implementation of the
Post–Albers scheme is that of Smith and Crampin (2004), and this is the model that we
follow here.

In the Post–Albers scheme, phosphorylation of the pump (i.e., exchange of ATP
for ADP) is associated with Na+ efflux, while hydrolysis (i.e., loss of the additional
phosphate group) is associated with K+ influx. During the transition across the mem-
brane each ion type is occluded, i.e., bound to the pump in a conformation in which
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Figure 2.11 Model of the Na+–K+ ATPase based on the Post–Albers scheme.

it is accessible from neither side of the membrane. Occlusion prevents slippage, thus
increasing the efficiency of the pump.

This scenario is illustrated in Fig. 2.11. Starting at the top left of the figure (state
X1), the ATPase begins in the conformation Ei, in which the binding sites for Na+ and
K+ are exposed to the inside of the cell. The ATPase then loses two K+ ions (which is
assumed to occur in a single step) and gains three Na+ ions, again in a single step, to
move through states X2 and X3. ATP remains bound to the pump in each of the states
X1, X2, and X3, although this is not shown explicitly in the diagram. Loss of ADP then
drives the ATPase to the occluded state Z2, in which the three Na+ ions are inaccessible
to both the inside and outside of the cell. After another conformational change to the
Ee state, in which the Na+ and K+ binding sites are exposed to the outside of the cell,
the ATPase loses its three Na+ to the outside, picks up another two K+, and loses its
extra phosphate to move through to the occluded state Z1, in which the K+ ions are
shielded. Binding of ATP then returns the ATPase to the Ei conformation to complete
the cycle. The rate constants are not shown explicitly, but each transition between states
is labeled by a circled number. For each i = 1, . . . , 8, transition i has two rate constants,
ki in the clockwise direction and k−i in the counterclockwise direction.
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From this diagram we can easily write the differential equations for each of the
ATPase states. For example, letting a lowercase letter denote the fraction of the ATPase
in that state, we have

dx1

dt
= k−1[K+i ]2x2 + k8[ATP]z1 − (k−8 + k1)x1, (2.99)

and so on, subject to the constraint x1+x2+x3+y1+y2+y3+z1+z2 = 1. The resultant
expression for the flux is long and unwieldy, of the form

J = [ATP]n3
i κ

2
e − [ADP][Pi]κ2

i n3
e (
∏8

i=1 Ki)

φ
, (2.100)

where φ is the sum of a large number of terms involving products of the rate constants
and concentrations. Here, n denotes the Na+ concentration, and κ denotes the K+ con-
centration. This expression for the flux is similar to that derived in the simpler model
of Section 2.5.1. The same thermodynamic constraints apply, and so some of the rate
constants are functions of the membrane potential. Smith and Crampin (2004), follow-
ing the ideas of Apell (1989), incorporate voltage dependence into the rate constants
for Na+ binding and unbinding, i.e., K2 and K5 in this model.

A simplified version of this model is discussed in Exercise 13.

2.5.4 Nuclear Transport

The transport of proteins from the cytoplasm to the nucleus (or the reverse) is accom-
plished by means that combine features of each of the above transport mechanisms. The
nuclear membrane contains protein structures called nuclear pore complexes (NPCs)
that allow free diffusion of soluble carrier proteins. However, these carrier proteins
can pass through the pore complex only when they are bound. These carrier pro-
teins (called importins) recognize and readily bind cargo destined for translocation.
The energy to transport cargo against its gradient is provided by the hydrolysis of
GTP via a GTPase enzyme called Ran. Ran-GTP has a very high binding affinity for
the carrier protein (�G0 = −51 kJ mol−1), effectively excluding the cargo from bind-
ing. The transportin/Ran-GTP complex is disassembled by the hydrolysis of Ran-GTP
(�G0 = −33 kJ mol−1) to Ran-GDP, which has a binding affinity for the carrier protein
that is 10,000-fold lower than that of Ran-GTP. The endogenous GTPase activity rate
is extremely slow (kcat = 1.5 × 10−5s−1). However, the hydrolysis of GTP to GDP on
Ran is catalyzed by a cytoplasmic GTPase-activating protein called RanGAP, which
accelerates this rate by as much as 500,000-fold.

One cycle of transport works as follows. Cargo in the cytoplasm that is targeted for
transport binds to the carrier molecule and moves via diffusion through the NPC. In
the nucleus, when the cargo unbinds, Ran-GTP quickly binds to the carrier, preventing
the cargo from rebinding. Ran-GTP is kept at high concentration in the nucleus by an-
other mechanism, so the Ran-GTP carrier complex diffuses into the cytoplasm through
the NPC. On the cytoplasmic side of the membrane, Ran-GTP is quickly hydrolyzed to
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Ran-GDP, which because of its much lower binding affinity, unbinds from the carrier
molecule, completing the cycle. Although all the reactions are reversible, the direction-
ality is maintained by the free energy of GTP hydrolysis and the high concentration of
GTP in the nucleus.

We leave the development of a model of this transport mechanism to the interested
reader. In the absence of RanGAP, the model is similar to that of the Na+–Ca2+ trans-
porter described above. On the other hand, if the hydrolysis of Ran-GTP to RanGDP is
assumed to be so fast that there is no unbinding of RanGTP in the cytoplasm, then the
model is similar to that of the simple ATPase described above.

2.6 The Membrane Potential

The principal function of the active ATPase transport processes described above is to
regulate the intracellular ionic composition of the cell. For example, the operation of the
Na+–K+ ATPase results in high intracellular K+ concentrations and low intracellular
Na+ concentrations. This is necessary for a cell’s survival, as without such regulation,
cells swell and burst. However, before we consider models of cell volume regulation,
we consider the effects of ionic separation.

2.6.1 The Nernst Equilibrium Potential

One of the most important equations in electrophysiology is the Nernst equation, which
describes how a difference in ionic concentration can result in a potential difference
across the membrane separating the two concentrations.

Suppose there are two reservoirs containing the same ion S, but at different con-
centrations, as shown schematically in Fig. 2.12. The reservoirs are separated by a

S S

Inside Outside

Vi Ve

Cell membrane permeable to S
but not to S

[S]i = [S ]i [S]e = [S ]e
Figure 2.12 Schematic diagram of a
membrane separating two solutions
with different ionic concentrations. By
convention, the potential difference, V ,
across the membrane is defined to be
V = Vi − Ve .
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semipermeable membrane. The solutions on each side of the membrane are assumed
to be electrically neutral (at least initially), and thus each ion S is balanced by another
ion, S′, with opposite charge. For example, S could be Na+, while S′ could be Cl−.
Because we ultimately wish to apply the Nernst equation to cellular membranes, we
call the left of the membrane the inside and the right the outside of the cell.

If the membrane is permeable to S but not to S′, the concentration difference across
the membrane results in a net flow of S from one side to another, down its concentration
gradient. However, because S′ cannot diffuse through the membrane, the diffusion of S
causes a buildup of charge across the membrane. This charge imbalance, in turn, sets
up an electric field that opposes the further net movement of S through the membrane.
Equilibrium is reached when the electric field exactly balances the diffusion of S. Note
that at steady state there are more S ions than S′ ions on one side and fewer S ions
than S′ ions on the other, and thus neither side of the membrane is exactly electrically
neutral. However, because the force from the charge buildup is so strong, only a small
amount of S moves across the membrane. To a good approximation, the concentrations
of S on either side of the membrane remain unchanged, the solutions on either side
of the membrane remain electrically neutral, and the small excess charge accumulates
near the interface. The region in which there is a charge imbalance is called the Debye
layer, and is on the order of a few nanometers thick.

The chemical potential of S on the inside of the membrane is

GS,i = G0
S +RT ln([S]i)+ zFVi, (2.101)

while on the outside it is

GS,e = G0
S +RT ln([S]e)+ zFVe. (2.102)

The chemical potential difference is

�GS = GS,i −GS,e = RT ln
( [S]i
[S]e

)
+ zFV . (2.103)

At equilibrium, it must be that �GS = 0, and thus the equilibrium potential
difference, VS, across the membrane must be

VS = RT
zF

ln
( [S]e
[S]i

)
= kT

zq
ln
( [S]e
[S]i

)
, (2.104)

called the Nernst potential. Here k is Boltzmann’s constant k = R
NA

, NA is Avogadro’s
number, q is the charge on a proton, and z is the charge on the ion S. When V = VS,
there is no net current of S across the membrane, as the tendency of ions to move down
their gradient is exactly balanced by the electric potential difference.

Throughout this book we follow the usual convention and define the potential
difference, V , across the membrane to be

V = Vi − Ve, (2.105)

i.e., the intracellular potential minus the extracellular potential.
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Typical concentrations (in this case, for squid axon) are 397, 50, and 40 mM for
K+, Na+, and Cl−, respectively, in the intracellular space, and 20, 437, and 556 mM
in the extracellular space. With these concentrations, the Nernst potentials for squid
nerve axon are VNa = 56 mV, VK = −77 mV, VCl = −68 mV (using RT/F = 25.8 mV at
27◦C. See Table 2.1).

The Nernst equation is independent of how the ions move through the membrane
and depends only on the ratio of concentrations. In this sense, it is a universal law
(although because it was derived from an ideal, yet approximate, law, it too is approx-
imate). Any equation that expresses the transmembrane current of S in terms of the
membrane potential, no matter what its form, must have the reversal potential of VS;
i.e., the current must be zero at the Nernst potential V = VS. However, although this is
true when a single ion species crosses the membrane, the situation is considerably more
complicated when more than one type of ion can cross the membrane. In this case, the
membrane potential that generates zero total current does not necessarily have zero
current for each individual ion. For example, a current of S in one direction might be
balanced by a current of S′ in the same direction. Hence, when multiple ion types can
diffuse through the membrane, the concentrations are not, in general, at equilibrium,
even when there is no total current. Therefore, the arguments of chemical equilibrium
used to derive the Nernst equation cannot be used, and there is no universal expression
for the reversal potential in the multiple ion case. In this case, the reversal potential
depends on the model used to describe the individual transmembrane ionic flows (see
Chapter 3).

2.6.2 Gibbs–Donnan Equilibrium

Suppose one side of the membrane contains large charged macromolecules that cannot
cross the membrane, but that both of the ion species S and S′ freely diffuse across the
membrane. To be specific, suppose that the macromolecules are negatively charged
with valence −zx, S is positively charged with valence z, and S′ is negatively charged
with valence −z. Note that both z and zx are defined to be positive.

Outside the cell, S and S′ must have the same concentration, to maintain charge
neutrality. Inside, charge neutrality requires more S than S′, in order to balance the
negative charge on the macromolecules. At equilibrium, the membrane potential must
be the Nernst potential for both S and S′, namely

VS = RT
zF

ln
( [S]e
[S]i

)
= −RT

zF
ln
( [S′]e
[S′]i

)
, (2.106)

where

zx[X] + z[S′]i = z[S]i and [S′]e = [S]e. (2.107)

It follows that

[S′]e[S]e = [S′]i[S]i, (2.108)
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and thus

[S]i
(
[S]i − zx

z
[X]

)
− ([S]e)2 = 0. (2.109)

Now, we assume that the external concentration is fixed, and treat [S]e as a known
parameter. In this case, (2.109) can be solved to find a unique positive value for [S]i,

[S]i = σ [S]e, σ = 1
2
(Z +

√
Z2 + 4), (2.110)

where Z = zx[X]
z[S]e , and from this the transmembrane potential can be determined using

(2.106).
If, instead, we have a fixed volume and a fixed total amount of S, say, then we use

the constraint

vi[S]i + ve[S]e = [S]tot, (2.111)

where [S]tot is a constant, and vi and ve are the internal and external volumes, re-
spectively. We can now solve (2.109) subject to this constraint to find [S]i and the
transmembrane potential. Note, however, that a physical solution is not always possible
in this case, as there may be insufficient S or S′ to reach equilibrium.

This equilibrium is called the Gibbs–Donnan equilibrium (Exercise 15). The poten-
tial difference generated in this way is known to occur across cell membranes and also
across the edge of a gel in aqueous solution. This potential drop occurs across the edge
of a gel if the charged macromolecules are immobilized in the gel, and therefore unable
to diffuse out of the gel.

2.6.3 Electrodiffusion: The Goldman–Hodgkin–Katz Equations

In general, the flow of ions through the membrane is driven by concentration gradients
and also by the electric field. The contribution to the flow from the electric field is given
by Planck’s equation

J = −u
z
|z|c∇φ, (2.112)

where u is the mobility of the ion, defined as the velocity of the ion under a constant
unit electric field; z is the valence of the ion, so that z/|z| is the sign of the force on
the ion; c is the concentration of S; and φ is the electrical potential, so that −∇φ is the
electrical field.

There is a relationship, determined by Einstein, between the ionic mobility u and
Fick’s diffusion constant:

D = uRT
|z|F . (2.113)
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When the effects of concentration gradients and electrical gradients are combined,
we obtain the Nernst–Planck equation

J = −D
(
∇c+ zF

RT
c∇φ

)
. (2.114)

If the flow of ions and the electric field are transverse to the membrane, (2.114) can
be viewed as the one-dimensional relation

J = −D
(

dc
dx
+ zF

RT
c

dφ
dx

)
. (2.115)

The Nernst Equation
The Nernst equation can also be derived from the Nernst–Planck equation (2.115).
When the flux J is zero, we obtain

−D
(

dc
dx
+ zF

RT
c

dφ
dx

)
= 0, (2.116)

so that

1
c

dc
dx
+ zF

RT
dφ
dx
= 0. (2.117)

Now suppose that the cell membrane extends from x = 0 (the inside) to x = L (the
outside), and let subscripts i and e denote internal and external quantities respectively.
Then, integrating (2.117) from x = 0 to x = L we get

ln(c)
∣∣ce
ci
= zF

RT
(φi − φe), (2.118)

and thus the potential difference across the membrane, V = φi − φe, is given by

V = RT
zF

ln
(

ce

ci

)
, (2.119)

which is the Nernst equation.

The Constant Field Approximation
In general, the electric potential φ is determined by the local charge density, and so, if it
is not zero, J must be found by solving a coupled system of equations (discussed in detail
in Chapter 3). However, a useful result is obtained by assuming that the electric field
in the membrane is constant, and thus decoupled from the effects of charges moving
through the membrane. Suppose two reservoirs are separated by a semipermeable
membrane of thickness L, such that the potential difference across the membrane is
V . On the left of the membrane (the inside) [S] = ci, and on the right (the outside)
[S] = ce. If the electric field is constant through the membrane, ∂φ/∂x = −V/L, where
V = φ(0)− φ(L) is the membrane potential.

At steady state and with no production of ions, the flux must be constant. In this
case, the Nernst–Planck equation (2.114) is an ordinary differential equation for the
concentration c,
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dc
dx
− zFV

RTL
c+ J

D
= 0, (2.120)

whose solution is

exp
(−zVFx

RTL

)
c(x) = JRTL

DzVF

[
exp

(−zVFx
RTL

)
− 1

]
+ ci, (2.121)

where we have used the left boundary condition c(0) = ci. To satisfy the boundary
condition c(L) = ce, it must be that

J = D
L

zFV
RT

ci − ce exp
(−zVF

RT

)

1− exp
(−zVF

RT

) , (2.122)

where J is the flux density with units (typically) of moles per area per unit time. Note
that these units are equivalent to units of concentration × speed. This flux density
becomes an electrical current density (current per unit area) when multiplied by zF,
the amount of charge carried per mole, and thus

IS = PS
z2F2

RT
V

ci − ce exp
(−zFV

RT

)

1− exp
(−zFV

RT

) , (2.123)

where PS = D/L is the permeability of the membrane to S. This is the famous Goldman–
Hodgkin–Katz (GHK) current equation, and plays an important role in models of
cellular electrical activity. Notice that the GHK flux (2.122) reduces to Fick’s law (2.14)
in the limit V → 0.

The current is zero if the diffusively driven flow and the electrically driven flow are
in balance, which occurs, provided that z 
= 0, if

V = VS = RT
zF

ln
(

ce

ci

)
, (2.124)

which is, as expected, the Nernst potential.
If there are several ions that are separated by the same membrane, then the flow of

each of these is governed separately by its own current–voltage relationship. In general
there is no potential at which these currents are all individually zero. However, the
potential at which the net electrical current is zero is called the Goldman–Hodgkin–
Katz potential. For a collection of ions all with valence z = ±1, we can calculate the
GHK potential directly. For zero net electrical current, it must be that

0 =
∑

z=1

Pj

cj
i − cj

e exp
(−VF

RT

)

1− exp
(−VF

RT

) +
∑

z=−1

Pj

cj
i − cj

e exp
(

VF
RT

)

1− exp
(

VF
RT

) , (2.125)
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where Pj = Dj/L. This expression can be solved for V , to get

V = −RT
F

ln

(∑
z=−1 Pjc

j
e +∑z=1 Pjc

j
i∑

z=−1 Pjc
j
i +

∑
z=1 Pjc

j
e

)
. (2.126)

For example, if the membrane separates Na+ (z = 1), K+ (z = 1), and Cl− (z = −1)
ions, then the GHK potential is

Vr = −RT
F

ln

(
PNa[Na+]i + PK[K+]i + PCl[Cl−]e
PNa[Na+]e + PK[K+]e + PCl[Cl−]i

)
. (2.127)

It is important to emphasize that neither the GHK potential nor the GHK current
equation are universal expressions like the Nernst equation. Both depend on the as-
sumption of a constant electric field, and other models give different expressions for the
transmembrane current and reversal potential. In Chapter 3 we discuss other models
of ionic current, and compare them to the GHK equations. However, the importance
of the GHK equations is so great, and their use so widespread, that their separate
presentation here is justified.

2.6.4 Electrical Circuit Model of the Cell Membrane

Since the cell membrane separates charge, it can be viewed as a capacitor. The capac-
itance of any insulator is defined as the ratio of the charge across the capacitor to the
voltage potential necessary to hold that charge, and is denoted by

Cm = Q
V

. (2.128)

From standard electrostatics (Coulomb’s law), one can derive the fact that for two
parallel conducting plates separated by an insulator of thickness d, the capacitance is

Cm = kε0
d

, (2.129)

where k is the dielectric constant for the insulator and ε0 is the permittivity of free
space. The capacitance of cell membrane is typically 1.0 μF/cm2. Using that ε0 =
(10−9/(36π))F/m, we calculate that the dielectric constant for cell membrane is about
8.5, compared to k = 3 for oil.

A simple electrical circuit model of the cell membrane is shown in Fig. 2.13. It is
assumed that the membrane acts like a capacitor in parallel with a resistor (although
not necessarily ohmic). Since the current is dQ/dt, it follows from (2.128) that the
capacitive current is CmdV/dt, provided that Cm is constant. Since there can be no net
buildup of charge on either side of the membrane, the sum of the ionic and capacitive
currents must be zero, and so

Cm
dV
dt
+ Iion = 0, (2.130)

where, as usual, V = Vi − Ve.
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Figure 2.13 Electrical circuit model
of the cell membrane.

This equation appears many times in this book, as it is the basis for much of the-
oretical electrophysiology. A significant challenge is to determine the form of Iion. We
have already derived one possible choice, the GHK current equation (2.123), and others
are discussed in Chapter 3.

Another common model describes Iion as a linear function of the membrane poten-
tial. In Chapter 3 we show how a linear I–V curve can be derived from more realistic
models; however, because it is used so widely, we present a brief, heuristic, derivation
here. Consider the movement of an ion S across a membrane. We assume that the po-
tential drop across the membrane has two components. First, the potential drop due
to concentration differences is given by the Nernst equation

VS = RT
zF

ln
( [S]e
[S]i

)
, (2.131)

and, second, if the channel is ohmic, the potential drop due to an electrical current is
rIS, where r is the channel resistance and IS is the transmembrane current (positive
outward) of S. Summing these two contributions we obtain

V = rIS + VS, (2.132)

and solving for the current, we get the current–voltage relationship

IS = g(V − VS), (2.133)

where g = 1/r is the membrane conductance. The current IS and conductance g are
usually specified per unit area of membrane, being the product of the single channel
conductance times the number of channels per unit area of membrane.

Notice that this current–voltage relationship also has zero current when V = VS,
the Nernst potential, as it must.
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2.7 Osmosis

Suppose two chambers of water are separated by a rigid porous membrane. Because it
is porous, water can flow between the two chambers. If the two chambers are topped
by pistons, then water can be driven between the two chambers by applying differ-
ent pressures to the two pistons. In general there is a linear relationship between the
pressure difference and the flux of water through the membrane, given by

rQ = P1 − P2, (2.134)

where Q is the flux (volume per unit time) of water from chamber one to chamber two,
P1 and P2 are the applied pressures for chambers one and two, respectively, and r is
the flow resistance of the membrane (not the same as the resistance to flow of ions).
The expression (2.134) is actually a definition of the flow resistance r, and this linear
relationship is analogous to Ohm’s law relating current and voltage in a conductor. It
is useful but not universally correct.

Suppose that a solute is added to chamber one, and that the membrane is imper-
meable to the solute. The difference in free energy per mole (or chemical potential) of
solvent (i.e., water) between the two chambers is

�G = RT ln
S1

S2
, (2.135)

where Si is the mole fraction of solvent in the ith chamber. Note that because this
expression involves the ratio of S1 to S2, we can use whatever units are most convenient.
Hence we use mole fraction rather than concentration, which is standard. Because it
dilutes the solvent (S1 < S2), the presence of a solute lowers the chemical potential
of the solvent and induces a flow of solvent from chamber two to chamber one. In
other words, the solvent diffuses from a region of higher concentration to one of lower
concentration.

At constant temperature, equilibrium can be attained either by diluting the solution
until it is pure solvent, or by increasing the pressure on the solution. The osmotic
pressure πs is defined to be the pressure that must be applied to chamber 1 to bring the
free energy back to the free energy of the pure solvent. It follows that

RT ln
S1

S2
+ πsvs = 0, (2.136)

where vs is the molar volume (liters per mole) of the solvent. Note that, from the ideal
gas law PV = nRT, we see that πsvs has the same units as RT.

Since S2 = 1 it now follows that

πs = −RT
vs

ln(S1) = −RT
vs

ln(1−N) ≈ RT
vs

N, (2.137)
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where N is the mole fraction of solvent. Also, since N = n
n+ns

≈ n
ns

, where n and ns are
the number of moles of solute and solvent, respectively, we have that

πs = RT
vs

n
ns
≈ RcT, (2.138)

since nsvs is quite close to the volume, v, of solution. Here c is the concentration of
solvent in units of moles per liter. Using that c = n/v, (2.138) becomes

πsv = nRT, (2.139)

which is the same as the ideal gas law. Equation (2.138) was first found empirically by
van’t Hoff.

If n has the units of numbers of molecules per liter, rather than moles per liter, as
above, then (2.139) becomes

πsv = nkT. (2.140)

As with all things derived from ideal properties, the expression (2.139) is an ap-
proximation, and for real solutions at physiological concentrations, the deviation can
be significant. The formula

πsv = φnRT, (2.141)

works much better, where φ is a concentration-dependent correction factor found ex-
perimentally. For all solutes, φ approaches one for sufficiently small concentrations. At
concentrations typical of extracellular fluids in mammals, φ = 1.01 for glucose and lac-
tose, whereas for NaCl and KCl, φ = 0.93 and 0.92, respectively. Deviation from ideality
is even more significant for proteins, and is typically more concentration dependent as
well. In spite of this, in the remainder of this book we use van’t Hoff’s law (2.138) to
calculate osmotic pressure.

Notice that πs is not the pressure of the solute but rather the pressure that must be
applied to the solution to prevent solvent from flowing in through the semipermeable
membrane. Thus, the flow rate of solvent is modified by osmotic pressure to be

rQ = P1 − πs − P2, (2.142)

The flux of water due to osmotic pressure is called osmosis. The effect of the osmotic
pressure is to draw water into chamber one, causing an increase in its volume and
thereby to decrease the concentration of solute.

Osmotic pressure is determined by the number of particles per unit volume of fluid,
and not the mass of the particles. The unit that expresses the concentration in terms of
number of particles is called the osmole. One osmole is 1 gram molecular weight (that
is, one mole) of an undissociated solute. Thus, 180 grams of glucose (1 gram molecular
weight) is 1 osmole of glucose, since glucose does not dissociate in water. On the other
hand, 1 gram molecular weight of sodium chloride, 58.5 grams, is 2 osmoles, since it
dissociates into 2 moles of osmotically active ions in water.

A solution with 1 osmole of solute dissolved in a kilogram of water is said to have
osmolality of 1 osmole per kilogram. Since it is difficult to measure the amount of water
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in a solution, a more common unit of measure is osmolarity, which is the osmoles per
liter of aqueous solution. In dilute conditions, such as in the human body, osmolarity
and osmolality differ by less than one percent. At body temperature, 37◦ C, a concen-
tration of 1 osmole per liter of water has an osmotic pressure of 19,300 mm Hg, which
corresponds to a column of water over 250 meters high. Clearly, osmotic pressures can
be very large. It is for this reason that red blood cells burst when the blood serum is
diluted with pure water, and this is known to have been the cause of death in hospital
patients when pure water was accidentally injected into the veins.

Suppose two columns (of equal cross-section) of water are separated at the bottom
by a rigid porous membrane. If n molecules of sugar are dissolved in column one, what
will be the height difference between the two columns after they achieve steady state? At
steady state there is no flux between the two columns, so at the level of the membrane,
P1 − πs = P2. Since P1 and P2 are related to the height of the column of water through
P = ρgh, where ρ is the density of the fluid, g is the gravitational constant, and h is
the height of the column. We suppose that the density of the two columns is the same,
unaffected by the presence of the dissolved molecule, so we have

ρgh2 = ρgh1 − nkT
h1A

, (2.143)

where A is the cross-sectional area of the columns. Since fluid is conserved, h1 + h2 =
2h0, where h0 is the height of the two columns of water before the sugar was added.
From these, we find a single quadratic equation for h1:

h2
1 − h0h1 − nkT

2ρgA
= 0. (2.144)

The positive root of this equation is h1 = h0/2+ 1
2

√
h2

0 + 2nkT
ρgA , so that

h1 − h2 =
√

h2
0 +

2nkT
ρgA

− h0. (2.145)

When the solute is at a high enough concentration, physical solutions of (2.145) are
not possible. Specifically, if the solute is too concentrated with nkT

ρgA > 4h2
0, the weight

of a column of water of height 2h0 is insufficient to balance the osmotic pressure, in
which case there is not enough water to reach equilibrium.

2.8 Control of Cell Volume

The principal function of the ionic pumps is to set up and maintain concentration
differences across the cell membrane, concentration differences that are necessary for
the cell to control its volume. In this section we describe how this works by means of a
simple model in which the volume of the cell is regulated by the balance between ionic
pumping and ionic flow down concentration gradients (Tosteson and Hoffman, 1960;
Jakobsson, 1980; Hoppensteadt and Peskin, 2001).
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Because the cell membrane is a thin lipid bilayer, it is incapable of withstanding
any hydrostatic pressure differences. This is a potentially fatal weakness. For a cell
to survive, it must contain a large number of intracellular proteins and ions, but if
their concentrations become too large, osmosis causes the entry of water into the cell,
causing it to swell and burst (this is what happens to many cells when their pumping
machinery is disabled). Thus, for cells to survive, they must regulate their intracellular
ionic composition (Macknight, 1988).

An even more difficult problem for some cells is to transport large quantities of
water, ions, or other molecules while maintaining a steady volume. For example, Na+-
transporting epithelial cells, found (among other places) in the bladder, the colon, and
nephrons of the kidney, are designed to transport large quantities of Na+ from the
lumen of the gut or the nephron to the blood. Indeed, these cells can transport an
amount of Na+ equal to their entire intracellular contents in one minute. However, the
rate of transport varies widely, depending on the concentration of Na+ on the mucosal
side. Thus, these cells must regulate their volume and ionic composition under a wide
variety of conditions and transport rates (Schultz, 1981).

2.8.1 A Pump–Leak Model

We begin by modeling the active and passive transport of ionic species across the cell
membrane. We have already derived two equations for ionic current as a function of
membrane potential: the GHK current equation (2.123) and the linear relationship
(2.133). For our present purposes it is convenient to use the linear expression for ionic
currents. Active transport of Na+ and K+ is performed primarily by the Na+–K+ ATPase
(see Section 2.5.3).

3 Na+

2 K+

X

Cl-

Figure 2.14 Schematic diagram of
the pump–leak model.
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Combining the expressions for active and passive ion transport, we find that the
Na+, K+, and Cl− currents are given by

INa = gNa

[
V − RT

F
ln
( [Na+]e
[Na+]i

)]
+ 3pq, (2.146)

IK = gK

[
V − RT

F
ln
( [K+]e
[K+]i

)]
− 2pq, (2.147)

ICl = gCl

[
V + RT

F
ln

(
[Cl−]e
[Cl−]i

)]
, (2.148)

where p is the rate at which the ion exchange pump works and q is the charge of a
single ion.

We can express these current–voltage equations as differential equations by noting
that an outward ionic current of ion Az+ affects the intracellular concentration of that
ion through

IA = − d
dt
(zFw[Az+]), (2.149)

with w denoting the cell volume. (We use w rather than v to denote the cell volume to
prevent confusion with V , the membrane potential.) Thus we have

− d
dt
(Fw[Na+]i) = gNa

[
V − RT

F
ln
( [Na+]e
[Na+]i

)]
+ 3pq, (2.150)

− d
dt
(Fw[K+]i) = gK

[
V − RT

F
ln
( [K+]e
[K+]i

)]
− 2pq, (2.151)

d
dt
(Fw[Cl−]i) = gCl

[
V + RT

F
ln

(
[Cl−]e
[Cl−]i

)]
. (2.152)

Next, we let X denote the number of moles of large negatively charged molecules
(with valence zx ≤ −1) that are trapped inside the cell. The flow of water across the
membrane is driven by osmotic pressure, so that the change of cell volume is given by

r
dw
dt
= RT

(
[Na+]i − [Na+]e + [K+]i − [K+]e + [Cl−]i − [Cl−]e + X

w

)
. (2.153)

Here we have assumed that the mechanical (hydrostatic) pressure difference across
the membrane is zero, and we have also assumed that the elastic restoring force for
the membrane is negligible.

Now to determine the membrane potential, we could use the electrical circuit model
of the cell membrane, and write

Cm
dV
dt
+ INa + IK + ICl = 0. (2.154)

However, the system of equations (2.150)–(2.154) has an infinite number of steady
states. This can be seen from the fact that, at steady state, we must have INa = IK =
ICl = 0, from which it follows that dV/dt must also necessarily be zero. Since the
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solution is thus determined by the choice of initial condition, it is better to use the
integrated form of (2.154), i.e.,

CmV = Qi −Qe, (2.155)

where Qi and Qe are the total positive charge in the intracellular and extracellular
spaces, respectively. (Note that here Cm refers to the total cell capacitance, assumed to
be independent of cell volume. In other chapters of this book, Cm refers to membrane
capacitance per unit area.) Since total charge is the difference between total number
of positive and negative charges, we take

Qi = qw([Na+]i + [K+]i − [Cl−]i)+ zxqX , (2.156)

Qe = qwe([Na+]e + [K+]e − [Cl−]e). (2.157)

This expression would be correct if the concentration of an ion was defined as the total
number of ions in a region divided by the volume of that region, or if the distribution of
ions was spatially homogeneous. But such is not the case here. This is because excess
charge always accumulates in a thin region at the boundary of the domain (the Debye
layer). However, this excess charge is quite small. To see this, consider a cylindrical
piece of squid axon of typical radius 500 μm. With a capacitance of 1 μF/cm2 and a
typical membrane potential of 100 mV, the total charge is Q = CmV = π × 10−8 C/cm.
In comparison, the charge associated with intracellular K+ ions at 400 mM is about
0.1 π C/cm, showing a relative charge deflection of about 10−7.

Thus, since Qi and Qe are so small compared to the charges of each ion, it is a
excellent approximation to assume that both the extracellular and intracellular media
are electroneutral. Thus, Na+, K+, and Cl− are assumed to be in electrical balance in
the extracellular space. In view of the numbers for squid axon, this assumption is not
quite correct, indicating that there must be other ions around to maintain electrical
balance. In the intracellular region, Na+, K+, and Cl− are not even close to being
in electrical balance, but here, electroneutrality is maintained by the large negatively
charged proteins trapped within the cell’s interior. It is, of course, precisely the presence
of these proteins in the interior of the cell that makes this whole exercise necessary. If a
cell were not full of proteins (negatively charged or otherwise), it could avoid excessive
osmotic pressures simply by allowing ions to cross the plasma membrane freely.

The assumption of electroneutrality gives the two equations

[Na+]e + [K+]e − [Cl−]e = 0, (2.158)

[Na+]i + [K+]i − [Cl−]i + zx
X
w
= 0. (2.159)

It is convenient to assume that the cell is in an infinite bath, so that ionic currents
do not change the external concentrations, which are thus assumed to be fixed and
known, and to satisfy (2.158).

The differential equations (2.150), (2.151), (2.152), and (2.153) together with the
requirement of intracellular electroneutrality (2.159) describe the changes of cell vol-
ume and membrane potential as functions of time. Note that we have 4 differential
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equations and one algebraic equation for the five unknowns ([Na+]i, [K+]i, [Cl−]i, w
and V).

Even though we formulated this model as a system of differential equations, we are
interested, for the moment, only in their steady-state solution. Time-dependent currents
and potentials become important in Chapter 5 for the discussion of excitability.

To understand these equations, we introduce the nondimensional variables v =
FV
RT , P = pFq

RTgNa
,μ = w

X [Cl−]e and set y = e−v. Then, the equation of intracellular
electroneutrality becomes

αy− 1
y
+ zx

μ
= 0, (2.160)

and the equation of osmotic pressure balance becomes

αy+ 1
y
+ 1
μ
− 2 = 0, (2.161)

where α = [Na+]ee−3P+[K+]ee2Pγ

[Na+]e+[K+]e and γ = gNa/gK. In terms of these nondimensional
variables, the ion concentrations are

[Na+]i
[Na+]e = e−3Py, (2.162)

[K+]i
[K+]e = e2Pγ y, (2.163)

[Cl−]i
[Cl−]e

= 1
y

. (2.164)

Solving (2.160) for its unique positive root, we obtain

y = −zx +
√

z2
x + 4αμ2

2αμ
, (2.165)

and when we substitute for y back into (2.161), we find the quadratic equation for μ:

4(1− α)μ2 − 4μ+ 1− z2
x = 0. (2.166)

For zx ≤ −1, this quadratic equation has one positive root if and only if α < 1. Expressed
in terms of concentrations, the condition α < 1 is

ρ(P) = [Na+]ee−3P + [K+]ee2Pγ

[Na+]e + [K+]e < 1. (2.167)

One can easily see that ρ(0) = 1 and that for large P, ρ(P) is exponentially large and
positive. Thus, the only hope for ρ(P) to be less than one is if ρ′(0) < 0. This occurs if
and only if

3[Na+]e
gNa

>
2[K+]e

gK
, (2.168)

in which case there is a range of values of P for which a finite, positive cell volume is
possible and for which there is a corresponding nontrivial membrane potential.
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To decide if this condition is ever satisfied we must determine “typical” values for
gNa and gK. This is difficult to do, because, as is described in Chapter 5, excitability
of nerve tissue depends strongly on the fact that conductances are voltage-dependent
and can vary rapidly over a large range of values. However, at rest, in squid axon,
reasonable values are gK = 0.367 mS/cm2 and gNa = 0.01 mS/cm2. For these values,
and at the extracellular concentrations of 437 and 20 mM for Na+ and K+, respectively,
the condition (2.168) is readily met.

One important property of the model is that the resting value of V is equal to
the Nernst potential of Cl−, as can be seen from (2.152) or (2.164). Thus, the mem-
brane potential is set by the activity of the Na+–K+ ATPase, and the intracellular Cl−
concentration is set by the membrane potential.

In Figs. 2.15 and 2.16 the nondimensional volume μ and the potential V (assuming
RT/F = 25.8 mV) are plotted as functions of the pump rate P. In addition, in Fig. 2.16
are shown the Na+ and K+ equilibrium potentials. For these plots, γ was chosen to be
0.11, and zx = −1. Then, at P = 1.6, the Na+ and K+ equilibrium potentials and the
membrane potentials are close to their observed values for squid axon, of 56, −77 and
−68 mV, respectively.

From these plots we can see the effect of changing pump rate on cell volume and
membrane potential. At zero pump rate, the membrane potential is zero and the cell
volume is infinite (dead cells swell). As the pump rate increases from zero, the cell
volume and membrane potential rapidly decrease to their minimal values and then
gradually increase until at some upper limit for pump rate, the volume and potential
become infinite. The K+ equilibrium potential is seen to decrease rapidly as a function
of pump rate until it reaches a plateau at a minimum value. The Na+ equilibrium
potential increases monotonically.

Physically realistic values of the membrane potential are achieved fairly close to
the local minimum. Clearly, there is little advantage for a higher pump rate, and since
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Figure 2.15 Cell volume as a func-
tion of the pump rate.
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Figure 2.16 Membrane potential, Na+ equilibrium potential, and K+ equilibrium potential
as functions of the pump rate.

.Table 2.4 Resting potentials in some typical excitable cells.

CellType Resting Potential (mV)
Neuron −70
Skeletal muscle (mammalian) −80
Skeletal muscle (frog) −90
Cardiac muscle (atrial and ventricular) −80
Cardiac Purkinje fiber −90
Atrioventricular nodal cell −65
Sinoatrial nodal cell −55
Smooth muscle cell −55

the pump rate is proportional to energy expenditure, it would seem that the pump
rate is chosen approximately to minimize cell volume, membrane potential, and en-
ergy expenditure. However, no mechanism for the regulation of energy expenditure is
suggested.

Generalizations
While the above model of volume control and membrane potential is useful and gives
some insight into the control mechanisms, as with most models there are important
features that have been ignored but that might lead to substantially different behavior.

There are (at least) two significant simplifications in the model presented here.
First, the conductances gNa and gK are treated as constants. In Chapter 5 we show
that the ability of cells to generate an electrical signal results from voltage and time
dependence of the conductances. In fact, the discovery that ion channels have differing



2.8: Control of Cell Volume 97

properties of voltage sensitivity was of fundamental importance to the understanding of
neurons. The second simplification relates to the operation of the ion exchange pump.
Figure 2.16 suggests that the minimal membrane potential is achieved at a particular
pump rate and suggests the need for a tight control of pump rate that maintains the
potential near this minimum. If indeed, such a tight control is required, it is natural
to ask what that control mechanism might be. There is also the difficulty that in this
simple model there is nothing preventing the complete depletion of Na+ ions.

A different model of the pump activity might be beneficial. Recall from (2.98) that
with each cycle of the ion exchange pump, three intracellular Na+ ions are exchanged
for two extracellular K+ ions. Our previous analysis of the Na+–K+ ATPase (see (2.100))
suggests that at low internal Na+ concentrations, the pump rate can be represented in
nondimensional variables as

P = ρu3, (2.169)

where u = [Na+]i/[Na+]e. This representation is appropriate at high pump rates, where
effects of saturation are of no concern. Notice that P is proportional to the rate of ATP
hydrolysis, and hence to energy consumption. Thus, as u decreases, so also does the
rate of energy consumption. With this change, the equation for the Na+ concentration
becomes

u exp(3ρu3) = y, (2.170)

and this must be solved together with the quadratic polynomials (2.160) and (2.161),
with (2.170) replacing (2.162).

In Fig. 2.17 are shown the membrane potential, and the Na+ and K+ equilib-
rium potentials, plotted as functions of the nondimensional reaction rate ρ. Here we
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Figure 2.17 Membrane potential, Na+ equilibrium potential, and K+ equilibrium potential
as functions of the pump rate, for the modified pump rate (2.169).
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see something qualitatively different from what is depicted in Fig. 2.16. There the
membrane potential had a noticeable local minimum and was sensitive to changes
in pump rate. In this modified model, the membrane potential is insensitive to changes
in the pump rate. The reason for this difference is clear. Since the effectiveness of the
pump depends on the internal Na+ concentration, increasing the speed of the pump-
ing rate has little effect when the internal Na+ is depleted, because of the diminished
number of Na+ ions available to be pumped.

While the pump rate is certainly ATP dependent, there are a number of drugs and
hormones that are known to affect the pump rate. Catecholamines rapidly increase the
activity of the pump in skeletal muscle, thereby preserving proper K+ during strenuous
exercise. Within minutes, insulin stimulates pump activity in the liver, muscle, and
fat tissues, whereas over a period of hours, aldosterone and corticosterones increase
activity in the intestine.

On the other hand, digitalis (clinically known as digoxin) is known to suppress
pump activity. Digitalis is an important drug used in the treatment of congestive heart
failure and during the 1980s was the fourth most widely prescribed drug in the United
States. At therapeutic concentrations, digitalis inhibits a moderate fraction (say, 30–
40%) of the Na+–K+ ATPase, by binding with the Na+ binding site on the extracellular
side. This causes an increase in internal Na+, which has an inhibitory effect on the Na+–
Ca2+ exchanger, slowing the rate by which Ca2+ exits the cells. Increased levels of Ca2+
result in increased myocardial contractility, a positive and useful effect. However, it is
also clear that at higher levels, the effect of digitalis is toxic.

2.8.2 Volume Regulation and Ionic Transport

Many cells have a more difficult problem to solve, that of maintaining their cell volume
in widely varying conditions, while transporting large quantities of ions through the
cell. Here we present a simplified model of transport and volume regulation in a Na+-
transporting epithelial cell.

As are virtually all models of transporting epithelia, the model is based on that
of Koefoed-Johnsen and Ussing (1958), the so-called KJU model. In the KJU model,
an epithelial cell is modeled as a single cell layer separating a mucosal solution from
the serosal solution (Fig. 2.18). (The mucosal side of an epithelial cell is that side
on which mucus is secreted and from which various chemicals are withdrawn, for
example, from the stomach. The serosal side is the side of the epithelial cell facing
the interstitium, wherein lie capillaries, etc.) Na+ transport is achieved by separating
the Na+ pumping machinery from the channels that allow Na+ entry into the cell.
Thus, the mucosal membrane contains Na+ channels that allow Na+ to diffuse down
its concentration gradient into the cell, while the serosal membrane contains the Na+–
K+ ATPases which remove Na+ from the cell. The overall result is the transport of Na+
from the mucosal side of the cell to the serosal side. The important question is whether
the cell can maintain a steady volume under widely varying concentrations of Na+ on
the mucosal side.
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Figure 2.18 Schematic diagram of
the model of a Na+-transporting ep-
ithelial cell, based on the model of
Koefoed-Johnsen and Ussing (1958).

We begin by letting N, K, and C denote Na+, K+, and Cl− concentrations re-
spectively, and letting subscripts m, i, and s denote mucosal, intracellular and serosal
concentrations. Thus, for example, Ni is the intracellular Na+ concentration, and Nm

is the mucosal Na+ concentration. We now write the conservation equations for Na+,
K+, and Cl− at steady state. The conservation equations are the same as those of
the pump–leak model with some minor exceptions. First, instead of the linear I–V
curve used in the pump–leak model, we use the GHK formulation to represent the
ionic currents. This makes little qualitative change to the results but is more con-
venient because it simplifies the analysis that follows. Second, we assume that the
rate of the Na+–K+ ATPase is proportional to the intracellular Na+ concentration, Ni,
rather than N3

i , as was assumed in the generalized version of the pump–leak model.
Thus,

PNav
Ni −Nme−v

1− e−v + 3qpNi = 0, (2.171)

PKv
Ki −Kse−v

1− e−v − 2qpNi = 0, (2.172)

PClv
Ci − Csev

1− ev = 0. (2.173)

Note that the voltage, v, is nondimensional, having been scaled by F
RT , and that the rate

of the Na+–K+ ATPase is pNi. Also note that the inward Na+ current is assumed to
enter from the mucosal side, and thus Nm appears in the GHK current expression, but
that no other ions enter from the mucosa. Here the membrane potential is assumed to
be the same across the lumenal membrane and across the basal membrane. This is not
quite correct, as the potential across the lumenal membrane is typically −67 mV while
across the basal membrane it is about −70 mV.
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There are two further equations to describe the electroneutrality of the intracellular
space and the osmotic balance. In steady state, these are, respectively,

w(Ni + Ki − Ci)+ zxX = 0, (2.174)

Ni + Ki + Ci + X
w
= Ns + Ks + Cs, (2.175)

where X is the number of moles of protein, each with a charge of zx ≤ −1, that are
trapped inside the cell, and w is the cell volume. Finally, the serosal solution is assumed
to be electrically neutral, and so in specifying Ns, Ks, and Cs we must ensure that

Ns +Ks = Cs. (2.176)

Since the mucosal and serosal concentrations are assumed to be known, we now have
a system of 5 equations to solve for the 5 unknowns, Ni, Ki, Ci, v, and μ = w/X . First,
notice that (2.171), (2.172), and (2.173) can be solved for Ni, Ki, and Ci, respectively, to
get

Ni(v) = vNme−v

v+ 3ρn(1− e−v)
, (2.177)

Ki(v) = 2ρkNi(v)
1− e−v

v
+ Kse−v, (2.178)

Ci(v) = Csev, (2.179)

where ρn = pq/PNa and ρk = pq/PK.
Next, eliminating Ni + Ki between (2.174) and (2.175), we find that

2μ(Ci − Cs) = zx − 1. (2.180)

We now use (2.179) to find that

zx − 1 = 2μCs(ev − 1), (2.181)

and thus, using (2.181) to eliminate μ from (2.174), we get

Ni(v)+ Ki(v) = Cs

1− zx
[−2zx + ev(1+ zx)] ≡ φ(v). (2.182)

Since zx − 1 < 0, it must be (from (2.181)) that v < 0, and as v → 0, the cell volume
w = μX becomes infinite. Thus, we wish to find a negative solution of (2.182), with
Ni(v) and Ki(v) specified by (2.177) and (2.178).

It is instructive to consider when solutions for v (with v < 0) exist. First, notice that
φ(0) = Cs. Further, since zx ≤ −1, φ is a decreasing function of v, bounded above, with
decreasing slope (i.e., concave down), as sketched in Fig. 2.19. Next, from (2.177) and
(2.178) we determine that Ni(v) + Ki(v) is a decreasing function of v that approaches
∞ as v→−∞ and approaches zero as v→∞. It follows that a negative solution for v
exists if Ni(0)+ Ki(0) < Cs, i.e., if

Nm

1+ 3ρn
+ 2ρkNm

1+ 3ρn
+ Ks < Cs. (2.183)
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Figure 2.19 Sketch (not to scale) of
the function φ(v ), defined as the right-
hand side of (2.182), and of Ni (v ) +
Ki (v ), where Ni and Ki are defined by
(2.177) and (2.178). φ(v ) is sketched for
zx < −1.

Since Ks +Ns = Cs, this becomes

Nm

Ns
<

1+ 3ρn

1+ 2ρk
. (2.184)

This condition is sufficient for the existence of a solution, but not necessary. That is,
if this condition is satisfied, we are assured that a solution exists, but if this condition
fails to hold, it is not certain that a solution fails to exist. The problem, of course, is that
negative solutions are not necessarily unique, nor is it guaranteed that increasing Nm

through Ns
1+3ρn
1+2ρk

causes a negative solution to disappear. It is apparent from (2.177) and
(2.178) that Ni(v) and Ki(v) are monotone increasing functions of the parameter Nm,
so that no negative solutions exist for Nm sufficiently large. However, for Nm = Ns

1+3ρn
1+2ρk

to be the value at which the cell bursts by increasing Nm, it must also be true that

N′i(0)+ K ′i(0) < φ′(0), (2.185)

or that

4(1+ 3ρn)Cs +Ns(1− zx)
3ρn − 2ρk

1+ 2ρk
> 0. (2.186)

For the remainder of this discussion we assume that this condition holds, so that the
failure of (2.184) also implies that the cell bursts.

According to (2.184), a transporting epithelial cell can maintain its cell volume,
provided the ratio of mucosal to serosal concentrations is not too large. When Nm/Ns

becomes too large, μ becomes unbounded, and the cell bursts. Typical solutions for the
cell volume and membrane potential, as functions of the mucosal Na+ concentration,
are shown in Fig. 2.20.

Obviously, this state of affairs is unsatisfactory. In fact, some epithelial cells, such
as those in the loop of Henle in the nephron (Chapter 17), must work in environments
with extremely high mucosal Na+ concentrations. To do so, these Na+-transporting
epithelial cells have mechanisms to allow operation over a much wider range of
mucosal Na+ concentrations than suggested by this simple model.
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Figure 2.20 Numerical solutions of the
model of epithelial cell volume regulation
and Na+ transport.The membrane potential,
V , the scaled cell volume,μ, and the intracel-
lular Na+ concentration, [Na+]i , are plotted
as functions of the mucosal Na+ concentra-
tion. The solid lines are the solutions of the
simpler version of the model, where PNa and
PK are assumed to be constant.The dashed
lines are the solutions of the model when
PNa is assumed to be a decreasing function
of Ni , and PK is assumed to be an increas-
ing function of w , as described in the text.
Parameter values are Ks = 2.5, Ns = 120,
Cs = 122.5, P = 2, γ = 0.3, zx = −2. All
concentrations are in mM.

From (2.184) we can suggest some mechanisms by which a cell might avoid
bursting at high mucosal concentrations. For example, the possibility of bursting is
decreased if ρn is increased or if ρk is decreased. The reasons for this are apparent from
(2.177) and (2.178), since Ni(v)+Ki(v) is a decreasing function of ρn and an increasing
function of ρk. From a physical perspective, increasing Nm causes an increase in Ni,
which increases the osmotic pressure, inducing swelling. Decreasing the conductance
of Na+ ions from the mucosal side helps to control this swelling. Similarly, increas-
ing the conductance of K+ ions allows more K+ ions to flow out of the cell, thereby
decreasing the osmotic pressure from K+ ions and counteracting the tendency to swell.

It has been conjectured for some time that epithelial cells use both of these mecha-
nisms to control their volume (Schultz, 1981; Dawson and Richards, 1990; Beck et al.,
1994). There is evidence that as Ni increases, epithelial cells decrease the Na+ conduc-
tance on the mucosal side of the cell, thus restricting Na+ entry. There is also evidence
that as the cell swells, the K+ conductance is increased, possibly by means of stretch-
activated K+ channels (Ussing, 1982. This assumption was used in the modeling work
of Strieter et al., 1990).
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To investigate the effects of these mechanisms in our simple model, we replace PNa

by PNa20/Ni (20 is a scale factor, so that when Ni = 20 mM, PNa has the same value as
in the original version of the model) and replace PK by PKw/w0, where w0 is the volume
of the cell when Nm = 100 mM. As before, we can solve for v and μ as functions of Nm,
and the results are shown in Fig. 2.20. Clearly the incorporation of these mechanisms
decreases the variation of cell volume and allows the cell to survive over a much wider
range of mucosal Na+ concentrations.

The model of control of ion conductance used here is extremely simplistic, as for
example, there is no parametric control of sensitivity, and the model is heuristic, not
mechanistic. More realistic and mechanistic models have been constructed and an-
alyzed in detail (Lew et al., 1979; Civan and Bookman, 1982; Strieter et al., 1990;
Weinstein, 1992, 1994, 1996; Tang and Stephenson, 1996).

2.9 Appendix: Stochastic Processes

Although all of the models that have been presented so far in this text have been deter-
ministic, the reality is that biological processes are fundamentally noisy. Furthermore,
many of the assumptions underlying deterministic models are questionable, largely
because of significant stochastic effects.

The purpose of this appendix is to outline some of the basic ideas of stochastic
processes that play an important role in mathematical modeling of biological phenom-
ena. Furthermore, there are a number of sections in the remainder of this book where
stochastic models are crucial, and we hope that this appendix provides the necessary
background for these. Of course, this is not a detailed treatment of these topics; for
that one needs to consult a text on stochastic processes such as Gardiner (2004) or van
Kampen (2007).

2.9.1 Markov Processes

A Markov process is any stochastic process that has no memory. More precisely, if
the value of the state variable x is known at two times, say t1 < t2, to be x1 and x2,
respectively, then

P(x, t | x1, t1, x2, t2) = P(x, t | x2, t2), (2.187)

where P(x | y) denotes the conditional probability of x given y. In words, the conditional
probability for the value of the state variable depends only on the most recent condition
and not on any previous conditions.

A simple example of a Markov process is radioactive decay. For example, an atom
of carbon-14 may lose an electron and decay to nitrogen-14. This is a Markov process,
because the probability of decay does not depend on how old the carbon-14 atom is.
A newly formed carbon-14 atom has exactly the same probability of decay in the next
second as a very old carbon-14 atom.
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To model this process, we suppose that the state variable has two possible values,
say C (for carbon) and N (for nitrogen), and we denote the probability that the molecule
is in state S at time t by P(S, t). Now suppose that the probability of radioactive decay
in a small interval of time dt is λdt. (Note that λ need not be independent of time for
this to be a Markov process.) Then,

P(N, t+�t) = P(N, t)+ P(C, t)λ�t. (2.188)

For this problem we assume that P(C, t)+P(N, t) = 1. It follows that in the limit�t→ 0,

dP(N, t)
dt

= λ(1− P(N, t)). (2.189)

By similar arguments, many of the differential equations in this chapter describing
concentrations or fractions of molecules in a given state can be reinterpreted as equa-
tions for the probability that a single molecule is in a particular state. For example, for
a transporter molecule that has two states,

Ci

k
−→←−

k

Ce, (2.190)

under the assumption that transitions between states do not depend on how long the
molecule has been in a given state, the probability P of being in state Ci at time t, P(Ci, t),
is given by

dP(Ci, t)
dt

= k(1− P(Ce, t))− kP(Ci, t). (2.191)

Similarly, for the chemical reaction

A
k+−→←−
k−

B, (2.192)

the probability P(A, t) of a molecule being in state A at time t is determined by

dP(A, t)
dt

= k−P(B, t)− k+P(A, t). (2.193)

Of course, this is the same as the equation found using the law of mass action for the
conversion of A to B, namely,

da
dt
= k−b− k+a. (2.194)

Even though these equations are identical, their interpretations are quite different. For
example, at steady state, a

b = k−
k+ implies that the ratio of the number of molecules in

state A to the number of those in state B is k−
k+ . However, this cannot be the probabilistic

interpretation, since there is no fractional state. Instead, the probabilistic interpretation
is that the ratio of the time a single molecule spends in state A to the time it spends in
state B is k−

k+ .
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2.9.2 Discrete-State Markov Processes

Often, the state space of a Markov process is discrete; for example, the model of the
Na+–K+ ATPase (Fig. 2.11) assumes that the ATPase can be in only a small number of
different states. The simple chemical reaction in the previous section is also a model
of this type, since the molecule can exist in only two states, A or B. Since time is
a continuous variable, such models are called discrete-space continuous-time Markov
processes. Such Markov processes play an enormously important role in modeling;
indeed, a large fraction of the models of chemical reactions, exchangers, pumps, and ion
channels we discuss in this book are discrete-space continuous-time Markov processes.
As is described in Chapter 3, one of the most important applications of such models is
the analysis of data from single ion channels.

To describe the stochastic behavior of a discrete-space continuous-time Markov
process with n possible states (open, closed, inactivated, etc.), we introduce a discrete
random variable S(t) ∈ 1, 2, . . . , n defined so that S(t) = i if the model is in state i at
time t. Further, we suppose that the probability that the model changes from state i to
state j in the time interval (t, t+ dt) is kijdt. In more condensed notation,

P(S(t+ dt) = j | S(t) = i) = kijdt. (2.195)

Note that (2.195) is valid only in the limit of small dt, since for sufficiently large dt and
kij nonzero, this probability exceeds 1. Also, the probability that the model does not
change state in the time interval (t, t+ dt) is given by

P(S(t+ dt) = i | S(t) = i) = 1− Kidt, (2.196)

where Ki =∑j
=i kij.
Now we let �j(t) = P(S(t) = j), i.e., �j(t) is the probability that the model is in state

j at time t. In words, the probability that the model is in state j at time t + dt is the
probability that it was in state j at time t and did not leave state j between times t and
t+ dt plus the probability that at time t it was in another state and switched into state
j in the time interval t to t+ dt. In mathematical language,

�j(t+ dt) = �j(t)P(S(t+ dt) = i | S(t) = i)+
∑

l 
=j

P(S(t+ dt) = j | S(t) = l)�l(t)

= �j(t)
(
1− Kjdt

)+
∑

l 
=j

klj�l(t)dt, (2.197)

and thus, taking the limit dt→ 0,

d�j

dt
= −Kj�j(t)+

∑

l 
=j

klj�l(t). (2.198)

In vector notation, with � the vector having elements �j, we have

d�
dt
= AT�(t), (2.199)
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where A is the matrix

A =
⎛
⎜⎝
−K1 k12 · · · k1n

k21 −K2 · · · k2n
...

...
...

...

⎞
⎟⎠ . (2.200)

Of course, this is exactly the system of differential equations we would have written
down for a system of first-order chemical reactions with reaction rates between species
kij. Here, however, the variables�j are probabilities and so must sum to one. In the ter-
minology of stochastic processes, (2.199) is called the master equation for this Markov
process.

The Waiting Time
One important question is how long a Markov model stays in a particular state before
switching. This is called the waiting-time problem. To solve this we let Ti be the random
time at which the model switches from state i to some other state, and we let Pi(t) =
P(Ti < t), that is, Pi(t) is the probability that by time t the switch has occurred. In words,
the probability that the switch has occurred by time t+ dt is the probability that it has
occurred by time t plus the probability that the switch has not occurred by time t and
occurs in the time interval between t and t+ dt. In mathematical language,

Pi(t+ dt) = Pi(t)+ (1− Pi)Kidt. (2.201)

Taking the limit dt → 0 we obtain the differential equation for the waiting-time
probability

dPi

dt
= Ki(1− Pi), (2.202)

which, since Pi(0) = 0 (assuming that the switch has not occurred at time t = 0), and
if Ki is independent of time, yields

Pi(t) = 1− exp(−Kit). (2.203)

The function Pi(t) is a cumulative probability distribution function, with probability
density function

pi(t) = dPi

dt
= Ki exp(−Kit). (2.204)

The probability that the switch occurs between two specified times, t1 and t2, is

P(t1 < Ti < t2) =
∫ t2

t1
pi(s) ds = Pi(t2)− Pi(t1), (2.205)

and the expected switching time is

E(Ti) =
∫ ∞

0
tpi(t) dt. (2.206)
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If Ki is time-independent,

E(Ti) = 1
Ki

. (2.207)

The Transition Time
The waiting-time problem can be generalized to calculate the probability density
function, φij, for the time it takes to move from state i to state j.

To do this we make state j an absorbing state and then solve the master equations
starting in state i. That is, we set kjl = 0 for every l, and then solve for �j(t), with the
initial condition �i(0) = 1, �l(0) = 0 for l 
= i. Then, �j(t) is the probability that the
process is in state j at time t, given that it started in state i at time 0. Hence, �j(t) is
the cumulative probability that the transition to state j occurred at some time previous
to t. Of course, this relies on the assumption that once state j is reached, it cannot
be left. The probability density function for the transition time is the derivative of the
cumulative probability. Hence,

φij(t) = d�j

dt
=
∑

l 
=j

klj�l. (2.208)

Note that
∫ ∞

0
φij dt = �j

∣∣∞
0 = 1, (2.209)

and thus φij is indeed a probability density as claimed.

2.9.3 Numerical Simulation of Discrete Markov Processes

It is becoming increasingly important and valuable to do numerical simulations of
discrete stochastic processes. The definition (2.195) provides a natural numerical algo-
rithm for such a simulation. For a fixed small time step of size dt, divide the unit interval
into n− 1 regions of length kijdt and one remaining region of length 1−Kidt. Then, at
each time step, pick a random number that is uniformly distributed on the unit interval
and determine the next state by the subinterval in which the random number falls.

While this method of numerical simulation is simple and direct, it is not particularly
efficient. Furthermore, it converges (i.e., gives the correct statistics) only in the limit
that dt→ 0.

A method that is much more efficient is known as Gillespie’s method (Gillespie,
1977). The idea of this method is to calculate the sequence of random switching times.
For example, suppose that at time t = 0, the state variable is S(0) = i. We know from
(2.204) that the probability that the first transition out of state i occurs in the interval
(t, t+dt) is

∫ t+dt
t Ki exp(−Kis)ds. Hence, we can calculate the time to the next transition

by selecting a random number from the exponential waiting-time distribution, pi(t).
We do this by selecting a random number x uniformly distributed on the unit interval,
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and transforming that number via some transformation t = f (x) to get the time at
which the transition occurs. The transformation we use should preserve probabilities,

pi(t)dt = q(x)dx, (2.210)

where q(x) = 1 is the uniform distribution. Integrating gives x = ∫ t
0 pi(s) ds = 1 −

exp(−Kiy) = Pi(t), and solving for t, we get

t = − 1
Ki

ln(1− x). (2.211)

However, since x is uniformly distributed on the unit interval, it is equivalent to replace
1− x by x to get

t = − 1
Ki

ln(x). (2.212)

Therefore, to calculate the next switching time, pick a random number that is
uniformly distributed on the unit interval, say ξ , and then pick the time interval, T, to
the next switch to be

T = − 1
Ki

ln(ξ). (2.213)

To determine the state into which to switch, divide the unit interval into segments of

length
kij
Ki

, and select the next interval to be the subinterval in which another uniformly
distributed random number η resides. The reasoning for this is that if a switch is to

occur, then the probability that the switch is into state j is
kij
Ki

.
There are numerous advantages to Gillespie’s method. First, it is maximally efficient

and it is exact. That is, since there is no time discretization step dt, accuracy does not
require taking a limit dt → 0. However, other nice features of the method are that it
is easier to collect statistics such as closed time and open time distributions, because
these quantities are directly, not indirectly, calculated.

A word of caution, however, is that while this method works well for time-
independent processes (which we assumed in this discussion), for time-dependent
processes, or processes in which the transition rates depend on other time-varying
variables, determination of the next transition time requires a more sophisticated
calculation (Alfonsi et al., 2005).

Further difficulties with stochastic simulations occur when there are reactions with
vastly different time scales. Then, it is often the case that the rapid reactions achieve
quasi-equilibrium, but most of the computational time for a stochastic simulation is
taken in calculating the many fast transitions of the fast reactions. It is beyond the
scope of this text to describe what to do in these situations.

Gillespie’s method is the method of choice in many situations. It has been im-
plemented by Adalsteinsson et al. (2004) in a useful software package that is readily
available.
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2.9.4 Diffusion

The diffusion equation (2.7) was derived to describe the evolution of a chemical con-
centration, under the assumption that the concentration is a continuous variable, even
though the number of molecules involved is necessarily an integer. Einstein recognized
that the solution of the diffusion equation could also be interpreted as the probability
distribution function for the location of a single particle undergoing some kind of a
random walk. That is, if p(x, t) is the solution of the diffusion equation

∂p
∂t
= D∇2p, (2.214)

then
∫
�

p(x, t) dx could be identified as the probability that a particle is in the region �
at time t. More specifically, if p(x, t | x0, t0) is the probability distribution function for
the particle to be at position x at time t, given that it was at position x0 at time t0, then

p(x, t0 | x0, t0) = δ(x− x0), (2.215)

and solving the diffusion equation (in one spatial dimension) gives

p(x, t | x0, t0) = 1

2
√
πD(t− t0)

exp

(
− (x− x0)

2

4D(t− t0)

)
, (2.216)

provided t > t0. It follows immediately that the mean and variance of this distribution
are

〈x〉 =
∫ ∞

−∞
xp(x, t | 0, 0) dx = 0 (2.217)

and

〈x2〉 =
∫ ∞

−∞
x2p(x, t | 0, 0) dx = 2Dt. (2.218)

The conditional probability p(x, t | x0, t0) is the Green’s function of the diffusion
equation on an infinite domain (where we require, for physical reasons, that the so-
lution and all its derivatives vanish at infinity). As a side issue (but a particularly
interesting one), note that, from the transitive nature of Green’s functions, it follows
that

p(x1, t1 | x3, t3) =
∫

x2

p(x1, t1 | x2, t2)p(x2, t2 | x3, t3) dx2, t3 < t2 < t1, (2.219)

which is known as the Chapman–Kolmogorov equation. From the point of view of
conditional probabilities, the Chapman–Kolmogorov equation makes intuitive sense;
for Markov processes, the probability of x1 given x3 is the sum of the probabilities of
each path by which one can get from x3 to x1.

Now suppose we let X(t) represent the position as a function of time of a sam-
ple path. We can readily calculate that X(t) is continuous, since for any ε > 0, the
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probability of escaping from a region of size ε in time �t is
∫

|x−z|>ε
p(x, t+�t | z, t) dx = 2

∫ ∞

ε

1

2
√
πD�t

exp

(
− x2

4D�t

)
dx

=
∫ ∞

ε

2
√

D�t

exp
(
−x2

)
dx,

which approaches zero in the limit �t → 0. On the other hand, the velocity of the
particle is likely to be extremely large, since

Prob
(

1
�t
(X(t+�t)− X(t)) > k

)
=
∫ ∞

k�t

1

2
√
πD�t

exp

(
− x2

4D�t

)
dx

=
∫ ∞

k
2

√
�t
πD

exp
(
−x2

)
dx→ 1

2
, (2.220)

in the limit that �t→ 0. In other words, with probability 1, the absolute value of the
velocity is larger than any number k, hence infinite.

If D = 1, the stochastic process X(t) is known as a Wiener process, is usually denoted
by W(t), and is a model of Brownian motion.

Diffusion as a Markov Process
A popular derivation of the diffusion equation is based on a Markovian random walk
on a grid, as follows. We suppose that a particle moves along a one-dimensional line in
discrete steps of length�x at discrete times with time step�t. At each step, however, the
direction of motion is random, with probability 1

2 of going to the left and probability
1
2 of going to the right. If p(x, t) is the probability of being at position x at time t, then

p(x, t+�t) = 1
2

p(x+�x, t)+ 1
2

p(x−�x, t). (2.221)

Now we make the assumption that p(x, t) is a smooth function of both x and t and
obtain the Taylor series expansion of (2.221),

�t
∂p
∂t
+O(�t2) = �x2

2
∂2p
∂x2
+O(�x4). (2.222)

In the limit that�t and�x both approach zero, keeping �x2

�t = 1, we obtain the diffusion
equation with diffusion coefficient 1

2 .

2.9.5 Sample Paths; the Langevin Equation

The diffusion equation describes the probability distribution that a particle is at a par-
ticular place at some time, but does not describe how the particle actually moves. The
challenge, of course, is to write (and solve) an equation for motion that is random
and continuous, but nowhere differentiable. Obviously, one cannot use a standard dif-
ferential equation to describe the motion of such a particle. So, instead of writing
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dx
dt = something (which does not make sense, since the velocity dx

dt of a Brownian
particle is not finite), it is typical to write

dx = √2D dW. (2.223)

To make careful mathematical sense of this expression requires a discussion of the
Ito or Stratonovich calculus, topics that are beyond the scope of this text. However, a
reasonable verbal description of what this means in practical terms is as follows. The
term dW is intended to represent the fact that the displacement of a particle after a
very short time interval, say dt, is a random variable having three properties, namely,
it is uncorrelated with previous displacements (it has no memory and is therefore
Markovian), it has zero mean, and it has variance dt, in the limit dt → 0. This is also
referred to as uncorrelated Gaussian white noise. In fact, this definition is rigged so
that the probability distribution for this particle is described by the diffusion equation.

For this text, it is important to know how to numerically calculate representative
sample paths, and to this end we write

dx =
√

2D dtN(0, 1), (2.224)

where N(0, 1) represents the Gaussian (normal) distribution with zero mean and vari-
ance 1. The interpretation of this is that at any given time one randomly chooses a
number n from a normal distribution, takes a step of size dx = √2Ddtn, and then in-
crements time by dt. It can be shown that in the limit that dt→ 0, this converges to the
Wiener process (2.223).

Equation (2.223) is an example of a stochastic differential equation, also called a
Langevin equation. More generally, Langevin equations are of the form

dx = a(x, t) dt+
√

2b(x, t)dW, (2.225)

or, in a form that suggests a numerical algorithm,

dx = a(x, t) dt+
√

2b(x, t) dtN(0, 1). (2.226)

Here a(x, t) represents the deterministic part of the velocity, since if there were no noise
(b(x, t) = 0), this would be the same as the deterministic equation

dx
dt
= a(x, t). (2.227)

Thus, the displacement dx is a random variable, with mean value a(x, t)dt and variance
2b(x, t)dt, in the limit dt→ 0.

The special case a(x, t) = −x, b(x, t) = 1, called an Ornstein–Uhlenbeck process, is
important in the study of molecular motors, described in Chapter 15.

2.9.6 The Fokker–Planck Equation and the Mean First Exit Time

The diffusion equation is the simplest example of an equation describing the evolution
of the probability distribution function for the position of a particle. More generally,
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if we suppose that the position of the particle is continuous in time (no finite jumps
are possible), that the Chapman–Kolmogorov equation (2.219) holds, and that the dis-
placement of the particle in time dt has mean a(x, t)dt and variance 2b(x, t)dt, then one
can derive that the probability distribution p(x, t) for the position, x, of the particle at
time t is governed by

∂p
∂t
= − ∂

∂x
(a(x, t)p)+ ∂2

∂x2 (b(x, t)p), (2.228)

called the Fokker–Planck equation. Note that, since this equation models the motion
of a particle which must be at a single position y at the starting time t0, the initial
condition must be p(x, t0 | y, t0) = δ(x − y). Thus, the probability distribution for the
position of the particle is the Green’s function of (2.228).

More generally, it is possible to start with the Chapman–Kolmogorov equation
(2.219) and derive a general version of the Fokker–Planck equation that includes
discrete jump processes. This is the point of view usually taken in the stochastic pro-
cesses literature, which treats the Chapman–Kolmogorov equation as a fundamental
requirement of a Markov process.

An extremely important problem is the so-called mean first exit time problem, in
which we wish to determine how long a particle stays in a particular region of space.
Before we can solve this problem we must first determine the equation for the condi-
tional probability, p(x, t | y, τ), as a function of y and τ < t, with x and t fixed. That is, we
want to know the probability distribution function for a particle with known position
x at time t to have been at the location y at time τ < t.

The equation governing this conditional probability is most easily derived by using
the fact that p(x, t | y, τ) is the Green’s function of the Fokker–Planck equation. It follows
from the properties of Green’s functions (Keener, 1998) that

p(x, t | y, τ) = p∗(y, τ | x, t), (2.229)

where p∗ is the Green’s function of the adjoint equation. The adjoint equation is easily
calculated using integration by parts, and assuming that p and all its derivatives vanish
at infinity. It follows that p, considered as a function of y and τ , satisfies the adjoint
equation

∂p
∂τ
= −a(y, τ)

∂p
∂y
− b(y, τ)

∂2p
∂y2 , (2.230)

subject to the condition p(x, t | y, t) = δ(x − y). This equation for the backward con-
ditional probability is called the backward Fokker–Planck equation. Notice that this is
a backward diffusion equation, which in forward time is ill posed. However, it is well
posed when solved for backward times τ < t.

Armed with the backward Fokker–Planck equation, we now turn our attention to
the mean first exit time problem. Suppose a particle is initially at position y, inside a
one-dimensional region α < y < β, and that the wall at y = α is impermeable, but the
particle can leave the region freely at y = β. If we let τ(y) represent the time at which
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the particle first leaves the region having started from position y, then

P(τ (y) > t) = G(y, t) =
∫ β

α

p(x, t | y, 0) dx, (2.231)

which is the probability that the particle is inside the region at time t. Notice that since
p(x, 0 | y, 0) = δ(x− y), G(y, 0) = 1.

Since

P(τ (y) > t) = G(y, t) = −
∫ ∞

t
Gt(y, s)ds, (2.232)

it follows that Gt(y, t) is the probability density function for the random variable τ(y).
Thus, the expected value of τ(y) is

T(y) = E(τ (y)) = −
∫ ∞

0
tGt(y, t) dt =

∫ ∞

0
G(y, t) dt, (2.233)

where we have integrated by parts to get the final expression. Note that T(y) is the mean
time at which a particle leaves the domain, given that it starts at y at time t = 0.

For a time-independent process (i.e., a(y, t) = a(y), b(y, t) = b(y)) we have p(x, t |
y, 0) = p(x, 0 | y,−t). Hence, substituting −t for t in (2.230), and writing q(y, t | x) =
p(x, t | y, 0), it follows that q satisfies the negative backward Fokker–Planck equation

∂q
∂t
= a(y)

∂q
∂y
+ b(y)

∂2q
∂y2 , (2.234)

with q(y, 0 | x) = δ(x − y). Integrating with respect to x from x = α to x = β (since
G(y, t) = ∫ β

α
p(x, t | y, 0) dx) then gives

∂G
∂t
= a(y)

∂G
∂y
+ b(y)

∂2G

∂y2
, (2.235)

with G(y, 0) = 1. Finally, we can determine the equation for the expected value of τ(y)
by integrating (2.235) in time to find

−1 = a(y)
∂T
∂y
+ b(y)

∂2T
∂y2 . (2.236)

To completely specify the problem, we must specify boundary conditions. At imper-
meable boundaries, we require ∂T

∂y = 0, while at absorbing boundaries (boundaries
through which exit is allowed but reentry is not permitted) we require T = 0.

As an example, consider a pure diffusion process on a domain of length L with a
reflecting boundary at x = 0 and an absorbing boundary at x = L. The mean first exit
time satisfies the differential equation

DTxx = −1, (2.237)

subject to boundary conditions Tx(0) = 0, T(L) = 0. This has solution

T(x) = −x2 + L2

2D
. (2.238)
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We readily calculate that T(0) = L2

2D , as might be expected from (2.218). In addition, as
x increases, T(x) decreases, which again makes intuitive sense. The closer the particle
starts to the absorbing boundary, the shorter is the mean first exit time.

2.9.7 Diffusion and Fick’s Law

The Fokker–Planck equation describes the evolution of the probability distribution
function for single particle diffusion. However, it also applies to the concentration of
a dilute chemical species under the assumption that the chemical particles have no
self-interaction. If the diffusion coefficient is homogeneous in space, then the Fokker–
Planck equation and the diffusion equation are the same. However, if diffusion is not
homogeneous in space, then the diffusion equation, derived using Fick’s law, and the
Fokker–Planck equation are not the same. With Fick’s law, the diffusion equation is

∂c
∂t
= ∂

∂x

(
D
∂c
∂x

)
(2.239)

and the Fokker–Planck equation is

∂c
∂t
= ∂2(Dc)

∂x2
. (2.240)

Which of these is correct?
There is a simple observation that can help answer this question. If Fick’s law is

correct, then at steady state the flux in a closed container is zero, so that

D
∂c
∂x
= 0, (2.241)

implying that c(x) is a uniform constant. On the other hand, if the Fokker–Planck
equation is correct, then at steady state

D(x)c(x) = constant. (2.242)

Notice that in this solution, the concentration varies inversely with D. That is, if D is
low then c should be high, and vice versa. Further, if c is initially uniform, Fick’s law
predicts no change in the solution as a function of time, whereas the Fokker–Planck
equation predicts transient behavior leading to a nonuniform distribution of c.

Van Milligen et al. (2006) reported a simple experimental test of this observation.
They added green food coloring to water and then added differing amounts of gelatin
to small quantities of the colored water. They then created gel bilayers consisting of
two layers of the colored gelatin with differing gelatin concentrations under the as-
sumption that diffusion of food coloring varies inversely with the amount of gelatin.
They recorded the color intensity at several later times and compared these recordings
with the solution of the partial differential equations.

The first observation is that the initially uniform concentration of food coloring did
not remain uniform, but increased in regions where the gelatin density was highest.
Even more striking, they were able to find very good fits of the data to the numerical
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solution of the Fokker–Planck equation. These observations lead to the conclusion
that Fick’s law is not the correct description of chemical diffusion in media where the
diffusion coefficient is not constant. The more appropriate description, coming from
the Fokker–Planck equation, is that

J = −∇(Dc). (2.243)

2.10 Exercises
1. A rule of thumb (derived by Einstein) is that the diffusion coefficient for a globular molecule

satisfies D ∼ M−1/3, where M is the molecular weight. Determine how well this relationship
holds for the substances listed in Table 2.2 by plotting D and M on a log-log plot.

2. A fluorescent dye with a diffusion coefficient D = 10−7 cm2/s and binding equilibrium
Keq = 30 mM is used to track the spread of hydrogen (Dh = 4.4× 10−5cm2/s). Under these
conditions the measured diffusion coefficient is 8× 10−6cm2/s. How much dye is present?
(Assume that the dye is a fast buffer of hydrogen and that the amount of hydrogen is much
less that Keq.)

3. Segel, Chet and Henis (1977) used (2.18) to estimate the diffusion coefficient for bacteria.
With the external concentration C0 at 7 × 107 ml−1, at times t = 2, 5, 10, 12.5, 15, and 20
minutes, they counted N of 1,800, 3,700, 4,800, 5,500, 6,700, and 8,000 bacteria, respec-
tively, in a capillary of length 32 mm with 1 μl total capacity. In addition, with external
concentrations C0 of 2.5, 4.6, 5.0, and 12.0 ×107 bacteria per milliliter, counts of 1,350,
2,300, 3,400, and 6,200 were found at t = 10 minutes. Estimate D.

4. Calculate the effective diffusion coefficient of oxygen in a solution containing 1.2 ×
10−5 M/cm3 myoglobin. Assume that the rate constants for the uptake of oxygen by
myoglobin are k+ = 1.4× 1010cm3 M−1s−1 and k− = 11 s−1.

5. Find the maximal enhancement for diffusive transport of carbon dioxide via binding with
myoglobin using Ds = 1.92 × 10−5 cm2/s, k+ = 2 × 108 cm3/M · s, k− = 1.7 × 10−2/s.
Compare the amount of facilitation of carbon dioxide transport with that of oxygen at
similar concentration levels.

6. Devise a model to determine the rate of production of product for a “one-dimensional”
enzyme capsule of length L in a bath of substrate at concentration S0. Assume that the
enzyme is confined to the domain 0 ≤ x ≤ L and there is no flux through the boundary at
x = 0. Assume that the enzyme cannot diffuse within the capsule but that the substrate and
product can freely diffuse into, within, and out of the capsule. Show that the steady-state
production per unit volume of enzyme is less than the production rate of a reactor of the
same size in which substrate is homogeneously mixed (infinite diffusion).

7. Devise a model to determine the rate of production of product for a spherical enzyme
capsule of radius R0 in a bath of substrate at concentration S0. Assume that the enzyme
cannot diffuse within the capsule but that the substrate and product can freely diffuse into,
within, and out of the capsule. Show that spheres of small radius have a larger rate of
production than spheres of large radius.
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Hint: Reduce the problem to the nondimensional boundary value problem

1

y2
(y2σ ′)′ − α2 σ

σ + 1
= 0, (2.244)

σ ′(0) = 0, (2.245)

σ(1) = σ0, (2.246)

and solve numerically as a function of α. How does the radius of the sphere enter the
parameter α?

8. Red blood cells have a passive exchanger that exchanges a single Cl− ion for a bicarbonate
(HCO−3 ) ion. Develop a model of this exchanger and find the flux.

9. Almost immediately upon entering a cell, glucose is phosphorylated in the first reaction
step of glycolysis. How does this rapid and nearly unidirectional reaction affect the trans-
membrane flux of glucose as represented by (2.54)? How is this reaction affected by the
concentration of ATP?

10. In the model of the glucose transporter (Fig. 2.6) the reaction diagram was simplified by
assuming that each conformation of the transporter is equally likely, and that the affinity
of the glucose binding site is unaffected by a change in conformation.

(a) Construct a more detailed model in which these assumptions are relaxed, and calculate
the flux through the model.

(b) What is the total change in chemical potential after one cycle of the exchanger? What
is the equilibrium condition?

(c) Apply detailed balance to obtain a relationship between the rate constants.

11. Consider the model of a nonelectrogenic, 3 for 1, Na+–Ca2+ exchanger. At equilibrium, the
concentrations on either side of the membrane are related by the equation

n3
e ci

n3
i ce
= 1. (2.247)

Assume that the membrane separates two equal volumes. For a given set of initial con-
centrations and assuming there are no other exchange processes, what three additional
conservation equations must be used to determine the equilibrium concentrations? Prove
that there is a unique equilibrium solution. Hint: Give a graphical proof.

12. Simplify the model of the Na+–Ca2+ exchanger (Fig. 2.9) by assuming that the binding and
unbinding of Na+ and Ca2+ are fast compared to the exchange processes between the inside
and the outside of the cell. Write the new model equations and calculate the steady-state
flux. Hint: The assumption of fast equilibrium gives

k1cix1 = k−1n3
i x2, (2.248)

k3n3
e y2 = k−3cey1. (2.249)

Then introduce the new variables X = X1 + X2 and Y = Y1 + Y2 and derive the equations
for X and Y.

13. Simplify the model of Fig. 2.11 by assuming fast binding of Na+ and K+, and draw the
reaction diagram of the simplified model. Calculate the expression for the steady-state flux.
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Hint: Combine the states X1, X2, and X3 into a single state, X, and similarly for Y1, Y2, and
Y3. Then use the equilibrium conditions

x1 = K1x2κ
2
i , (2.250)

n3
i x2 = K2x3, (2.251)

y3 = K5n3
e y2, (2.252)

κ2
e y2 = K6y1, (2.253)

where Ki = k−i/ki, n denotes [Na+], and κ denotes [K+], to derive the differential equations
for X and Y.

14. Calculate the flux of the Ran-GTP nuclear transporter. Use the information given in the text
to estimate the concentrating ability of this transporter, assuming there is no difference in
potential across the nuclear membrane.

15. Suppose that two compartments, each of one liter in volume, are connected by a membrane
that is permeable to both K+ and Cl−, but not to water or protein (X). Suppose further that,
as illustrated in Fig. 2.21, the compartment on the left initially contains 300 mM K+ and
300 mM Cl−, while the compartment on the right initially contains 200 mM protein, with
valence −2, and 400 mM K+.

(a) Is the starting configuration electrically and osmotically balanced?

(b) Find the concentrations at equilibrium.

(c) Why is [K+]i at equilibrium greater than its starting value, even though [K+]i > [K+]e
initially? Why does K+ not diffuse from right to left to equalize the concentrations?

(d) What is the equilibrium potential difference?

(e) What would happen if the connecting membrane were suddenly made permeable to
water when the system is at equilibrium? How large would the osmotic pressure be?

16. The derivation of the Gibbs–Donnan equilibrium for the case when [S]e is not fixed requires
an additional constraint. Show that it is equivalent to use either vi[S]i + ve[S]e = [S]tot or
vi[S′]i + ve[S′]e = [S′]tot. How must [S]tot and [S′]tot be related so that the answers for the
two are the same?

1 liter 1 liter

[ X2- ] = 200 mM

[ K+ ]i = 400 mM[ K+ ]e = 300 mM

[ Cl- ]e = 300 mM

Figure 2.21 The initial configura-
tion for Exercise 15.
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17. Suppose the intracellular macromolecule X can bind b molecules of the ion S via X +
bS −→←− XSb. What is the effect of this buffering on the Gibbs–Donnan equilibrium potential?

18. A 1.5 oz bag of potato chips (a typical single serving) contains about 200 mg of Na+.
When eaten and absorbed into the body, how many osmoles does this bag of potato chips
represent?

19. (a) Confirm that πs in (2.138) has units of pressure.

(b) Confirm the statement that a pressure of 25 atm corresponds to a column of water over
250 meters high.

(c) Consider a vertical tube with a cross-sectional area of 1 cm2. The bottom of the tube
is closed with a semipermeable membrane, and 1 gram of sugar is placed in the tube.
The membrane-closed end of the tube is then put into an inexhaustible supply of pure
water at T = 300 K. What will be the height of the water in the tube at equilibrium?
(The weight of a sugar molecule is 3×10−22 gm, and the density of water is 1 gm/cm3).

(d) Two columns with cross-sectional area 1 cm2 are initially filled to a height of one
meter with water at T = 300 K. Suppose 0.001 gm of sugar is dissolved in one of the
two columns. How high will the sugary column be when equilibrium is reached?

(e) Suppose that, in the previous question, 1 gm of sugar is dissolved in one of the two
columns. What is the equilibrium height of the two columns?

20. Suppose an otherwise normal cell is placed in a bath of high extracellular K+. What happens
to the cell volume and resting potentials?

21. Based on what you know about glycolysis from Chapter 1, how would you expect anoxia
(insufficient oxygen) to affect the volume of the cell? How might you incorporate this into a
model of cell volume? Hint: Lactic acid does not diffuse out of a cell as does carbon dioxide.

22. Suppose 90% of the Na+ in the bath of a squid axon is replaced by inert choline, preserving
electroneutrality. What happens to the equilibrium potentials and membrane potentials?

23. Determine the effect of temperature (through the Nernst equation) on cell volume and
membrane potential.

24. Simulate the time-dependent differential equations governing cell volume and ionic con-
centrations. What happens if the extracellular ionic concentrations are suddenly increased
or decreased?

25. Ouabain is known to compete with K+ for external K+ binding sites of the Na+–K+ ATPase.
Many animal cells swell and burst when treated with the drug ouabain. Why? Hint: How
would you include this effect in a model of cell volume control?

26. Since the Na+–K+ ATPase is electrogenic, the pump rate P in the pump-leak model must
also include effects from the membrane potential. What effect does membrane potential
have on the expression (2.169) and how does this modification affect the solution?

27. Use (2.224) to simulate a diffusion process, and verify that the mean and variance of the
process are 0 and 2Dt, respectively, as expected.

28. Find the steady-state probability distribution for the Ornstein–Uhlenbeck process.
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29. A small particle (with diffusion constant D and viscosity ν) experiences a constant load F
directed to the left but is not permitted to move into the region with x < 0. Suppose that
the particle is initially at x = 0. What is the expected time to first reach location x = δ?

30. Suppose that a molecule enters a spherical cell of radius 5 μm at its boundary. How long
will it take for the molecule to move by diffusion to find a binding target of radius 0.5 nm
located at the center of the cell? Use a diffusion coefficient of 10−6 cm2/s. (Hint: In higher
dimensions the differential equation for the mean first exit time is ∇2T = −1.)



C H A P T E R 3

Membrane Ion Channels

Every cell membrane contains ion channels, macromolecular pores that allow specific
ions to travel through the channels by a passive process, driven by their concentration
gradient and the membrane potential. One of the most extensively studied problems in
physiology is the regulation of such ionic currents. Indeed, in practically every chapter
of this book there are examples of how the control of ionic current is vital for cellular
function. Already we have seen how the cell membrane uses ion channels and pumps
to maintain an intracellular environment that is different from the extracellular envi-
ronment, and we have seen how such ionic separation results in a membrane potential.
In subsequent chapters we will see that modulation of the membrane potential is one
of the most important ways in which cells control their behavior or communicate with
other cells. However, to understand the role played by ion channels in the control of
membrane potential, it is first necessary to understand how membrane ionic currents
depend on the voltage and ionic concentrations.

There is a vast literature, both theoretical and experimental, on the properties of ion
channels. One of the best books on the subject is that of Hille (2001), to which the reader
is referred for a more detailed presentation than that given here. The bibliography
provided there also serves as a starting point for more detailed studies.

3.1 Current–Voltage Relations

Before we discuss specific models of ion channels, we emphasize an important fact that
can be a source of confusion. Although the Nernst equation (2.104) for the equilibrium
voltage generated by ionic separation can be derived from thermodynamic considera-
tions and is thus universally applicable, there is no universal expression for the ionic
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current. An expression for, say, the Na+ current cannot be derived from thermodynamic
first principles and depends on the particular model used to describe the Na+ channels.
Already we have seen two different models of ionic currents. In the previous chapter we
described two common models of Na+ current as a function of the membrane potential
and the internal and external Na+ concentrations. In the simpler model, the Na+ cur-
rent across the cell membrane was assumed to be a linear function of the membrane
potential, with a driving force given by the Na+ Nernst potential. Thus,

INa = gNa(V − VNa), (3.1)

where VNa = (RT/F) ln([Na+]e/[Na+]i) is the Nernst potential of Na+, and where V =
Vi − Ve. (As usual, a subscript e denotes the external concentration, while a subscript
i denotes the internal concentration.) Note that the Na+ current is zero when V is the
Nernst potential, as it must be. However, we also discussed an alternative model, where
integration of the Nernst–Planck equation (2.114), assuming a constant electric field,
gave the Goldman–Hodgkin–Katz (GHK), or constant-field, current equation:

INa = PNa
F2

RT
V

⎡

⎣
[Na+]i − [Na+]e exp

(−VF
RT

)

1− exp
(−VF

RT

)

⎤

⎦ . (3.2)

As before, the Na+ current is zero when V equals the Nernst potential, but here the
current is a nonlinear function of the voltage and linear in the ionic concentrations. In
Fig. 3.1A we compare the linear and GHK I–V curves when there is only a single ion
present.

There is no one “correct” expression for the Na+ current, or any other ionic current
for that matter. Different cells have different types of ion channels, each of which may
have different current–voltage relations. The challenge is to determine the current–
voltage, or I–V , curve for a given ion channel and relate it to underlying biophysical
mechanisms.

Our choice of these two models as examples was not coincidental, as they are the
two most commonly used in theoretical models of cellular electrical activity. Not only
are they relatively simple (at least compared to some of the other models discussed later
in this chapter), they also provide good quantitative descriptions of many ion channels.
For example, the I–V curves of open Na+ and K+ channels in the squid giant axon are
approximately linear, and thus the linear model was used by Hodgkin and Huxley in
their classic model of the squid giant axon (discussed in detail in Chapter 5). However,
the I–V curves of open Na+ and K+ channels in vertebrate axons are better described
by the GHK equation, and so nonlinear I–V curves are often used for vertebrate models
(Frankenhaeuser, 1960a,b, 1963; Campbell and Hille, 1976).

Because of the importance of these two models, we illustrate another way in which
they differ. This also serves to illustrate the fact that although the Nernst potential is
universal when there is only one ion present, the situation is more complicated when
two or more species of ion can pass through the membrane. If both Na+ and K+ ions
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are present and both obey the GHK current equation, we showed in (2.127) that the
reversal potential Vr at which there is no net current flow is

Vr = RT
F

ln
(

PNa[Na+]e + PK[K+]e
PNa[Na+]i + PK[K+]i

)
. (3.3)

However, if instead that the I–V curves for Na+ and K+ are assumed to be linear, then
the reversal potential is

Vr = gNaVNa + gKVK

gNa + gK
, (3.4)

where VK is the Nernst potential of K+. Clearly, the reversal potential is model-
dependent. This is due to the fact that at the reversal potential the net current flow
is zero, but the individual Na+ and K+ currents are not. Thus, the equilibrium argu-
ments used to derive the Nernst equation do not apply, and a universal form for the
reversal potential does not exist. As an illustration of this, in Fig. 3.1B we plot the re-
versal potentials Vr from (3.3) and (3.4) as functions of [K+]e. Although the linear and
GHK I–V curves predict different reversal potentials, the overall qualitative behavior
is similar, making it difficult to distinguish between a linear and a GHK I–V curve on
the basis of reversal potential measurements alone.

3.1.1 Steady-State and Instantaneous Current–Voltage Relations

Measurement of I–V curves is complicated by the fact that ion channels can open or
close in response to changes in the membrane potential. Suppose that in a population
of ion channels, I increases as V increases. This increase could be the result of two
different factors. One possibility is that more channels open as V increases while the
current through an individual channel remains unchanged. It is also possible that the
same number of channels remain open but the current through each one increases. To
understand how each channel operates, it is necessary to separate these two factors to
determine the I–V curve of a single open channel. This has motivated the definition of
steady-state and instantaneous I–V curves.

If channels open or close in response to a change in voltage, but this response is
slower than the change in current in a channel that is already open, it should be possible
to measure the I–V curve of a single open channel by changing the voltage quickly and
measuring the channel current soon after the change. Presumably, if the measurement
is performed fast enough, no channels in the population have time to open or close
in response to the voltage change, and thus the observed current change reflects the
current change through the open channels. Of course, this relies on the assumption
that the current through each open channel changes instantaneously. The I–V curve
measured in this way (at least in principle) is called the instantaneous I–V curve and
reflects properties of the individual open channels. If the current measurement is per-
formed after channels have had time to open or close, then the current change reflects
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Figure 3.1 A: I–V curves of the linear and GHK models for Na+ flux through a membrane.
Both curves have the same reversal potential as expected, but the GHK model (dashed curve)
gives a nonlinear I–V curve.Typical concentrations and conductances of the squid axon were
used: [Na+]i = 50 mM, [Na+]e = 437 mM, and gNa = 0.01 mS/cm2. PNa was chosen so that
the GHK I–V curve intersects the linear I–V curve at V = 0. B: Reversal potentials of the linear
and GHK models as functions of [K+]e .The membrane is permeable to both Na+ and K+.The
same parameters as A, with [K+]i = 397 mM and gK = 0.367 mS/cm2. PK was chosen so that
the GHK I–V curve for K+, with [K+]e = 20 mM, intersects the linear I–V curve for K+ at V = 0.

the I–V curve of a single channel as well as the proportion of open channels. In this
way one obtains a steady-state I–V curve.

There are two basic types of model that are used to describe ion flow through
open channels, and we discuss simple versions of each. In the first type of model, the
channel is described as a continuous medium, and the ionic current is determined by



3.2: Independence, Saturation, and the Ussing Flux Ratio 125

the Nernst–Planck electrodiffusion equation, coupled to the electric field by means of
the Poisson equation. In more complex models of this type, channel geometry and the
effects of induced charge on the channel wall are incorporated. In the second type of
model the channel is modeled as a sequence of binding sites, separated by barriers that
impede the ion’s progress: the passage of an ion through the channel is described as a
process of “hopping” over barriers from one binding site to another. The height of each
barrier is determined by the properties of the channel, as well as by the membrane
potential. Thus, the rate at which an ion traverses the channel is a function both of the
membrane potential and of the channel type. An excellent summary of the advantages
and disadvantages of the two model types is given by Dani and Levitt (1990).

We also discuss simple models of the kinetics of channel gating, and the stochastic
behavior of a single channel. These models are of fundamental importance in Chapter 5,
where we use an early model of the voltage-dependent gating of ion channels proposed
by Hodgkin and Huxley as part of their model of the action potential in the squid
giant axon. More detailed recent models of channel gating are not discussed at any
length. The interested reader is referred to Hille (2001), Armstrong (1981), Armstrong
and Bezanilla (1973, 1974, 1977), Aldrich et al. (1983), and Finkelstein and Peskin
(1984) for a selection of models of how channels can open and close in response to
changes in membrane potential. An important question that we do not consider here
is how channels can discriminate between different ions. Detailed discussions of this
and related issues are in Hille (2001) and the references therein.

3.2 Independence, Saturation, and the Ussing Flux Ratio

One of the most fundamental questions to be answered about an ion channel is whether
the passage of an ion through the channel is independent of other ions. If so, the channel
is said to obey the independence principle.

Suppose a membrane separates two solutions containing an ion species S with
external concentration ce and internal concentration ci. If the independence principle
is satisfied, the flow of S is proportional to its local concentration, independent of the
concentration on the opposite side of the membrane, and thus the flux from outside to
inside, Jin, is

Jin = kece, (3.5)

for some constant ke. Similarly, the outward flux is given by

Jout = kici, (3.6)

where in general, ke �= ki. We let VS denote the Nernst potential of the ion S, and let
V denote the potential difference across the membrane. Now we let c∗e be the external
concentration for which V is the Nernst potential. Thus,

ce

ci
= exp

(
zVSF
RT

)
, (3.7)
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and
c∗e
ci
= exp

(
zVF
RT

)
. (3.8)

If the external concentration were c∗e with internal concentration ci, then there would
be no net flux across the membrane; i.e., the outward flux equals the inward flux,
and so

kec
∗
e = kici. (3.9)

It follows that the flux ratio is given by

Jin

Jout
= kece

kici
= kece

kec∗e
= ce

c∗e

=
exp

(
zVSF
RT

)

exp
(

zVF
RT

)

= exp
[

z(VS − V)F
RT

]
. (3.10)

This expression for the ratio of the inward to the outward flux is usually called the
Ussing flux ratio. It was first derived by Ussing (1949), although the derivation given
here is due to Hodgkin and Huxley (1952a). Alternatively, the Ussing flux ratio can be
written as

Jin

Jout
= ce

ci
exp

(−zVF
RT

)
. (3.11)

Note that when V = 0, the ratio of the fluxes is equal to the ratio of the concentrations,
as might be expected intuitively.

Although many ion channels follow the independence principle approximately over
a range of ionic concentrations, most show deviations from independence when the
ionic concentrations are sufficiently large. This has motivated the development of mod-
els that show saturation at high ionic concentrations. For example, one could assume
that ion flow through the channel can be described by a barrier-type model, in which
the ion jumps from one binding site to another as it moves through the channel. If
there are only a limited number of binding sites available for ion passage through the
channel, and each binding site can bind only one ion, then as the ionic concentration
increases there are fewer binding sites available, and so the flux is not proportional
to the concentration. Equivalently, one could say that each channel has a single bind-
ing site for ion transfer, but there are only a limited number of channels. However, in
many of these models the Ussing flux ratio is obeyed, even though independence is not.
Hence, although any ion channel obeying the independence principle must also satisfy
the Ussing flux ratio, the converse is not true. We discuss saturating models later in
this chapter.

Another way in which channels show deviations from independence is in flux-
coupling. If ions can interact within a channel so that, for example, a group of ions
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must move through the channel together, then the Ussing flux ratio is not satisfied. The
most common type of model used to describe such behavior is the so-called multi-ion
model, in which it is assumed that there are a number of binding sites within a single
channel and that the channel can bind multiple ions at the same time. The consequent
interactions between the ions in the channel can result in deviations from the Ussing
flux ratio. A more detailed consideration of multi-ion models is given later in this
chapter. However, it is instructive to consider how the Ussing flux ratio is modified by a
simple multi-ion channel mechanism in which the ions progress through the channel
in single file (Hodgkin and Keynes, 1955).

Suppose a membrane separates two solutions, the external one (on the right) con-
taining an ion S at concentration ce, and the internal one (on the left) at concentration ci.
To keep track of where each S ion has come from, all the S ions on the left are labeled A,
while those on the right are labeled B. Suppose also that the membrane contains n bind-
ing sites and that S ions traverse the membrane by binding sequentially to the binding
sites and moving across in single file. For simplicity we assume that there are no va-
cancies in the chain of binding sites. It follows that the possible configurations of the
chain of binding sites are [Ar, Bn−r], for r = 0, . . . , n, where [Ar, Bn−r] denotes the con-
figuration such that the r leftmost sites are occupied by A ions, while the rightmost
n − r sites are occupied by B ions. Notice that the only configuration that can result
in the transfer of an A ion to the right-hand side is [AnB0], i.e., if the chain of binding
sites is completely filled with A ions.

Now we let α denote the total rate at which S ions are transferred from left to right.
Since α denotes the total rate, irrespective of labeling, it does not take into account
whether an A ion or a B ion is moved out of the channel from left to right. For this
reason, α is not the same as the flux of labeled ions. Similarly, let β denote the total flux
of S ions, irrespective of labeling, from right to left. It follows that the rate at which
[ArBn−r] is converted to [Ar+1Bn−r−1] is α[ArBn−r], and the rate of the reverse conversion
is β[Ar+1Bn−r−1]. According to Hodgkin and Keynes, it is reasonable to assume that if
there is a potential difference V across the membrane, then the total flux ratio obeys
the Ussing flux ratio,

α

β
= ce

ci
exp

(−VF
RT

)
. (3.12)

This assumption is justified by the fact that a flux of one ion involves the movement of
a single charge (assuming z = 1) through the membrane (as in the independent case
treated above) and thus should have the same voltage dependence. We emphasize that
α/β is not the flux ratio of labeled ions, but the total flux ratio.

To obtain the flux ratio of labeled ions, notice that the rate at which A ions are
transferred to the right-hand side is α[AnB0], and the rate at which B ions are transferred
to the left-hand side is β[A0Bn]. Thus, the flux ratio of labeled ions is

Jin

Jout
= α

β

[AnB0]
[A0Bn] . (3.13)
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At steady state there can be no net change in the distribution of configurations, so that

[Ar+1Bn−r−1]
[ArBn−r] = α

β
. (3.14)

Thus,

Jin

Jout
= α

β

[AnB0]
[A0Bn] =

(
α

β

)2 [An−1B1]
[A0Bn] = · · · =

(
α

β

)n+1

, (3.15)

so that

Jin

Jout
=
[

ce

ci
exp

(−VF
RT

)]n+1

. (3.16)

A similar argument, taking into account the fact that occasional vacancies in the chain
arise when ions at the two ends dissociate and that these vacancies propagate through
the chain, gives

Jin

Jout
=
[

ce

ci
exp

(−VF
RT

)]n

. (3.17)

Experimental data confirm this theoretical prediction (although historically, the
theory was motivated by the experimental result, as is often the case). Hodgkin and
Keynes (1955) showed that flux ratios in the K+ channel of the Sepia giant axon could
be described by the Ussing flux ratio raised to the power 2.5. Their result, as presented
in modified form by Hille (2001), is shown in Fig. 3.2. Unidirectional K+ fluxes were
measured with radioactive K+, and the ratio of the outward to the inward flux was
plotted as a function of V − VK. The best-fit line on a semilogarithmic plot has a slope
of 2.5, which suggests that at least 2 K+ ions traverse the K+ channel simultaneously.

3.3 Electrodiffusion Models

Most early work on ion channels was based on the theory of electrodiffusion. Recall
from Chapter 2 that the movement of ions in response to a concentration gradient and
an electric field is described by the Nernst–Planck equation,

J = −D
(

dc
dx
+ zF

RT
c

dφ
dx

)
, (3.18)

where J denotes the flux density, c is the concentration of the ion under considera-
tion, and φ is the electrical potential. If we make the simplifying assumption that the
field dφ/dx is constant through the membrane, then (3.18) can be solved to give the
Goldman–Hodgkin–Katz current and voltage equations (2.123) and (2.126). However,
in general there is no reason to believe that the potential has a constant gradient in the
membrane. Ions moving through the channel affect the local electric field, and this local
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Figure 3.2 K+ flux ratios as measured by Hodgkin and Keynes (1955), Fig. 7. Slightly modified
into modern conventions by Hille (2001), page 487. Ko is the external K+ concentration, and n′
is the flux-ratio exponent, denoted by n in (3.17). (Hille, 2001, Fig. 15.7, p. 487.)

field in turn affects ionic fluxes. Thus, to determine the electric field and consequent
ionic fluxes, one must solve a coupled problem.

3.3.1 Multi-Ion Flux: The Poisson–Nernst–Planck Equations

Suppose there are two types of ions, S1 and S2, with concentrations c1 and c2, passing
through an ion channel, as shown schematically in Fig. 3.3.

For convenience, we assume that the valence of the first ion is z > 0 and that of the
second is −z. Then, the potential in the channel φ(x) must satisfy Poisson’s equation,

d2φ

dx2 = −
zq
ε

Na(c1 − c2), (3.19)

where q is the unit electric charge, ε is the dielectric constant of the channel medium
(usually assumed to be an aqueous solution), and Na is Avogadro’s number, necessary
to convert units of concentration in moles per liter into number of molecules per liter.
The flux densities J1 and J2 of S1 and S2 satisfy the Nernst–Planck equation, and at
steady state dJ1/dx and dJ2/dx must both be zero to prevent charge buildup within
the channel. Hence, the steady-state flux through the channel is described by (3.19)



130 3: Membrane Ion Channels

Figure 3.3 Schematic diagram of the electrodiffusion model of current through an ionic
channel. Each side of the channel is electrically neutral, and both ion types can diffuse through
the channel.

coupled with

J1 = −D1

(
dc1

dx
+ zF

RT
c1

dφ
dx

)
, (3.20)

J2 = −D2

(
dc2

dx
− zF

RT
c2

dφ
dx

)
, (3.21)

where J1 and J2 are constants. To complete the specification of the problem, it is neces-
sary to specify boundary conditions for c1, c2, and φ. We assume that the channel has
length L, and that x = 0 denotes the left border, or inside, of the membrane. Then,

c1(0) = ci, c1(L) = ce,

c2(0) = ci, c2(L) = ce, (3.22)

φ(0) = V , φ(L) = 0.

Note that the solutions on both sides of the membrane are electrically neutral. V is the
potential difference across the membrane, defined, as usual, as the internal potential
minus the external potential. While at first glance it might appear that there are too
many boundary conditions for the differential equations, this is in fact not so, as the
constants J1 and J2 are additional unknowns to be determined.

In general, it is not possible to obtain an exact solution to the Poisson–Nernst–
Planck (PNP) equations (3.19)–(3.22). However, some simplified cases can be solved
approximately. A great deal of work on the PNP equations has been done by Eisenberg
and his colleagues (Chen et al., 1992; Barcilon, 1992; Barcilon et al., 1992; Chen and
Eisenberg, 1993). Here we present simplified versions of their models, ignoring, for
example, the charge induced on the channel wall by the presence of ions in the channel,
and considering only the movement of two ion types through the channel. Similar
models have also been discussed by Peskin (1991).
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It is convenient first to nondimensionalize the PNP equations. We let y = x/L,
ψ = φzF/RT, v = VF/RT, uk = ck/c̃, for k = 1, 2, i and e, where c̃ = ce + ci. Substituting
into (3.19)–(3.21), we find

−j1 = du1

dy
+ u1

dψ
dy

, (3.23)

−j2 = du2

dy
− u2

dψ
dy

, (3.24)

d2ψ

dy2
= −λ2(u1 − u2), (3.25)

where λ2 = L2qFNac̃/(εRT), j1 = J1L/(c̃D1), and j2 = J2L/(c̃D1). The boundary
conditions are

u1(0) = ui, u1(1) = ue,

u2(0) = ui, u2(1) = ue, (3.26)

ψ(0) = v, ψ(1) = 0.

The Short-Channel or Low Concentration Limit

If the channel is short or the ionic concentrations on either side of the membrane are
small, so that λ � 1, we can find an approximate solution to the PNP equations by
setting λ = 0. This gives

d2ψ

dy2
= 0, (3.27)

and thus
dψ
dy
= −v. (3.28)

Hence, λ ≈ 0 implies that the electric potential has a constant gradient in the mem-
brane, which is exactly the constant field assumption that was made in the derivation
of the GHK equations (Chapter 2). The equation for u1 is then

du1

dy
− vu1 = −j1, (3.29)

and thus

u1 = j1
v
+K1evy. (3.30)

From the boundary conditions u1(0) = ui, u1(1) = ue it follows that

j1 = v
ui − uee−v

1− e−v . (3.31)

In dimensional form, this is

I1 = FJ1 = D1

L
F2

RT
V

(
ci − ce exp(−zVF

RT )

1− exp(−zVF
RT )

)
, (3.32)
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Figure 3.4 The concentration and
potential profiles for the short-channel
limit of the Poisson–Nernst–Planck
equations. Dimensionless parame-
ters were set arbitrarily at ui = 50/
550 = 0.091, ue = 500/550 = 0.909,
v = 1. In this limit the electric field
is constant through the channel (the
potential has a constant slope), the
concentration profile is nonlinear, and
the GHK I–V curve is obtained.

which is, as expected, the GHK current equation. Graphs of the concentration and
voltage profiles through the membrane are shown in Fig. 3.4. It is reassuring that the
widely used GHK equation for the ionic flux can be derived as a limiting case of a more
general model.

The Long-Channel Limit
Another interesting limit is obtained by letting the length of the channel go to infinity.
If we let η = 1/λ denote a small parameter, the model equations are

−j1 = du1

dy
+ u1

dψ
dy

, (3.33)

−j2 = du2

dy
− u2

dψ
dy

, (3.34)

−η2 d2ψ

dy2 = (u1 − u2). (3.35)

Since there is a small parameter multiplying the highest derivative, this is a singular
perturbation problem. The solution obtained by setting η = 0 does not, in general,
satisfy all the boundary conditions, as the degree of the differential equation has been
reduced, resulting in an overdetermined system. In the present case, however, this
reduction of order is not a problem.

Setting η = 0 in (3.35) gives u1 = u2, which happens to satisfy both the left and
right boundary conditions. Thus, u1 and u2 are identical throughout the channel. From
(3.33) and (3.34) it follows that

d
dy
(u1 + u2) = −j1 − j2. (3.36)

Since both j1 and j2 are constants, it follows that du1/dy is a constant, and hence, from
the boundary conditions,

u1 = u2 = ui + (ue − ui)y. (3.37)
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We are now able to solve for ψ . Subtracting (3.35) from (3.34) gives

2u1
dψ
dy
= 2j, (3.38)

where 2j = j2 − j1, and hence

ψ = j
ue − ui

ln[ui + (ue − ui)y] + K, (3.39)

for some other constant K. Applying the boundary conditions ψ(0) = v, ψ(1) = 0 we
determine j and K, with the result that

ψ = − v
v1

ln
[

ui

ue
+
(

1− ui

ue

)
y
]

, (3.40)

where v1 = ln(ue/ui) is the dimensionless Nernst potential of ion S1. The flux density
of one of the ions, say S1, is obtained by substituting the expressions for u1 and ψ into
(3.33) to get

j1 = ue − ui

v1
(v− v1), (3.41)

or in dimensional form,

J1 = D1

L
zF
RT

ce − ci

ln ce
ci

(V − RT
zF

ln
ce

ci
), (3.42)

which is the linear I–V curve that we met previously. Graphs of the corresponding
concentration and voltage profiles through the channel are shown in Fig. 3.5.

In summary, by taking two different limits of the PNP equations we obtain either
the GHK I–V curve or a linear I–V curve. In the short-channel limit, ψ has a constant
gradient through the membrane, but the concentration does not. In the long-channel
limit the reverse is true, with a constant gradient for the concentration through the
channel, but not for the potential. It is left as an exercise to prove that although the
GHK equation obeys the independence principle and the Ussing flux ratio, the linear
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Figure 3.5 The concentration and po-
tential profiles for the long-channel limit
of the Poisson–Nernst–Planck equa-
tions. Dimensionless parameters were
set arbitrarily at ui = 50/550 = 0.091,
ue = 500/550 = 0.909, v = 1. In
this limit the concentration profile has
a constant slope, the potential profile
is nonlinear, and the linear I–V curve is
obtained.
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I–V curve obeys neither. Given the above derivation of the linear I–V curve, this is not
surprising. A linear I–V curve is obtained when either the channel is very long or the
ionic concentrations on either side of the channel are very high. In either case, one
should not expect the movement of an ion through the channel to be independent of
other ions, and so that the independence principle is likely to fail. Conversely, the GHK
equation is obtained in the limit of low ionic concentrations or short channels, in which
case the independent movement of ions is not surprising.

3.4 Barrier Models

The second type of model that has been widely used to describe ion channels is based
on the assumption that the movement of an ion through the channel can be modeled
as the jumping of an ion over a discrete number of free-energy barriers (Eyring et al.,
1949; Woodbury, 1971; Läuger, 1973). It is assumed that the potential energy of an ion
passing through a channel is described by a potential energy profile of the general form
shown in Fig. 3.6. The peaks of the potential energy profile correspond to barriers that
impede the ion flow, while the local minima correspond to binding sites within the
channel.

To traverse the channel the ion must hop from one binding site to another. Accord-
ing to the theory of chemical reaction rates, the rate at which an ion jumps from one
binding site to the next is an exponential function of the height of the potential energy

c0

c2

c3

c1

Inside Outside

DG1

DG-1

k0

k-1

k1

k-2

Figure 3.6 General potential energy profile for barrier models.The local minima correspond
to binding sites within the channel, and the local maxima are barriers that impede the ion flow.
An ion progresses through the channel by hopping over the barriers from one binding site to
another.
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barrier that it must cross. Thus, in the notation of the diagram,

kj = κ exp
(−
Gj

RT

)
, (3.43)

for some factor κ with units of 1/time. One of the most difficult questions in the use
of this expression is deciding the precise form of the factor κ. According to Eyring
rate theory (as used in this context by Hille (2001), for example), κ = kT/h, where k is
Boltzmann’s constant, T is the temperature, and h is Planck’s constant. The derivation
of this expression for κ relies on the quantization of the energy levels of the ion in
some transition state as it binds to the channel binding sites. However, it is not clear
that at biologically relevant temperatures energy quantization has an important effect
on ionic flows. Using methods from nonequilibrium statistical thermodynamics, an
alternative form of the factor has been derived by Kramers (1940), and discussions of
this, and other, alternatives may be found in McQuarrie (1967) and Laidler (1969). In
the appendix to this chapter, we give a derivation of Kramers’ formula, but we do not
enter into the debate of which answer is best. Instead, in what follows, we assume that
κ is known, and independent of 
Gj, even though, for Kramers’ formula, such is not
the case.

For simplicity, we assume that each local maximum occurs halfway between the
local minima on each side. Barriers with this property are called symmetrical. An elec-
tric field in the channel also affects the rate constants. If the potential difference across
the cell membrane is positive (so that the inside is more positive than the outside), it
is easier for positive ions to cross the barriers in the outward direction but more diffi-
cult for positive ions to enter the cell. Thus, the heights of the barriers in the outward
direction are reduced, while the heights in the inward direction are increased. If there
is a potential difference of 
Vj over the jth barrier, then

kj = κ exp
[

1
RT

(−
Gj + zF
Vj+1/2)
]

, (3.44)

k−j = κ exp
[

1
RT

(−
G−j − zF
Vj/2)
]

. (3.45)

The factor 2 appears because the barriers are assumed to be symmetrical, so that the
maxima are lowered by zF
Vj/2. A simple illustration of this is given in Fig. 3.7A and
B and is discussed in detail in the next section.

In addition to symmetry, the barriers are assumed to have another important prop-
erty, namely, that in the absence of an electric field the ends of the energy profile are at
the same height, and thus

n−1∑

j=0


Gj −
n∑

j=1


G−j = 0. (3.46)

If this were not so, then in the absence of an electric field and with equal concentrations
on either side of the membrane, there would be a nonzero flux through the membrane,
a situation that is clearly unphysiological.
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A number of different models have been constructed along these general lines.
First, we consider the simplest type of barrier model, in which the ionic concentration
in the channel can become arbitrarily large, i.e., the channel does not saturate. This
is similar to the continuous models discussed above and can be thought of as a dis-
crete approximation to the constant field model. Because of this, nonsaturating models
give the GHK I–V curve in the limit of a homogeneous membrane. We then discuss
saturating barrier models and multi-ion models. Before we do so, however, it is impor-
tant to note that although barrier models can provide good quantitative descriptions
of some experimental data, they are phenomenological. In other words, apart from the
agreement between theory and experiment, there is often no reason to suppose that the
potential energy barrier used to describe the channel corresponds in any way to phys-
ical properties of the channel. Thus, although their relative simplicity has led to their
widespread use, mechanistic interpretations of the models should be made only with
considerable caution. Of course, this does not imply that barrier models are inferior
to continuous models such as the constant field model or the Poisson–Nernst–Planck
equations, which suffer from their own disadvantages (Dani and Levitt, 1990).

3.4.1 Nonsaturating Barrier Models

In the simplest barrier model (Eyring et al., 1949; Woodbury, 1971), the potential energy
barrier has the general form shown in Fig. 3.7A, and it is assumed that the movement
of an ion S over a barrier is independent of the ionic concentrations at the neighboring
barriers. This is equivalent to assuming that the concentration of S at any particular
binding site can be arbitrarily large.

The internal concentration of S is denoted by c0, while the external concentration
is denoted by cn. There are n− 1 binding sites (and thus n barriers) in the membrane,
and the concentration of S at the jth binding site is denoted by cj. Note the slight change
in notation from above. Instead of using ce and ci to denote the external and internal
concentrations of S, we use cn and c0. This allows the labeling of the concentrations
on either side of the membrane to be consistent with the labeling of the concentra-
tions at the binding sites. There is an equal voltage drop across each barrier, and thus
the electrical distance between each binding site, denoted by λ, is the same. For con-
venience, we assume the stronger condition, that the physical distance between the
binding sites is the same also, which is equivalent to assuming a constant electric field
in the membrane. In the absence of an electric field, we assume that the heights of the
energy barriers decrease linearly through the membrane, as in Fig. 3.7, with


Gj = 
G0 − jδG, (3.47)

for some constant increment δG. Finally, it is assumed that the flux from left to right, say,
across the jth barrier, is proportional to cj−1, and similarly for the flux in the opposite
direction. Thus, the flux over the jth barrier, J, is given by

J = λ(kj−1cj−1 − k−jcj). (3.48)
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With a potential difference
of V across the membrane (z =1)
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DG0 - FV/(2n)
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Figure 3.7 The potential energy diagram used in the nonsaturating model of Woodbury
(1971). There is an equal distance between the binding sites, and the barriers are symmet-
rical. A. In the absence of an electric field the barrier height decreases linearly through the
membrane. B.The presence of a constant electric field skews the energy profile, bringing the
outside down relative to the inside.This increases the rate at which positive ions traverse the
channel from inside to out and decreases their rate of entry.

Note that the units of J are concentration × distance/time, or moles per unit area per
time, so J is a flux density. As usual, a flux from inside to outside (i.e., left to right) is
defined as a positive flux.

At steady state the flux over each barrier must be the same, in which case we obtain
a system of linear equations,

k0c0 − k−1c1 = k1c1 − k−2c2 = · · · = kn−1cn−1 − k−ncn =M, (3.49)
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where M = J/λ is a constant. Hence

k0c0 = (k1 + k−1)c1 − k−2c2, (3.50)

k1c1 = (k2 + k−2)c2 − k−3c3, (3.51)

k2c2 = (k3 + k−3)c3 − k−4c4, (3.52)

...

We need to determine J in terms of the concentrations on either side of the membrane,
c0 and cn. Solving (3.51) for c1 and substituting into (3.50) gives

k0c0 = c2k2φ2 − c3k−3φ1, (3.53)

where

φj =
j∑

i=0

πi, (3.54)

πj = k−1 · · · k−j

k1 · · · kj
, π0 = 1. (3.55)

Then solving (3.52) for c2 and substituting into (3.53) gives

k0c0 = c3k3φ3 − c4k−4φ2. (3.56)

Repeating this process of sequential substitutions, we find that

k0c0 = kn−1cn−1φn−1 − cnk−nφn−2. (3.57)

Since

cn−1 = M + k−ncn

kn−1
, (3.58)

it follows that

k0c0 = φn−1(M + k−ncn)− cnk−nφn−2, (3.59)

and hence

J = λM =
λk0

(
c0 − cnπn

kn
k0

)

φn−1
. (3.60)

It remains to express the rate constants in terms of the membrane potential. If
there is a potential difference V across the membrane (as shown in Fig. 3.7B), the
constant electric field adds FzV/(2n) to the barrier when moving from right to left, and
−FzV/(2n) when moving in the opposite direction. Hence


Gj = 
G0 − jδG− FzV
2n

, (3.61)


G−j = 
G0 − (j− 1)δG+ FzV
2n

. (3.62)
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Now we use (3.43) to get

k−j

kj−1
= exp(−v/n),

k−j

kj
= exp(−g− v/n), (3.63)

where g = δG/(RT) and v = FzV/(RT). Hence

πj = exp(−j(g+ v/n)), (3.64)

and

φn−1 =
n−1∑

j=0

exp(−j(g+ v/n)) = e−n(g+v/n) − 1
e−(g+v/n) − 1

, (3.65)

so that

J = k0λ(c0 − cne−v)
e−(g+v/n) − 1
e−n(g+v/n) − 1

. (3.66)

As expected, (3.66) satisfies both the independence principle and the Ussing flux ratio.
Also, the flux is zero when v is the Nernst potential of the ion.

The Homogeneous Membrane Simplification
One useful simplification of the nonsaturating barrier model is obtained if it is assumed
that the membrane is homogeneous. We model a homogeneous membrane by setting
g = δG/(RT) = 0 and letting n → ∞. Thus, there is no increase in barrier height
through the membrane, and the number of barriers approaches infinity. In this limit,
keeping nλ = L fixed,

J = k00λ
2

L
v

c0 − cne−v

1− e−v , (3.67)

where k00 is the value of k0 at V = 0, L is the width of the membrane, and k00λ
2 is the

diffusion coefficient of the ion over the first barrier in the absence of an electric field.
Notice that for this to make sense it must be that k00 scales like λ−2 for small λ. In
Section 3.7.3 we show that this is indeed the case.

It follows that in the homogeneous membrane case,

J = DS

L
v

c0 − cne−v

1− e−v ,

= PSv
c0 − cne−v

1− e−v , (3.68)

which is exactly the GHK current equation (2.122) derived previously.

3.4.2 Saturating Barrier Models: One-Ion Pores

If an ion channel satisfies the independence principle, the flux of S is proportional to [S],
even when [S] gets large. However, this is not usually found to be true experimentally.
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It is more common for the flux to saturate as [S] increases, reaching some maximum
value as [S] gets large. This has motivated the development of models in which the flux
is not proportional to [S] but is a nonlinear, saturating, function of [S]. As one might
expect, equations for such models are similar to those of enzyme kinetics.

The basic assumptions behind saturating barrier models are that to pass through
the channel, ions must bind to binding sites in the channel, but that each binding site
can hold only a single ion (Läuger, 1973; Hille, 2001). Hence, if all the binding sites are
full, an increase in ionic concentration does not increase the ionic flux—the channel
is saturated. Saturating barrier models can be further subdivided into one-ion pore
models, in which each channel can bind only a single ion at any one time, and multi-
ion pore models, in which each channel can bind multiple ions simultaneously. The
theory of one-ion pores is considerably simpler than that of multi-ion pores, and so we
discuss those models first.

The Simplest One-Ion Saturating Model

We begin by considering the simplest one-ion pore model, with a single binding site. If
we let Se denote the ion outside, Si the ion inside, and X the binding site, the passage
of an ion through the channel can be described by the kinetic scheme

X + Si

k0−→←−
k−1

XS
k1−→←−

k−2

X + Se. (3.69)

Essentially, the binding site acts like an enzyme that transfers the ion from one side of
the membrane to the other, such as was encountered in Chapter 2 for the transport of
glucose across a membrane. Following the notation of the previous section, we let c0

denote [Si] and c2 denote [Se]. However, instead of using c1 to denote the concentration
of S at the binding site, it is more convenient to let c1 denote the probability that the
binding site is occupied. (In a population of channels, c1 denotes the proportion of
channels that have an occupied binding site.) Then, at steady state,

k0c0x− k−1c1 = k1c1 − k−2c2x, (3.70)

where x denotes the probability that the binding site is empty. Note that (3.70) is sim-
ilar to the corresponding equation for the nonsaturating pore, (3.49), with the only
difference that x appears in the saturating model. In addition, we have a conservation
equation for x,

x+ c1 = 1. (3.71)

Solution of (3.70) and (3.71) gives the flux J as

J = k0c0x− k−1c1 = k0k1c0 − k−1k−2c2

k0c0 + k−2c2 + k−1 + k1
. (3.72)

It is important to note that J, as defined by (3.72), does not have the same units (con-
centration × distance/time) as in the previous model, but here has units of number of
ions crossing the membrane per unit time. The corresponding transmembrane current,
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Figure 3.8 Plot of J against c0 for the simplest saturating model with one binding site.When
c0 is small, the flux is approximately a linear function of c0, but as c0 increases, the flux saturates
to a maximum value.

I, is given by I = zqJ, where q is the unit charge, and has the usual units of number of
charges crossing the membrane per unit time. A plot of J as a function of c0 is shown in
Fig. 3.8. When c0 is small, J is approximately a linear function of c0, but as c0 increases,
J saturates at the maximum value k1.

We now use (3.43) to express the rate constants in terms of the membrane potential.
As before, we assume that the local maxima of the energy profile occur midway between
the local minima; i.e., we assume that the barriers are symmetrical. However, we no
longer assume that the barriers are equally spaced through the channel. If the local
minimum occurs at an electrical distance δ from the left-hand side, it follows that

k0 = κ exp
[

1
RT

(−
G0 + δzFV/2)
]

, (3.73)

k1 = κ exp
[

1
RT

(−
G1 + (1− δ)zFV/2)
]

, (3.74)

k−1 = κ exp
[

1
RT

(−
G−1 − δzFV/2)
]

, (3.75)

k−2 = κ exp
[

1
RT

(−
G−2 − (1− δ)zFV/2)
]

. (3.76)

Because δ denotes an electrical, not a physical, distance, it is not necessary to assume
that the electric field in the membrane is constant, only that there is a drop of δV
over the first barrier and (1− δ)V over the second. In general, the energy profile of any
particular channel is unknown. However, the number and positions of the binding sites
and the values of the local maxima and minima can, in principle at least, be determined
by fitting to experimental data. We consider an example of this procedure (for a slightly
more complicated model) below.
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The Ussing Flux Ratio
Earlier in this chapter we stated that it is possible for a model to obey the Ussing flux
ratio but not the independence principle. Single-ion saturating models provide a simple
example of this. First, note that they cannot obey the independence principle, since the
flux is not linearly proportional to the ionic concentration. This nonlinear saturation
effect is illustrated in Fig. 3.8.

To see that the model obeys the Ussing flux ratio, it is necessary to set up the model
in a slightly different form. Suppose we have two isotopes, S and S̄, similar enough so
that they have identical energy profiles in the channel. Then, we suppose that a channel
has only S on the left-hand side and only S̄ on the right. We let c denote [S] and c̄ denote
[S̄]. Since S and S̄ have identical energy profiles in the channel, the rate constants for
the passage of S̄ through the channel are the same as those for S. From the kinetic
schemes for S and S̄ we obtain

k0c0x− k−1c1 = k1c1 − k−2c2x = JS, (3.77)

k0c̄0x− k−1c̄1 = k1c̄1 − k−2c̄2x = JS̄, (3.78)

but here the conservation equation for x is

x+ c̄1 + c1 = 1. (3.79)

To calculate the individual fluxes of S and S̄ it is necessary to eliminate x from (3.77)
and (3.78) using the conservation equation (3.79). However, to calculate the flux ratio
this is not necessary. Solving (3.77) for JS in terms of x, c0, and c2, we find

JS = x

⎛

⎜⎜⎝
k0c0 − k−1k−2

k1
c2

1+ k−1/k1

⎞

⎟⎟⎠ , (3.80)

and similarly,

JS̄ = x

⎛

⎜⎜⎝
k0c̄0 − k−1k−2

k1
c̄2

1+ k−1/k1

⎞

⎟⎟⎠ . (3.81)

If S is present only on the left-hand side and S̄ only on the right, we then have
c2 = 0 and c̄0 = 0, in which case

JS

JS̄
= − k0k1

k−1k−2

c0

c̄2
. (3.82)

The minus sign on the right-hand side appears because the fluxes are in different direc-
tions. Now we substitute for the rate constants, (3.73) to (3.76), and use the fact that the
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ends of the energy profile are at the same height (and thus
G0+
G1−
G−1−
G−2 =
0) to find

∣∣∣∣
JS

JS̄

∣∣∣∣ = exp
(

zVF
RT

)
c0

c̄2
, (3.83)

which is the Ussing flux ratio, as proposed.

Multiple Binding Sites

When there are multiple binding sites within the channel, the analysis is essentially the
same as the simpler case discussed above, but the details are more complicated. When
there are n barriers in the membrane (and thus n − 1 binding sites), the steady-state
equations are

k0c0x− k−1c1 = k1c1 − k−2c2 = · · · = kn−1cn−1 − k−ncnx = J, (3.84)

where x is the probability that all of the binding sites are empty and cj is the probability
that the ion is bound to the jth binding site. Because the channel must be in either state
x or one of the states c1, . . . , cn−1 (since there is only one ion in the channel at a time),
it follows that

x = 1−
n−1∑

i=1

ci. (3.85)

It is left as an exercise to show that

J = k0c0 − k−ncnπn−1

φn−1 + βk0c0 + k−ncn(αφn−1 − βφn−2)
, (3.86)

where

α =
n−1∑

j=1

φn−2 − φj−1

kjπj
, (3.87)

β =
n−1∑

j=1

φn−1 − φj−1

kjπj
, (3.88)

where φj and πj are defined in (3.54) and (3.55).
Equation (3.86) does not satisfy the independence principle, but it does satisfy the

Ussing flux ratio. However, the details are left as an exercise (Exercise 5).

3.4.3 Saturating Barrier Models: Multi-Ion Pores

We showed above that single-ion models obey the Ussing flux ratio, even though they
do not obey the independence principle. This means that to model the type of channel
described in Fig. 3.2 it is necessary to use models that show flux coupling as predicted
by Hodgkin and Keynes (1955). Such flux coupling arises in models in which more
than one ion can be in the channel at any one time. Although the equations for such
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multi-ion models are essentially the same as the equations for the single-ion models
described in the previous section, the analysis is complicated considerably by the fact
that there are many more possible channel states. Hence, numerical techniques are
the most efficient for studying such models. A great deal has been written about multi-
ion models (e.g., Hille and Schwartz, 1978; Begenisich and Cahalan, 1980; Schumaker
and MacKinnon, 1990; Urban and Hladky, 1979; Kohler and Heckmann, 1979). Space
does not allow for a detailed discussion of the properties of these models, but so we
present only a brief discussion of the simplest model. Hille and Schwartz (1978) and
Hille (2001) give more detailed discussions.

Multi-ion models are based on assumptions similar to one-ion models. It is assumed
that the passage of an ion through the channel can be described as the jumping of an ion
over energy barriers, from one binding site to another. In one-ion models each binding
site can either have an ion bound or not, and thus a channel with n binding sites can be
in one of n independent states (i.e., the ion can be bound to any one of the binding sites).
Hence, the steady-state ion distribution is found by solving a system of n linear equa-
tions, treating the concentrations on either side of the membrane as known. If more
than one ion can be present simultaneously in the channel, the situation is more compli-
cated. Each binding site can be in one of two states: binding an ion or empty. Therefore,
a channel with n binding sites can be in any of 2n states (at least; more states are possi-
ble if there is more than one ion type passing through the channel), and the steady-state
probability distribution must be found by solving a large system of linear equations.

The simplest possible multi-ion model has three barriers and two binding sites, and
so the channel can be in one of 4 possible states (Fig. 3.9). Arbitrary movements from
one state to another are not possible. For example, the state OO (where both binding

SS

OO

OS 4

1

2 SO

3

Figure 3.9 State diagram for a multi-
ion barrier model with two binding sites
and a single ion.



3.4: Barrier Models 145

sites are empty) can change to OS or SO but cannot change to SS in a single step, as this
would require two ions entering the channel simultaneously. We number the states as
in Fig. 3.9 and let kij denote the rate of conversion of state i to state j. Also, let Pj denote
the probability that the channel is in the jth state, and let ce and ci denote the external
and internal ion concentrations, respectively. Then, the equations for the probabilities
follow from the law of mass action; they are

dP1

dt
= −(k12 + k14)P1 + k21ceP2 + k41ciP4, (3.89)

dP2

dt
= −(k21ce + k23 + k24)P2 + k12P1 + cik32P3 + k42P4, (3.90)

dP3

dt
= −(cik32 + cek34)P3 + k43P4 + k23P2, (3.91)

dP4

dt
= −(k41ci + k42 + k43)P4 + k14P1 + k24P2 + cek34P3. (3.92)

The probabilities must also satisfy the conservation equation

4∑

i=1

Pi = 1. (3.93)

Using the conservation equation in place of the equation for P4, the steady-state
probability distribution is given by the linear system
⎛

⎜⎜⎝

−k12 − k14 k21 0 k41

k12 −k21 − k23 − k24 cek32 k42

0 k23 −cek32 − cik34 k43

1 1 1 1

⎞

⎟⎟⎠

⎛

⎜⎜⎝

P1

P2

P3

P4

⎞

⎟⎟⎠ =

⎛

⎜⎜⎝

0
0
0
1

⎞

⎟⎟⎠ . (3.94)

Since each rate constant is determined as a function of the voltage in the same way
as one-ion models (as in, for example, (3.73)–(3.76)), solution of (3.94) gives each Pi

as a function of voltage and the ionic concentrations on each side of the membrane.
Finally, the membrane fluxes are calculated as the net rate of ions crossing any one
barrier, and so, choosing the middle barrier arbitrarily, we have

J = P2k24 − P4k42. (3.95)

Although it is possible to solve such linear systems exactly (particularly with the
help of symbolic manipulators such as Maple or Mathematica), it is often as useful to
solve the equations numerically for a given energy profile. It is left as an exercise to
show that the Ussing flux ratio is not obeyed by a multi-ion model with two binding
sites and to compare the I–V curves of multi-ion and single-ion models.

3.4.4 Electrogenic Pumps and Exchangers

Recall from Chapter 2 that detailed balance required that rate constants in models of
electrogenic exchangers and pumps be dependent on the membrane potential. See,
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for example, (2.78) or (2.96). However, although the arguments from chemical equi-
librium show that voltage-dependency must exist, they do not specify exactly which
rate constants depend on the voltage, or what the functional dependency is. As we
have come to expect, it is much more difficult to answer these questions. Just as
there are many ways to model ionic current flow, so there are many ways to model
how rate constants depend on the membrane potential. In addition, depending on
the exact assumptions, any of the steps in the model could depend on membrane
potential. In other words, not only are there a number of ways to model the voltage-
dependence when it occurs, there are also many places where it could occur. It is,
in general, a very difficult task to determine the precise place and nature of the
voltage-dependence.

One simple approach is to assume that the conformational change of the carrier
protein is the step that moves the charge across the membrane, and thus requires
the crossing of a free energy barrier. Consider the diagram shown in Fig. 2.9. If we as-
sume that the transition from state X2 to Y2 involves the movement of 2 positive ions
across an energy barrier and a potential difference V , then we can model the rate
constants as

k2 = κ exp
[

1
RT

(−
G+ + 2FV/2)
]

(3.96)

= k̄2 exp
(

FV
RT

)
, (3.97)

k−2 = κ exp
[

1
RT

(−
G− − 2FV/2)
]

(3.98)

= k̄−2 exp
(−FV

RT

)
, (3.99)

where k̄2 = κ exp[−
G+/(RT)] and similarly for k̄−2. In (3.96) and (3.98) 2FV is divided
by 2 as we assume, for simplicity, that the energy barrier occurs halfway through the
membrane.

If we make similar assumptions for k4 and k−4, i.e., that these transitions involve
the reverse movement of 3 positive charges across an energy barrier and a potential
difference, we obtain similar equations for those rate constants. Then

k−2

k2

k−4

k4
= k̄−2

k̄2

k̄−4

k̄4
exp

(−2FV
RT

)
exp

(
3FV
RT

)

= k̄−2

k̄2

k̄−4

k̄4
exp

(
FV
RT

)
, (3.100)

from which it follows that K1K2K3K4 = exp
(

FV
RT

)
(cf. (2.78)), which is the necessary

equilibrium condition.
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3.5 Channel Gating

So far in this chapter we have discussed how the current through a single open channel
depends on the membrane potential and the ionic concentrations on either side of the
membrane. However, it is of equal interest to determine how ionic channels open and
close in response to voltage. As described in Chapter 5, the opening and closing of ionic
channels in response to changes in the membrane potential is the basis for electrical
excitability and is thus of fundamental significance in neurophysiology.

Recall that there is an important difference between the instantaneous and steady-
state I–V curves. In general, the current through a population of channels is the product
of three terms,

I = Ng(V , t)φ(V), (3.101)

where φ(V) is the I–V curve of a single open channel, and g(V , t) is the proportion of
open channels in the population of N channels. In the previous sections we discussed
electrodiffusion and barrier models of φ(V); in this section we discuss models of the
dependence of g on voltage and time.

Consider, for example, the curves in Fig. 3.10, which show typical responses of
populations of Na+ and K+ channels. When the voltage is stepped from −65 mV to
−9 mV, and held fixed at the new level, the K+ conductance (gK) slowly increases
to a new level, while the Na+ conductance (gNa) first increases and then decreases.

Figure 3.10 Na+ and K+ conductances as a function of time after a step change in voltage
from −65 mV to −9 mV.The dashed line shows that after repolarization gNa recovers quickly,
and gK recovers more slowly. (Hille, 2001, Fig. 2.11, p. 41.)
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From these data we can draw several conclusions. First, as the voltage increases, the
proportion of open K+ channels increases. Second, although the proportion of open
Na+ channels initially increases, a second process is significant at longer times, as the
Na+ channel is inactivated. Thus, Na+ channels first activate and then inactivate.

3.5.1 A Two-State K+ Channel

The simplest model of the K+ channel assumes that the channel can exist in either a
closed state, C, or an open state, O, and that the rate of conversion from one state to
another is dependent on the voltage. Thus,

C
α(V)
−→←−
β(V)

O. (3.102)

If g denotes the proportion of channels in the open state (so 1− g is the proportion of
closed channels), the differential equation for the rate of change of g is

dg
dt
= α(V)(1− g)− β(V)g. (3.103)

Under voltage-clamp conditions (i.e., where the voltage is piecewise constant, as in Fig.
3.10), α and β are constants, and thus one can readily solve for g as a function of time.
Equation (3.103) is often written as

τg(V)
dg
dt
= g∞(V)− g, (3.104)

where g∞(V) = α/(α + β) is the steady-state value of g, and τg(V) = 1/(α + β) is the
time constant of approach to the steady state. From experimental data, such as those
shown in Fig. 3.10, one can obtain values for g∞ and τg, and thus α and β can be
unambiguously determined.

The form of g∞(V) can be determined from free energy arguments. The reason for
voltage dependence must be that the subunit is charged and that to change from one
conformation to another charges must move in the potential field. This movement of
charge is a current, called the gating current. Now the difference in free energy between
the two conformations is of the form


G = 
G0 + aFV , (3.105)

where 
G0 is the free energy difference between the two states in the absence of a
potential, and a is a constant related to the number of charges that move and the relative
distance they move during a change of conformation. It follows that the equilibrium
constant for the subunit must be of the form

β

α
= k0 exp

(
aFV
RT

)
, (3.106)

in which case

g∞(V) = α

α + β =
1

1+ k0 exp(aFV
RT )

, (3.107)
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which can also be expressed in the form

g∞(V) = 1
2
+ 1

2
tanh(b(V − V0)). (3.108)

3.5.2 Multiple Subunits

An important generalization of the two-state model occurs when the channel is as-
sumed to consist of multiple identical subunits, each of which can be in either the
closed or open state. For example, suppose that the channel consists of two identical
subunits, each of which can be closed or open. Then, the channel can take any of four
possible states, S00, S10, S01, or S11, where the subscripts denote the different subunits,
with 1 and 0 denoting open and closed subunits, respectively. A general model of this
channel involves three differential equations (although there is a differential equation
for each of the four variables, one equation is superfluous because of the conservation
equation S00 + S10 + S01 + S11 = 1), but we can simplify the model by grouping the
channel states with the same number of closed and open subunits. Because the sub-
units are identical, there should be no difference between S10 and S01, and thus they
are amalgamated into a single variable.

So, we let Si denote the group of channels with exactly i open subunits. Then,
conversions between channel groups are governed by the reaction scheme

S0

2α
−→←−
β

S1

α

−→←−
2β

S2. (3.109)

The corresponding differential equations are

dx0

dt
= βx1 − 2αx0, (3.110)

dx2

dt
= αx1 − 2βx2, (3.111)

where xi denotes the proportion of channels in state Si, and x0 + x1 + x2 = 1. We now
make the change of variables x2 = n2, where n satisfies the differential equation

dn
dt
= α(1− n)− βn. (3.112)

A simple substitution shows that (3.110) and (3.111) are satisfied by x0 = (1− n)2 and
x1 = 2n(1− n).

In fact, we can derive a stronger result. We let

x0 = (1− n)2 + y0, (3.113)

x2 = n2 + y2, (3.114)
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so that, of necessity, x1 = 2n(1− n)− y0 − y2. It follows that

dy0

dt
= −2αy0 − β(y0 + y2), (3.115)

dy2

dt
= −α(y0 + y2)− 2βy2. (3.116)

This is a linear system of equations with eigenvalues −(α + β),−2(α + β), and so y0, y2

go exponentially to zero. This means that x0 = (1 − n)2, x2 = n2 is an invariant stable
manifold for the original system of equations; the solutions cannot leave this manifold,
and with arbitrary initial data, the flow approaches this manifold exponentially. Notice
that this is a stable invariant manifold even if α and β are functions of time (so they
can depend on voltage or other concentrations).

This argument generalizes to the case of k identical independent binding sites where
the invariant manifold for the flow is the binomial distribution with probability n sat-
isfying (3.112) (see Exercise 14). Thus, the channel conductance is proportional to nk,
where n satisfies the simple equation (3.112). This multiple subunit model of channel
gating provides the basis for the model of excitability that is examined in Chapter 5.

3.5.3 The Sodium Channel

A more complex model is needed to explain the behavior of the Na+ channel, which
both activates and inactivates. The simplest approach is to extend the above analysis to
the case of multiple subunits of two different types, m and h, say, where each subunit
can be either closed or open, and the channel is open, or conducting, only when all
subunits are open. To illustrate, we assume that the channel has one h subunit and two
m subunits. The reaction diagram of such a channel is shown in Fig. 3.11. We let Sij

denote the channel with i open m subunits and j open h subunits, and we let xij denote
the fraction of channels in state Sij. The dynamics of xij are described by a system of six
differential equations. However, as above, direct substitution shows that this system of
equations has an invariant manifold x00 = (1 − m)2(1 − h), x10 = 2m(1 −m)(1 − h),

b

b

a

a

g d g d g d

S00

S21S11S01

S20S10
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2a

2b

2b
Figure 3.11 Diagram of the possible
states in a model of the Na+ channel.
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b
g

d
Figure 3.12 A: Schematic diagram of the states of the Na+ chan-
nel. C, O, and I denote the closed, open, and inactivated states,
respectively.

x20 = m2(1− h), x01 = (1−m)2h, x11 = 2m(1−m)h, and x21 = m2h, provided

dm
dt
= α(1−m)− βm, (3.117)

dh
dt
= γ (1− h)− δh. (3.118)

Furthermore, the invariant manifold is stable. A model of this type was used by Hodgkin
and Huxley in their model of the nerve axon, which is discussed in detail in Chapter 5.

In an alternate model of the Na+ channel (Aldrich et al., 1983; Peskin, 1991), it
is assumed that the Na+ channel can exist in three states, closed (C), open (O), or
inactivated (I), and that once the channel is inactivated, it cannot return to either the
closed or the open state (Fig. 3.12). Thus, the state I is absorbing. While this is clearly
not true in general, it is a reasonable approximation at high voltages.

As before, we let g denote the proportion of open channels and let c denote the
proportion of closed channels. Then,

dc
dt
= −(α + δ)c+ βg, (3.119)

dg
dt
= αc− (β + γ )g, (3.120)

where the proportion of channels in the inactivated state is i = 1 − c − g. Initial con-
ditions are c(0) = 1, g(0) = 0, i.e., all the channels are initially in the closed state. This
system of first-order differential equations can be solved directly to give

g(t) = a(eλ1t − eλ2t), (3.121)

where λ2 < λ1 < 0 are the roots of the characteristic polynomial

λ2 + (α + β + γ + δ)λ+ (α + δ)(β + γ )− αβ = 0, (3.122)

and where

g′(0) = α = a(λ1 − λ2) > 0. (3.123)

As in the simple two-state model, the function g can be fit to data to determine
the parameters a,λ1, and λ2. However, unlike the two-state model, the rate constants
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cannot be determined uniquely from these parameters. For, since λ1 and λ2 are the
roots of (3.122), it follows that

α + β + γ + δ = −λ1 − λ2, (3.124)

(α + δ)(β + γ )− αβ = λ1λ2. (3.125)

Thus, there are only three equations for the four unknowns, α,β, γ , and δ, so the sys-
tem is underdetermined (see Exercise 16). This problem cannot be resolved using the
macroscopic data that have been discussed so far, but requires data collected from a
single channel, as described in Section 3.6.

3.5.4 Agonist-Controlled Ion Channels

Many ion channels are controlled by agonists, rather than by voltage. For example, the
opening of ion channels in the postsynaptic membrane of the neuromuscular junction
(Chapter 8) is controlled by the neurotransmitter acetylcholine, while in the central ner-
vous system a host of neurotransmitters such as glutamate, dopamine, γ -aminobutyric
acid (GABA), and serotonin have a similar role. The inositol trisphosphate receptor and
ryanodine receptor are other important agonist-controlled ion channels (Chapter 7).

Early theories of agonist-controlled ion channels (Clark, 1933) assumed that the
channel was opened simply by the binding of the agonist. Thus,

A + T
k1−→←−

k−1

AT, (3.126)

where the state AT is open. However, this simple theory is unable to account for a
number of experimental observations. For example, it can happen that only a fraction
of channels are open at any given time, even at high agonist concentrations, a result
that cannot be explained by this simple model.

In 1957, del Castillo and Katz proposed a model that explicitly separated the
agonist-binding step from the gating step:

A + T
k1−→←−

k−1

AT
β
−→←−
α

AR.

agonist state 3 state 2 state 1
closed closed open

unoccupied occupied occupied

(3.127)

Note that the only open state is AR (state 1; the slightly unusual numbering of the
states follows Colquhoun and Hawkes, 1981). Thus, in this model, binding of the ago-
nist places the channel into an occupied state that allows, but does not require, opening.
The agonist-binding step is controlled by the affinity of the channel for the agonist, while
the gating is determined by the efficacy of the agonist. This separation of affinity and ef-
ficacy has proven to be an extremely powerful way of understanding agonist-controlled
channels, and is at the heart of practically all modern approaches (Colquhoun, 2006).
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The conductance of a population of agonist-controlled channels is determined as
the solution of the system of differential equations

d�1

dt
= β�2 − α�1, (3.128)

d�2

dt
= α�1 + k1a(1−�2 −�1)− (β + k−1)�2, (3.129)

where �1, �2, and 1 − �1 − �2 represent the percentage of channels in states 1, 2,
and 3, respectively, and a is the concentration of agonist A. The solution of this system
of differential equations is easy to determine, provided a is constant. However, the
practical usefulness of this exact solution is extremely limited, since in any realistic
situation a is changing in time.

The steady-state solution is also readily found to be

�1 = 1

1+ β
α
+ βk−1

αk1a

, (3.130)

and this can be fit to data to find the equilibrium constants β
α

and k−1
k1

. However, com-
plete determination of the four kinetic parameters is much more challenging. One
could imagine a “concentration clamp” experiment, in which the concentration of a
is suddenly switched from one level to another and the conductance of the channels
monitored. From these data one could then determine the two eigenvalues of the sys-
tem (3.128)–(3.129). However, usually such experiments are very difficult to perform.
In Section 3.6 we show that there is more information contained in single-channel
recordings and how this additional information can be used to determine the kinetic
parameters of channel models.

3.5.5 Drugs and Toxins

Many drugs act by blocking a specific ion channel. There are numerous specific channel
blockers, such as Na+ channel blockers, K+ channel blockers, Ca2+ channel blockers,
and so on. In fact, the discovery of site-specific and channel-specific blockers has been of
tremendous benefit to the experimental study of ion channels. Examples of important
channel blockers include verapamil (Ca2+-channel blocker), quinidine, sotolol, nico-
tine, DDT, various barbiturates (K+-channel blockers), tetrodotoxin (TTX, the primary
ingredient of puffer fish toxin), and scorpion toxins (Na+-channel blockers).

To include the effects of a drug or toxin like TTX in a model of a Na+ channel is a
relatively simple matter. We assume that a population P of Na+ channels is available
for ionic conduction and that a population B is blocked because they are bound by the
toxin. Thus,

P+D
k+−→←−
k−

B, (3.131)
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where D represents the concentration of the drug. Clearly, P+ B = P0, so that

dP
dt
= k−(P0 − P)− k+DP, (3.132)

and the original channel conductance must be modified by multiplying by the
percentage of unbound channels, P/P0.

In steady state, we have

P
P0
= Kd

Kd +D
. (3.133)

The remarkable potency of TTX is reflected by its small equilibrium constant Kd, as
Kd ≈ 1–5 nM for Na+ channels in nerve cells, and Kd ≈ 1–10 μM for Na+ channels in
cardiac cells. By contrast, verapamil has Kd ≈140–940 μM.

Other important drugs, such as lidocaine, flecainide, and encainide are so-called
use-dependent Na+-channel blockers, in that they interfere with the Na+ channel
only when it is open. Thus, the more the channel is used, the more likely that it is
blocked. Lidocaine is an important drug used in the treatment of cardiac arrhyth-
mias. The folklore explanation of why it is useful is that because it is use-dependent,
it helps prevent high-frequency firing of cardiac cells, which is commonly associated
with cardiac arrhythmias. In fact, lidocaine, flecainide, and encainide are officially
classified as antiarrhythmic drugs, even though it is now known that flecainide and
encainide are proarrhythmic in certain postinfarction (after a heart attack) patients. A
full explanation of this behavior is not known.

To keep track of the effect of a use-dependent drug on a two-state channel, we
suppose that there are four classes of channels, those that are closed but unbound by
the drug (C), those that are open and unbound by the drug (O), those that are closed
and bound by the drug (CB), and those that are open and bound by the drug (OB) (but
unable to pass a current). For this four-state model a reasonable reaction mechanism is

C
α

−→←−
β

O,

CB
α

−→←−
β

OB,

CB
k+−→ C+D,

O+D
k+−→←−
k−

OB.

Notice that we have assumed that the drug does not interfere with the process of open-
ing and closing, only with the flow of ionic current, and that the drug can bind the
channel only when it is open. It is now a straightforward matter to find the differential
equations governing these four states, and we leave this as an exercise.

This is not the only way that drugs might interfere with a channel. For example, for a
channel with multiple subunits, the drug may bind only when certain of the subunits are
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in specific states. Indeed, the binding of drugs with channels can occur in many ways,
and there are numerous unresolved questions concerning this complicated process.

3.6 Single-Channel Analysis

Since the late 1970s, the development of patch-clamp recording techniques has allowed
the measurement of ionic current through a small piece of cell membrane, containing
only a few, or even a single, ionic channel (Hamill et al., 1981; Sakmann and Neher,
1995; Neher and Sakmann received the 1991 Nobel Prize in Physiology or Medicine
for their development of the patch-clamp technique).

Much of the mathematical theory of how to analyze single-channel recordings was
worked out in a series of papers by Colquhoun and Hawkes (1977, 1981, 1982). As is
true of most things written by Colquhoun and Hawkes, these are eminently readable.
However, newcomers to the field should first read the two chapters in the Plymouth
Workshop Handbook on Microelectrode Techniques (Colquhoun, 1994; Colquhoun and
Hawkes, 1994), since these are an excellent introduction. The chapter by Colquhoun
and Hawkes in the book by Sakmann and Neher (1995) is also a valuable reference.

An example of an experimental record for Na+ channels is given in Fig. 3.13. The
current through an individual channel is stochastic (panel A) and cannot be described
by a deterministic process. Nevertheless, the ensemble average over many experi-
ments (panel B) is deterministic and reproduces the same properties that are seen
in the macroscopic measurements of Fig. 3.10. However, the single-channel recordings
contain more information than does the ensemble average.

What information is available from single-channel recordings that is not available
from ensemble averages? First of all, one can measure how long a channel is open on av-
erage, or more generally, the distribution of open times. Similarly, one can measure the
distribution of times the channel is in the closed state. If there are additional dynamical
processes underlying the opening and closing of channels, as there are with Na+ chan-
nels, one can measure (for example) how many times a channel opens (and closes) be-
fore it is inactivated (permanently closed) or how many channels fail to open even once.

The most common models of ion channels are discrete-space continuous-time
Markov processes, the basic theory of which was described in Section 2.9.2. Since
it is this theory that lies at the heart of the analysis of single-channel data, the reader
is encouraged to review the relevant sections of Chapter 2 before continuing.

3.6.1 Single-Channel Analysis of a Sodium Channel

Consider the Na+ channel model shown in Fig. 3.12. For this model there are two
obvious waiting-time problems. The probability that the amount of time spent in the
closed state before opening is less than t is governed by the differential equation

dP
dt
= α(1− P), (3.134)
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Figure 3.13 A: Na+ currents from a single channel (or possibly two in the first trace) following
a voltage step from −80 mV to −40 mV. B: Average open probability of the Na+ channel,
obtained by averaging over many traces of the type shown in A. (Hille, 2001, Fig. 3.16, p. 90.)

with P(0) = 1, and therefore is

P(t) = 1− exp(−αt), (3.135)

so that the closed time distribution is α exp(−αt).
Similarly, the probability that the amount of time spent in the open state is less

than t is 1− exp(−(β+ γ )t), so that the open time distribution is (β+ γ ) exp(−(β+ γ )t).
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According to this model, the channel can inactivate from the closed state at rate
δ or from the open state at rate γ . At the beginning of the experiment the channel is
in the closed state, and from there it can either open or inactivate. The probability
that the first transition is to the open state is A = α

α+δ , and the probability that the
first transition is to the inactivated state is 1 − A. Thus, 1 − A can be estimated by
the proportion of experimental records in which no current is observed, even after the
depolarizing stimulus was maintained for a long time.

A channel may open and close several times before it finally inactivates. To un-
derstand this, we let N be the number of times the channel opens before it finally
inactivates and calculate the probability distribution for N. Clearly, P[N = 0] = 1 − A.
Furthermore,

P[N = k] = P[N = k and channel enters I from O]
+ P[N = k and channel enters I from C]
= AkBk−1(1− B)+ AkBk(1− A)

= (AB)k
(

1− AB
B

)
, (3.136)

where B = β
β+γ .

We now have enough information to estimate the four channel rate constants.
Since A can be determined from the proportion of channels that never open, B can be
determined from a plot of the experimental data for P[N = k] vs. k. Then, β + γ can be
determined from the open time distribution of the channel and α can be determined
from the closed time distribution.

Since the work of Hodgkin and Huxley (described in Chapter 5), the traditional
view of a Na+ channel has been that it activates quickly and inactivates slowly. Ac-
cording to this view, the decreasing portion of the gNa curve in Fig. 3.10 is due entirely
to inactivation of the channel. However, single-channel analysis has shown that this
interpretation of macroscopic data is not always correct. It turns out that the rate of
inactivation of some mammalian Na+ channels is faster than the rate of activation. For
example, Aldrich et al. (1983) found α = 1/ms, β = 0.4/ms, γ = 1.6/ms, and δ = 1/ms at
V = 0 for channels in a neuroblastoma cell line and a pituitary cell line. Although this
reversal of activation and inactivation rates is not correct for all Na+ channels in all
species, the result does overturn some traditional ideas of how Na+ channels work.

More modern models of the Na+ channel are based on a wide range of experimental
data, including single-channel recordings and macroscopic ionic and gating currents.
It is a very difficult matter to decide, on the basis of these data, which is the best model
of the channel. One of the most rigorous attempts is that of Vandenberg and Bezanilla
(1991), who concluded that a sequential Markov model with three closed states, one
open state, and one inactivated state was the best at reproducing the widest array of
data. However, because of the ill-posed nature of this inverse problem, it is impossible
to rule out the existence of multiple other states.
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3.6.2 Single-Channel Analysis of an Agonist-Controlled Ion Channel

The single-channel analysis of the agonist-controlled ion channel (3.127) is more subtle
than that of the Na+ channel. This is because there are states that cannot be directly
observed, but can only be inferred from the data. If the state AR is the only open state,
then a typical single-channel recording might look (at least, in an ideal situation) like
that shown in Fig. 3.14. The openings occur in bursts as the channel flicks between the
AR and AT states, with longer interburst periods occurring when the channel escapes
from AT into the closed state, T, because of agonist unbinding. However, because the
binding and unbinding transitions are not directly observable, this process is called a
hidden Markov process.

There are two distributions that are readily determined from the data. These are
the open time and closed time distributions. Since the open state, AR, can close only
by a single pathway to AT, the open time distribution is the exponential distribution
αe−αt, with mean 1/α.

The Closed Time Distribution
Every period during which the channel is closed must begin with the channel in state
AT and end with the channel in state AR. However, during this time the channel can
be in either state AT or state T. Thus, the closed time distribution is the transition time
from state AT to state AR (see Section 2.9.2).

To calculate the closed time probability, we set state AR to be an absorbing state
(i.e., set α = 0), and impose the initial condition that the receptor starts in state AT.
Hence,

d�1

dt
= β�2, (3.137)

T

AT

AR

closed

open

burst burstgap

Figure 3.14 Schematic diagram of a possible single-channel recording in the model de-
scribed by (3.127). The openings occur in bursts as the channel flickers between states AR
and AT. However, the transitions between statesT and AT cannot be observed. (Adapted from
Colquhoun and Hawkes (1981), Fig. 1.)
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d�2

dt
= −(β + k−1)�2 + ak1�3, (3.138)

d�3

dt
= k−1�2 − ak1�3, (3.139)

with initial data �1(0) = 0, �2(0) = 1, �3(0) = 0.
We can readily solve this system of differential equations to determine that the

transition time from state 2 to state 1 has the probability density

φ21(t) = d�1

dt
= βx2 = β

λ1 − λ2
[(λ1 + ak1)e

λ1t − (λ2 + ak1)e
λ2t], (3.140)

where the eigenvalues λ1 and λ2 are the roots (both negative) of λ2+λ(β+k−1+k1a)+
ak1β = 0.

Since the closed time distribution is the sum of two exponentials, the open and
closed time distributions along with the steady-state open probability (3.130) theoret-
ically provide enough information to determine uniquely the four kinetic parameters
of the model.

Other Distributions

There are other distributions that can be calculated, but obtaining the data for these
is somewhat subjective. These are the distribution of closed times during a burst, the
number of openings in a burst, and the distribution of gap closed times.

The distribution of closed times during a burst is the easiest to calculate, being
simply β exp(−βt).

Each time the channel is in state AT a choice is made to go to state AR (with
probability β/(β + k−1)) or to go to state T (with probability k−1/(β + k−1)). Thus, for
there to be N openings in a burst, the channel must reopen by going from state AT to
state AR N − 1 times, and then end the burst by going from state AT to state T. Hence,

P(N openings) =
(

β

β + k−1

)N−1 ( k−1

β + k−1

)
, (3.141)

where N ≥ 1, which has mean 1+ β/k−1.
To determine the closed time distribution for gaps, we observe that a gap begins in

state AT and then moves back and forth between states T and AT before finally exiting
into state AR. The waiting-time distribution for leaving state AT into state T is

φ23(t) = k−1e−k−1t. (3.142)

The transition time from state T to state AR is φ31 = d�1
dt , determined as the solution

of the system (3.137)–(3.139), subject to initial conditions �1(0) = 0, �2(0) = 0, and
�3(0) = 1. One readily determines that

φ31 = β (λ2 + ak1)(λ1 + ak1)

k−1(λ2 − λ1)
(eλ1t − eλ2t). (3.143)
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Now, to calculate the gap time distribution, we observe that the time in a gap is the
sum of two times, namely the time in state AT before going to state T and the time to
go from state T to state AR. Here we invoke a standard result from probability theory
regarding the distribution for the sum of two random variables. That is, if p1(t1) and
p2(t2) are the probability densities for random variables t1 and t2, then the probability
density for the sum of these is the convolution

psum(t) =
∫ t

0
p1(s)p2(t− s) ds. (3.144)

Thus, in this problem, the probability density for the gap time is

φgap(t) =
∫ t

0
φ23(s)φ31(t− s) ds. (3.145)

It is again straightforward to determine (use Laplace transforms and the convolution
theorem) that

φgap(t) = β (λ2 + ak1)(λ1 + ak1)

(λ2 − λ1)

(
eλ1t

λ1 + k−1
− eλ2t

λ2 + k−1
+ (λ1 − λ2)e−k−1t

(λ1 + k−1)(λ2 + k−1)

)
,

a sum of three exponentials.
Making use of these distributions is tricky, because it is not clear how to distinguish

between a short gap and a long closed interval during a burst. In fact, if a is large enough
and k−1 is not too small, then the mean gap length is shorter than the mean burst closed
time, so that errors of classification are likely.

3.6.3 Comparing to Experimental Data

Experimental data typically come in lists of open and closed times. They are then
displayed in a histogram, where the area under each histogram bar corresponds to the
number of events in that interval.

However, it can be very difficult to determine from a histogram how many expo-
nential components are in the distributions; an exponential distribution with three
exponentials can look very similar to one with two exponentials, even when the time
constants are widely separated.

This problem is sometimes avoided by first taking the log of the times, and plotting a
histogram of the log(time) distributions. Since the log function is monotone increasing,
we know that

P[t < t1] = P[log(t) < log(t1)], (3.146)

and thus the cumulative distributions are the same, whether functions of the log or the
linear times. However, the functions that are of interest to us are the probability density
functions, which are the derivatives of the cumulative distribution functions. Suppose
�(t) is a cumulative distribution function with corresponding probability density func-
tion φ(t) = d�

dt . For any monotone increasing function g(x),�(g(x)) is also a cumulative
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Figure 3.15 Two exponential distributions, transformed according to (3.147), and plotted
against log(time). Solid line: f1(t ) = 0.5e−0.5t . Dotted line: f2(t ) = 0.5e−0.5t + 10e−10t .

distribution function in x. However, the corresponding probability density function is

d�(g(x))
dx

= g′(x)φ(g(x)). (3.147)

Thus, to use a log(time) transformation, x = ln(t), for a given probability density
function, φ(t), we plot exφ(ex) and fit this to the histogram of the log(time).

There are significant advantages to this scaling of time, especially for exponential
distributions, illustrated in Fig. 3.15. The solid line in Fig. 3.15 corresponds to the dis-
tribution φ1(t) = 0.5e−0.5t, transformed according to (3.147). In other words, this is
the plot of the function 0.5exe−0.5ex

against x. Notice that the maximum of the curve
occurs at the mean of the distribution, t = 2 (x = log 2 = 0.69) (see Exercise 21). The
dotted line is the distribution f2(t) = 0.5e−0.5t + 10e−10t, again transformed according
to (3.147). (This is not a true probability density function since the area under the
curve is 2, rather than 1.) The two peaks occur at the means of the individual com-
ponent exponential distributions, i.e., at t = 2 and t = 0.1 (x = 0.69 and x = −2.3
respectively).

Modern methods of fitting models to single-channel data are considerably more
sophisticated than merely fitting histograms, as described above. Fitting directly to the
set of open and closed times using the log likelihood is a common approach, but, more
recently, methods to fit the model directly to the single-channel time course raw data
(not simply to a list of open and closed times), using Markov chain Monte Carlo and
Bayesian inference, have been developed (Fredkin and Rice, 1992; Ball et al., 1999;
Hodgson and Green, 1999).
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3.7 Appendix: Reaction Rates

In Section 3.4 we made extensive use of the formula (3.43), i.e.,

ki = κ exp
(−
Gi

RT

)
, (3.148)

which states that the rate, ki, at which a molecule leaves a binding site is proportional
to the exponential of the height of the energy barrier 
Gi that must be crossed to exit.
This is called the Arrhenius equation, after Svante Arrhenius, who first discovered it
experimentally in the late 1800s (Arrhenius received the 1903 Nobel Prize in Chem-
istry). Arrhenius determined, not the dependence of ki on 
Gi, but its dependence on
temperature T. He showed experimentally that the rate of reaction is proportional to
exp(−B/T), for some positive constant B. He then used the Boltzmann distribution to
argue that B = 
Gi/R, as discussed below.

As was described in Section 1.2, the equilibrium constant, Keq, for a reaction is
related to the change in free energy, 
G0, by

Keq = e

G0
RT . (3.149)

Note that if κ is independent of 
Gi, then (3.148) is consistent with (3.149). Given

the potential energy profile in Fig. 3.16, it is clear that if k1 = κ exp
(−
G1

RT

)
and k−1 =

κ exp
(−
G−1

RT

)
, then Keq = k−1/k1 = exp

(

G1−
G−1

RT

)
= exp

(

G0

RT

)
, where
G0 = 
G1−


G−1.
However, despite this consistency, (3.148) does not follow from (3.149); the equilib-

rium relationship tells us nothing about how each rate constant might depend on T or

Gi. Although the derivation of the equilibrium condition depends only on fundamen-
tal thermodynamical principles, derivation of a rate expression is much more difficult,
and the exact rate expression depends, in general, on the choice of model. There is still
enormous controversy over exactly how to derive rate equations, and which is most

DG1

DG-1

DG-1 - DG1

reactants

products

Figure 3.16 Schematic diagram of a potential energy profile of a hypothetical reaction.
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suitable in any given situation. Here we give only a brief discussion of this important
problem, enough to give a plausible derivation of the general form of (3.148). The expo-
nential dependence occurs in every rate equation; it is the prefactor, κ, and its possible
functional dependences, that is the source of so much discussion.

3.7.1 The Boltzmann Distribution

To show that B = 
G/R (or 
G/k, depending on whether 
G has units of per mole or
per molecule; we have dropped the subscript i for this discussion), Arrhenius assumed
that the rate of reaction was proportional to the fraction of molecules with energy
greater than some minimum amount. Given this assumption, the Arrhenius equation
follows from the Boltzmann distribution, which we now derive.

We begin with a brief digression. It is intuitively clear that were we to toss a fair
coin 1020 times, the chance of obtaining any distribution of heads and tails significantly
different from 50:50 is insignificant. We might, of course, get 1020

2 − 100 heads and
1020

2 + 100 tails, but the relative deviation from 50:50 is inconsequential.
To express this mathematically, suppose that we toss a fair coin n times to get a

sequence of heads and tails. Of all the possible sequences, the total number that have
h heads and n − h tails (in any order) is n!

h!(n−h)! , and thus, since there are 2n possible
sequences, the probability of getting h heads and n− h tails is given by

Prob[n heads, n− h tails] = n!
2nh!(n− h)! . (3.150)

As n gets very large, the graph of (3.150) becomes sharply peaked, with a maximum of
1 at h = n/2. (This can be shown easily using Stirling’s formula, ln(n!) ≈ n ln(n) − n
for n large). In other words, the probability of obtaining any sequence that does not
contain an equal number of heads and tails is vanishingly small in the limit of large n.

An identical argument underlies the Boltzmann distribution. Suppose we have n
particles each of which can be in one of k states, where state i has energy Ui. Let ni

denote the number of particles in state i. We assume that the total energy, Utot, is fixed,
so that

k∑

i=1

ni = n, (3.151)

k∑

i=1

Uini = Utot. (3.152)

The number of ways, W, that these n particles can be partitioned into k states, with
ni particles in the state i, is given by the multinomial factor

W = n!
�k

i=1ni!
. (3.153)
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Now, like the function for the probability of heads and tails for a coin toss, the function
W is sharply peaked when n is large, and the distribution corresponding to the peak
is the one most likely to occur. Furthermore, the likelihood of distributions other than
those near the peak is vanishingly small when n is large. Thus, to find this overwhelm-
ingly most likely distribution we maximize W subject to the constraints (3.151) and
(3.152). That is, we seek to maximize (using Lagrange multipliers)

F = ln W − λ
⎛

⎝
k∑

i=1

ni − n

⎞

⎠− β
⎛

⎝
k∑

i=1

Uini −Utot

⎞

⎠ . (3.154)

(It is equivalent, and much more convenient, to use ln W rather than W.) According to
(3.153),

ln W = ln(n!)−
k∑

i=1

ln(ni!)

≈ n ln(n)− n+
k∑

i=1

ni −
k∑

i=1

ni ln(ni)

= n ln(n)−
k∑

i=1

ni ln(ni), (3.155)

where we have used Stirling’s formula, assuming all the ni’s are large. Thus,

∂F
∂ni
= − ln(ni)− 1− λ− βUi, (3.156)

which is zero when

ni = αe−βUi , (3.157)

for positive constants α and β, which are independent of i. This most likely distribution
of ni is the Boltzmann distribution.

How does this relate to reaction rates? Suppose that we have a population of parti-
cles with two energy levels: a ground energy level U0 and a reactive energy level Ur > U0.
If the particles are at statistical equilibrium, i.e., the Boltzmann distribution, then the
proportion of particles in the reactive state is

eβ(U0−Ur) = e−β
U . (3.158)

Since this is also assumed to be the rate at which the reaction takes place, we have that

k ∝ eβ(U0−Ur) = e−β
U . (3.159)

To obtain the Arrhenius rate equation it remains to show that β = 1
RT . To do so

rigorously is beyond the scope of this text, but a simple dimensional argument can at
least demonstrate plausibility. Recall that it is known from experiment that

k ∝ e−B/T , (3.160)
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for some constant B > 0. Thus, from (3.159), β must be proportional to 1/T, and to get
the correct units, β ∝ 1/(RT) or 1/(kT), depending on whether the units of U are per
mole or per molecule.

3.7.2 A Fokker–Planck Equation Approach

The above derivation relies on the assumption that there is a large number of particles,
each of which can be in one of a number of different states. It is less obvious how such
a derivation can be applied to the behavior of a small number of molecules, or a single
molecule. To do this, we need to use the methods developed in Appendix 2.9, and turn
to a Fokker–Planck description of molecular motion.

Suppose that a molecule moves via Brownian motion, but also experiences a force
generated by some potential, U(x), and is subject to friction. If x(t) denotes the position
of the molecule, the Langevin equation for the molecular motion (Section 2.9.5) is

m
d2x
dt2 + ν

dx
dt
+U′(x) = √2νkTW(t), (3.161)

where W is a Wiener process. Here, ν is the friction coefficient, and is analogous to
friction acting on a mass–spring system. If inertial effects can be neglected, which they
can in most physiological situations, this simplifies to

ν
dx
dt
= −U′(x)+

√
2νkTW(t). (3.162)

Hence, the probability distribution that the particle is at position x at time t is given
by p(x, t), the solution of the Fokker–Planck equation

ν
∂p
∂t
= ∂

∂x
(U′(x)p)+ kT

∂2p
∂x2

. (3.163)

At steady state, i.e., when ∂p
∂t = 0, (3.163) can be readily solved to give

p(x) = 1
A

exp
(
−U(x)

kT

)
, (3.164)

where A = ∫∞−∞ exp(−U(x)
kT ) dx is chosen so that

∫∞
−∞ p(x) dx = 1. We have thus regained

a continuous version of the Boltzmann distribution; if U(x) is a quadratic potential well
(U(x) = Ax2), then p(x) is a Gaussian distribution.

If U(x) is a double well potential with its maximum at x = 0 separating the two
wells, then the ratio of the probability of finding the particle on the left to the probability
of finding the particle on the right is

Keq =
∫ 0
−∞ p(x) dx
∫∞

0 p(x) dx
. (3.165)

Since it is difficult to calculate Keq for general functions U(x), it is useful to dis-
cretize the state space into a finite number of states j = 1, 2, . . . , n with energies Uj. For
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this, we know that the Boltzmann distribution is

pj = 1
A

exp
(
−Uj

kT

)
, (3.166)

where

A =
n∑

j

exp
(
−Uj

kT

)
. (3.167)

We can make the association between the discrete case and the continuous case precise
if we determine Uj by requiring

exp
(
−Uj

kT

)
=
∫ xj

xj−1

exp
(
−U(x)

kT

)
dx, (3.168)

where xj separates the j−1st from the jth potential well. Furthermore, if there are only
two energy wells, the ratio of the probability of finding the particle in state one to the
probability of finding the particle in state two is

Keq = p1

p2
= exp

(

U
kT

)
= exp

(

G0

RT

)
, (3.169)

where 
U = U2 − U1 is the change in energy per molecule, so that 
G0 is the change
in energy per mole. Here we have recovered (3.149) for the equilibrium distribution of
a reaction in terms of the difference of standard free energy. However, one should note
that with this identification, Uj is approximately, but not exactly, the value of U at the
bottom of the jth potential well.

3.7.3 Reaction Rates and Kramers’ Result

As noted in Chapter 1, equilibrium relationships give information only about the ratio
of rate constants, not their individual values. To derive an expression for a rate constant,
one must construct a model of how the reaction occurs. The consequent expression for
the rate constant is only as good as the assumptions underlying the model.

One common model of a reaction rate is based on the mean first exit time of the
time-dependent Fokker–Planck equation (3.163). (Mean first exit times are discussed
in Section 2.9.6). This model assumes that a reactant particle can be modeled as a
damped oscillator driven by a stochastic force, and that the reaction occurs once the
particle reaches the peak of the energy profile between the reactant and product states.
Although this model is based on a number of crude assumptions, it gives reasonably
good results for a range of potential energy profiles, particularly those for which the
energy wells are deep.

The mean first exit time is found from the solution of the ordinary differential
equation

−U′(x)dτ
dx
+ kT

d2τ

dx2 = −ν, (3.170)
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Figure 3.17 Potential energy profiles. A: a cubic profile, U(x ) = 
G(2x2(3/2 − x )), plotted
for 
G = 1. B: a double well potential, U(x) = 
G0( 19

144 x6 − 1
24 x5 − 77
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9 x2),
plotted for 
G0 = 1.

subject to τ(x0) = 0 at any boundary point x0 where escape is allowed, or τ ′(x1) = 0 at
any boundary point x1 where escape is not allowed, but instead there is reflection. The
off-rate, or unbinding rate, is defined as the inverse of the mean first exit time from the
bottom of the potential well.

To be specific, consider a potential U(x) such as shown in Fig. 3.17A. Here U(x) is a
cubic polynomial, with a minimum at x = 0 and a maximum at x = 1, with U(1) = 
G.
We expect the particle to spend most of its time near x = 0. However, if the particle
gets to x = 1 it can escape to x = ∞, and is assumed to have reacted. Thus, the time to
react (the inverse of the reaction rate) is approximated by the mean first passage time
from x = 0 to x = 1.

More generally, suppose U(x) = 
Gu( x
L ), where u′(0) = u′(1) = u(0) = 0 and

u(1) = 1, so that x = 0 is a local minimum and x = L is a local maximum, and the
height of the energy barrier is
G. The mean first passage time is the solution of (3.170)
together with the boundary conditions τ(−∞) = 0 and τ(L) = 0.

To find the solution it is useful to nondimensionalize (3.170). We set y = x
L and

σ = ατ and obtain

−au′(y)dσ
dy
+ d2σ

dy2
= −1, (3.171)

where a = 
G
kT and α = νL2

kT . Using an integrating factor, it is easily shown that

σ(y) =
∫ 1

x
eau(s′)

(∫ s′

−∞
e−au(s) ds

)
ds′, (3.172)

and thus the time to react is τ(0) = νL2

kT σ(0), where

σ(0) =
∫ 1

0
eau(s′)

(∫ s′

−∞
e−au(s) ds

)
ds′. (3.173)
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As we demonstrate below, this formula does not agree with the Arrhenius rate law
for all parameter values. However, when the potential well at x = 0 is deep (i.e., when
a = 
G/(kT) 1), the two are in agreement. Here we provide a demonstration of this
agreement.

Notice first that

σ(0) =
∫ 1

0
eau(s′)

(∫ 1

−∞
e−au(s) ds−

∫ 1

s′
e−au(s) ds

)
ds′. (3.174)

Clearly,
∫ 1

0
eau(s′)

(∫ 1

s′
e−au(s) ds

)
ds′ =

∫ 1

0

(∫ 1

s′
ea(u(s′)−u(s)) ds

)
ds′

<

∫ 1

0

(∫ 1

s′
ds

)
ds′ = 1

2
. (3.175)

In fact, with a bit of work one can show that this integral approaches zero as a→∞.
Thus,

σ(0) ≈
(∫ 1

0
eau(s′) ds′

)(∫ 1

−∞
e−au(s) ds

)
. (3.176)

We now use the fact that y = 0 and y = 1 are extremal values of u(y) to approximate
these integrals. When a is large, the integrands are well approximated by Gaussians,
which decay to zero rapidly. Thus, near y = 0, u(y) ≈ 1

2u′′(0)y2, so that
∫ 1

−∞
e−au(s) ds ≈

∫ 1

−∞
e−

1
2 au′′(0)s2

ds

≈
∫ ∞

−∞
e−

1
2 au′′(0)s2

ds

=
√

2π
au′′(0)

. (3.177)

Similarly, near y = 1, u(y) ≈ 1− 1
2 |u′′(1)|(y− 1)2, so that

∫ 1

0
eau(s) ds ≈ ea

∫ 1

0
e−

1
2 |u′′(1)|(s−1)2 ds

≈ ea
∫ 0

−∞
e−

1
2 |u′′(1)|s2

ds

= 1
2

ea

√
2π

a|u′′(1)| . (3.178)

Combining (3.176), (3.177), and (3.178) gives

τ(0) ≈ πνL2


G
√

u′′(0)|u′′(1)|e

G
kT . (3.179)
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Since the reaction rate is the inverse of the mean first passage time, this gives the
Arrhenius rate expression with

κ = 
G
√

u′′(0)|u′′(1)|
πνL2

, (3.180)

which is independent of T, but not 
G. This formula was first derived by Kramers
(1940).

A Double Well Potential Profile
Now suppose that U(x) is a double well potential, such as that shown in Fig. 3.17B. In
particular, suppose that U(x) = 
G0u( x

L ), where u(x) has two local minima at x = 0 and
x = b > 1, with a local maximum at x = 1. For the example in Fig. 3.17B, 
G0 = L = 1
and b = 2. Note also that the potential profile is such that 
G−1 = 2
G0, 
G1 = 
G0.

According to Kramers’ rate theory,

k1 ≈ 
G1
√

u′′(0)|u′′(1)|
πνL2

e−

G1
kT , (3.181)

k−1 ≈ 
G−1
√

u′′(b)|u′′(1)|
πνL2(b− 1)2

e−

G−1

kT . (3.182)

To compare these with the exact solutions, in Fig. 3.18A we plot k−1 and k1 for the
double well potential shown Fig. 3.17B, calculated by numerical integration of (3.173),
and using the approximations (3.181) and (3.182). Note that the reaction rates (both ex-
act and approximate) are not exactly exponential functions of
Gi, and thus the curves
in Fig. 3.18A are not straight lines (on a log scale). For the approximate rate constants
this is because the prefactor is proportional to 
Gi. Interestingly, the approximate

D D

Figure 3.18 Reaction rates for the potential profile shown in Fig. 3.17B. A: exact (solid lines)
and approximate (dashed lines) solutions for k1 and k−1, plotted as functions of 
G0/kT .
The exact solutions are calculated from (3.173), while the approximations are calculated from
(3.179). For simplicity, we set νL2/kT = 1. B: exact and approximate calculations of k−1/k1. As
in A, the exact solution is plotted as a solid line.
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solutions agree exactly with the Arrhenius rate law, when viewed as functions of T,
while the exact solutions do not.

Next, we observe that, using Kramers’ formula, the equilibrium constant is

Keq = k−1

k1
= 1
(b− 1)2

u(1)− u(b)
u(1)− u(0)

√
u′′(b)
u′′(0)

e−

G0
kT . (3.183)

In Fig. 3.18B we plot k−1
k1

for the double well potential shown in Fig. 3.17B, with the exact
ratio shown as a solid curve and the approximate ratio from (3.183) shown as a dashed
curve. As before, the exact ratio k−1/k1 (solid line, Fig. 3.17B) is not an exact exponential
function of 
G0, and thus does not give the correct equilibrium behavior. This results
from the fact that, for small
G0, the mean first exit time of the Fokker–Planck equation
is not a good model of the reaction rate.

However, the ratio of the approximate expressions for the rate constants (3.183) is a
true exponential function of
G0, since the dependence of
G0 in the prefactors cancels
out in the ratio. Hence, the dashed line in Fig. 3.18B is straight. Thus, paradoxically, the
approximate solution gives better agreement to the correct equilibrium behavior than
does the exact solution. However, one must be somewhat cautious with this statement,
since there is a factor multiplying the exponential that is not equal to one (as it should be
for correct equilibrium behavior), but depends on the details of the shape of the energy
function. Thus, if the shape of the potential energy function is modified by, for example,
an external voltage potential, this factor is modified as well, in a voltage-dependent way.

3.8 Exercises
1. Show that the GHK equation (3.2) satisfies both the independence principle and the Ussing

flux ratio, but that the linear I–V curve (3.1) satisfies neither.

2. Using concentrations typical of Na+, determine whether the long channel limit or the short
channel limit for (3.25) is the most appropriate approximation for Na+ channels. (Estimate
λ where λ2 = L2qFNac̃/(εRT), for Na+ ions.)

3. In Section 3.3.1 the PNP equations were used to derive I–V curves when two ions with
opposite valence are allowed to move through a channel. Extend this analysis by assuming
that two types of ions with positive valence and one type of ion with negative valence are
allowed to move through the channel. Show that in the high concentration limit, although
the negative ion obeys a linear I–V curve, the two positive ions do not. Details can be found
in Chen, Barcilon, and Eisenberg (1992), equations (43)–(45).

4. (a) Show that (3.66) satisfies the independence principle and the Ussing flux ratio.

(b) Show that (3.66) can be made approximately linear by choosing g such that

ng = ln
(

cn

c0

)
. (3.184)

Although a linear I–V curve does not satisfy the independence principle, why does this
result not contradict part (a)?
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5. Show that (3.86) does not satisfy the independence principle, but does obey the Ussing flux
ratio.

6. Derive (3.86) by solving the steady-state equations (3.84) and (3.85). First show that

J = x
k0c0 − k−ncnπn−1

φn−1
. (3.185)

Then show that

k0c0x = kn−1cn−1φn−1 − xk−ncnφn−2, (3.186)

kjcj = kn−1cn−1
πj

(φn−1 − φj−1)− k−ncnx
πj

(φn−2 − φj−1), (3.187)

for j = 1, . . . , n − 1. Substitute these expressions into the conservation equation and solve
for x.

7. Draw the state diagrams showing the channel states and the allowed transitions for a multi-
ion model with two binding sites when the membrane is bathed with a solution containing:

(a) Only ion S on the left and only ion S′ on the right.

(b) Ion S on both sides and ion S′ only on the right.

(c) Ions S and S′ on both the left and right.

In each case write the corresponding system of linear equations that determine the steady-
state ionic concentrations at the channel binding sites.

8. Using an arbitrary symmetric energy profile with two binding sites, show numerically that
the Ussing flux ratio is not obeyed by a multi-ion model with two binding sites. (Note that
since unidirectional fluxes must be calculated, it is necessary to treat the ions on each side
of the membrane differently. Thus, an eight-state channel diagram must be used.) Hodgkin
and Keynes predicted that the flux ratio is the Ussing ratio raised to the (n+1)st power (cf.
(3.16)). How does n depend on the ionic concentrations on either side of the membrane,
and on the energy profile?

9. Choose an arbitrary symmetric energy profile with two binding sites, and compare the I–V
curves of the one-ion and multi-ion models. Assume that the same ionic species is present
on both sides of the membrane, so that only a four-state multi-ion model is needed.

10. Suppose the Na+ Nernst potential of a cell is 56 mV, its resting potential is −70 mV, and
the extracellular Ca2+ concentration is 1 mM. At what intracellular Ca2+ concentration is
the flux of a three-for-one Na+–Ca2+ exchanger zero? (Use that RT/F = 25.8 mV at 27◦ C.)

11. Modify the pump–leak model of Chapter 2 to include a Ca2+ current and the 3-for-1 Na+–
Ca2+ exchanger. What effect does this modification have on the relationship between pump
rate and membrane potential?

12. Because there is a net current, the Na+–K+ pump current must be voltage-dependent.
Determine this dependence by including voltage dependence in the rates of conformational
change in expression (2.100). How does voltage dependence affect the pump–leak model of
Chapter 2?

13. Intestinal epithelial cells have a glucose–Na+ symport that transports one Na+ ion and
one glucose molecule from the intestine into the cell. Model this transport process. Is the
transport of glucose aided or hindered by the cell’s negative membrane potential?
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14. Suppose that a channel consists of k identical, independent subunits, each of which can be
open or closed, and that a current can pass through the channel only if all units are open.

(a) Let Sj denote the state in which j subunits are open. Show that the conversions between
states are governed by the reaction scheme

S0

kα
−→←−
β

S1 . . .Sk−1

α

−→←−
kβ

Sk. (3.188)

(b) Derive the differential equation for xj, the proportion of channels in state j.

(c) By direct substitution, show that xj =
(k

j
)
nj(1−n)k−j, where

(k
j
) = k!

j!(k−j)! is the binomial

coefficient, is an invariant manifold for the system of differential equations, provided
that

dn
dt
= α(1− n)− βn. (3.189)

15. Consider the model of the Na+ channel shown in Fig. 3.11. Show that if α and β are large
compared to γ and δ, then x21 is given (approximately) by

x21 =
(

α

α + β
)2

h, (3.190)

dh
dt
= γ (1− h)− δh, (3.191)

while conversely, if γ and δ are large compared to α and β, then (approximately)

x21 = m2
(

γ

γ + δ
)

, (3.192)

dm
dt
= α(1−m)− βm. (3.193)

16. Show that (3.122) has two negative real roots. Show that when β = 0 and a ≤ −λ1
λ1−λ2

, then
(3.123)–(3.125) have two possible solutions, one with α+ δ = −λ1, γ = −λ2, the other with
α + δ = −λ2, γ = −λ1. In the first solution inactivation is faster than activation, while the
reverse is true for the second solution.

17. Write a computer program to simulate the behavior of the stochastic three-state Na+ chan-
nel shown in Fig. 3.12, assuming it starts in the closed state. Use α = 1/ms, β = 0.4/ms,
γ = 1.6/ms and δ = 1/ms. Take the ensemble average of many runs to reproduce its macro-
scopic behavior. Using the data from simulations, reconstruct the open time distribution,
the latency distribution, and the distribution of N, the number of times the channel opens.
From these distributions estimate the rate constants of the simulation and compare with
the known values.

18. Consider the Markov model of a Na+ channel (Patlak, 1991) shown in Fig. 3.19. Write a
computer program to simulate the behavior of this stochastic channel assuming it starts in
state C1. Take the ensemble average of many runs to reproduce its macroscopic behavior.
Using the data generated by these simulations, determine the open time distribution, the
latency distribution, and the distribution of N, the number of times the channel opens.
Compare these with the analytically calculated distributions.

19. Construct a set of differential equations that models the interaction of a two-state channel
with a use-dependent blocker.
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C1 C2 C3 O
3a 2a a

b 2b 3b

k2

k3
kO

Figure 3.19 The Na+ channel model of Exercise 18. Parameter values are k2 = 0.24 ms−1,
k3 = 0.4 ms−1, kO = 1.5 ms−1, α = 1 ms−1, and β = 0.4 ms−1.

20. Write a computer program to simulate the behavior of the stochastic three-state agonist-
binding channel of (3.127) Use α = 1/ms, β = 0.4/ms, k−1 = 0.5/ms, and ak1 = 0.2/ms. Using
the data from simulations, plot the open time distribution and the closed time distribution
and estimate the parameters of the model. Is the closed time distribution obviously a double
exponential distribution? Repeat this experiment for several different values of ak1.

21. Show that for an exponential distribution φ(t) = α exp(−αt) the plot of the correspond-
ing distribution function on the ln(t) scale has a maximum at the expected value of the
distribution, t = −1

a .

22. Find the distribution for the length of a burst in the model of (3.127).
Hint: The apparent length of the burst is the time taken to get from AR to T, minus the
length of one sojourn in AT. Use the Laplace transform and the convolution theorem.

23. Find the mean first exit time from the piecewise-linear potential

U(x) =
{
−
Gx

L , −L < x < 0,

Gx

L , 0 < x < L,
(3.194)

with a reflecting boundary at x = −L and absorbing boundary at x = L.

24. Find the most likely event for the binomial distribution

P(h) = n!
h!(n− h)!p

h(1− p)(n−h) (3.195)

when n is large. Show that the probability of this event approaches 1 in the limit n→∞.
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Passive Electrical Flow
in Neurons

Neurons are among the most important and interesting cells in the body. They are the
fundamental building blocks of the central nervous system and hence responsible for
motor control, cognition, perception, and memory, among other things. Although our
understanding of how networks of neurons interact to form an intelligent system is
extremely limited, one prerequisite for an understanding of the nervous system is an
understanding of how individual nerve cells behave.

A typical neuron consists of three principal parts: the dendrites; the cell body, or
soma; and the axon. The structure of some typical neurons is shown in Fig. 4.1. Den-
drites are the input stage of a neuron and receive synaptic input from other neurons.
The soma contains the necessary cellular machinery such as a nucleus and mitochon-
dria, and the axon is the output stage. At the end of the axon (which may also be
branched, as are the dendrites) are synapses, which are cellular junctions specialized
for the transmission of an electrical signal (Chapter 8). Thus, a single neuron may re-
ceive input along its dendrites from a large number of other neurons, which is called
convergence, and may similarly transmit a signal along its axon to many other neurons,
called divergence.

The behaviors of the dendrites, axon, and synapses are all quite different. The
spread of electrical current in a dendritic network is (mostly) a passive process that
can be well described by the diffusion of electricity along a leaky cable. The axon,
on the other hand, has an excitable membrane of the type described in Chapter 5,
and thus can propagate an electrical signal actively. At the synapse (Chapter 8), the
membrane is specialized for the release or reception of chemical neurotransmitters.
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Figure 4.1 Structure of typical neurons.The motor neuron is from a mammalian spinal cord
and was drawn by Dieters in 1869.The other cells were drawn by Ramón y Cajal.The pyramidal
cell is from mouse cortex, and the mitral cell from the olfactory bulb of a cat. (Kuffler et al.,
1984, Fig. 1, p. 10.)

In this chapter we discuss how to model the behavior of a cable, and then focus on
the passive spread of current in a dendritic network; in the following chapter we show
how an excitable membrane can actively propagate an electrical impulse, or action
potential.

Although we discuss neurons in a number of chapters throughout this book, we
cover them only in relatively little depth. For more comprehensive treatments of neu-
rons and theoretical neuroscience the reader is referred to the excellent books by Jack
et al. (1975), Koch and Segev (1998), Koch (1999), Dayan and Abbott (2001) and de
Schutter (2000).
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4.1 The Cable Equation

One of the first things to realize from the pictures in Fig. 4.1 is that it is unlikely that
the membrane potential is the same at each point. In some cases spatial uniformity can
be achieved experimentally (for example, by threading a silver wire along the axon, as
did Hodgkin and Huxley), but in vivo, the intricate branched structure of the neuron
can create spatial gradients in the membrane potential. Although this seems clear to
us now, it was not until the pioneering work of Wilfrid Rall in the 1950s and 1960s that
the importance of spatial effects gained widespread acceptance.

To understand something of how spatial distribution affects the behavior of a ca-
ble, we derive the cable equation. The theory of the flow of electricity in a leaky cable
dates back to the work of Lord Kelvin in 1855, who derived the equations to study the
transatlantic telegraph cable then under construction. However, the application of the
cable equation to neuronal behavior is mainly due to Hodgkin and Rushton (1946), and
then a series of classic papers by Rall (1957, 1959, 1960, 1969; an excellent summary
of much of Rall’s work on electrical flow in neurons is given in Segev et al., 1995.)

We view the cell as a long cylindrical piece of membrane surrounding an interior of
cytoplasm (called a cable). We suppose that everywhere along its length, the potential
depends only on the length variable and not on radial or angular variables, so that the
cable can be viewed as one-dimensional. This assumption is called the core conductor
assumption (Rall, 1977). We now divide the cable into a number of short pieces of isopo-
tential membrane each of length dx. In any cable section, all currents must balance,
and there are only two types of current, namely, transmembrane current and axial cur-
rent (Fig. 4.2). The axial current has intracellular and extracellular components, both

Ve(x)

It dx

Cm dx

Vi v(x)

Ie(x)

Ii(x)

It dx

Cm dx

Ve(x+dx)

Vi (x+dx)

Extracellular
space

Intracellular
space

Cell
membrane

re dx

ri dx

Iion dx Iion dx

Figure 4.2 Schematic diagram of a discretized cable, with isopotential circuit elements of
length dx .
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of which are assumed to be ohmic, i.e., linear functions of the voltage. Hence,

Vi(x+ dx)− Vi(x) = −Ii(x)ridx, (4.1)

Ve(x+ dx)− Ve(x) = −Ie(x)redx, (4.2)

where Ii and Ie are the intracellular and extracellular axial currents respectively. The
minus sign on the right-hand side appears because of the convention that positive
current is a flow of positive charges from left to right (i.e., in the direction of increasing
x). If Vi(x + dx) > Vi(x), then positive charges flow in the direction of decreasing x,
giving a negative current. In the limit dx→ 0,

Ii = − 1
ri

∂Vi

∂x
, (4.3)

Ie = − 1
re

∂Ve

∂x
. (4.4)

The numbers ri and re are the resistances per unit length of the intracellular and
extracellular media, respectively. In general,

ri = Rc

Ai
, (4.5)

where Rc is the cytoplasmic resistivity, measured in units of Ohms-length, and Ai is
the cross-sectional area of the cylindrical cable. A similar expression holds for the
extracellular space, so if the cable is in a bath with large (effectively infinite) cross-
sectional area, the extracellular resistance re is nearly zero.

Next, from Kirchhoff’s laws, any change in extracellular or intracellular axial
current must be due to a transmembrane current, and thus

Ii(x)− Ii(x+ dx) = Itdx = Ie(x+ dx)− Ie(x), (4.6)

where It is the total transmembrane current (positive outward) per unit length of
membrane. In the limit as dx→ 0, this becomes

It = −∂Ii

∂x
= ∂Ie

∂x
. (4.7)

In a cable with no additional current sources, the total axial current is IT = Ii + Ie, so
using that V = Vi − Ve, we find

−IT = ri + re

rire

∂Vi

∂x
− 1

re

∂V
∂x

, (4.8)

from which it follows that

1
ri

∂Vi

∂x
= 1

ri + re

∂V
∂x
− re

ri + re
IT . (4.9)

On substituting (4.9) into (4.7), we obtain

It = ∂

∂x

(
1

ri + re

∂V
∂x

)
, (4.10)
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where we have used (4.3) and the fact that IT is constant. Finally, recall that the
transmembrane current It is a sum of the capacitive and ionic currents, and thus

It = p
(

Cm
∂V
∂t
+ Iion

)
= ∂

∂x

(
1

ri + re

∂V
∂x

)
, (4.11)

where p is the perimeter of the axon. Equation (4.11) is usually referred to as the cable
equation. Note that Cm has units of capacitance per unit area of membrane, and Iion has
units of current per unit area of membrane. If a current Iapplied, with units of current
per unit area, is applied across the membrane (as before, taken positive in the outward
direction), then the cable equation becomes

It = p
(

Cm
∂V
∂t
+ Iion + Iapplied

)
= ∂

∂x

(
1

ri + re

∂V
∂x

)
. (4.12)

It is useful to nondimensionalize the cable equation. To do so we define the mem-
brane resistivity Rm as the resistance of a unit square area of membrane, having units
of � cm2. For any fixed V0, Rm is determined by measuring the change in membrane
current when V is perturbed slightly from V0. In mathematical terms,

1
Rm
= dIion

dV

∣∣∣∣
V=V0

. (4.13)

Although the value of Rm depends on the chosen value of V0, it is typical to take V0

to be the resting membrane potential to define Rm. Note that if the membrane is an
ohmic resistor, then Iion = V/Rm, in which case Rm is independent of V0.

Assuming that ri and re are constant, the cable equation (4.11) can now be written
in the form

τm
∂V
∂t
+ RmIion = λ2

m
∂2V
∂x2 , (4.14)

where

λm =
√

Rm

p(ri + re)
(4.15)

has units of distance and is called the cable space constant, and where

τm = RmCm (4.16)

has units of time and is called the membrane time constant. If we ignore the
extracellular resistance, then

λm =
√

Rmd
4Rc

, (4.17)

where d is the diameter of the axon (assuming circular cross-section). Finally, we rescale
the ionic current by defining Iion = −f (V , t)/Rm for some f , which, in general, is a
function of both voltage and time and has units of voltage, and nondimensionalize
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.Table 4.1 Typical parameter values for a variety of excitable cells.

parameter d Rc Rm Cm τm λm

units 10−4 cm � cm 103� cm2 μF/cm2 ms cm

squid giant axon 500 30 1 1 1 0.65

lobster giant axon 75 60 2 1 2 0.25

crab giant axon 30 90 7 1 7 0.24

earthworm giant axon 105 200 12 0.3 3.6 0.4

marine worm giant axon 560 57 1.2 0.75 0.9 0.54

mammalian cardiac cell 20 150 7 1.2 8.4 0.15

barnacle muscle fiber 400 30 0.23 20 4.6 0.28

space and time by defining new variables X = x/λm and T = t/τm. In the new variables
the cable equation is

∂V
∂T
= ∂2V
∂X2
+ f (V , T). (4.18)

Although f is written as a function of voltage and time, in many of the simpler versions
of the cable equation, f is a function of V only (for example, (4.19) below). Typical
parameter values for a variety of cells are shown in Table 4.1.

4.2 Dendritic Conduction

To complete the description of a spatially distributed cable, we must specify how the
ionic current depends on voltage and time. In the squid giant axon, f (V , t) is a function
of m, n, h, and V as described in Chapter 5. This choice for f allows waves that propa-
gate along the axon at constant speed and with a fixed profile. They require the input
of energy from the axon, which must expend energy to maintain the necessary ionic
concentrations, and thus they are often called active waves.

Any electrical activity for which the approximation f = −V is valid (i.e., if the
membrane is an Ohmic resistor) is said to be passive activity. There are some cables,
primarily in neuronal dendritic networks, for which this is a good approximation in
the range of normal activity. For other cells, activity is passive only if the membrane
potential is sufficiently small. For simplicity in a passive cable, we shift V so that the
resting potential is at V = 0. Thus,

∂V
∂T
= ∂2V
∂X2 − V , (4.19)
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which is called the linear cable equation. In the linear cable equation, current flows
along the cable in a passive manner, leaking to the outside at a linear rate.

There is a vast literature on the application of the linear cable equation to dendritic
networks. In particular, the books by Jack et al. (1975) and Tuckwell (1988) are largely
devoted to this problem, and provide detailed discussions of the theory. Koch and Segev
(1998) and Koch (1999) also provide excellent introductions.

4.2.1 Boundary Conditions

To determine the behavior of a single dendrite, we must first specify initial and bound-
ary conditions. Usually, it is assumed that at time T = 0, the dendritic cable is in its
resting state, V = 0, and so

V(X , 0) = 0. (4.20)

Boundary conditions can be specified in a number of ways. Suppose that X = Xb is a
boundary point.

1. Voltage-clamp boundary conditions: If the voltage is fixed (i.e., clamped) at X = Xb,
then the boundary condition is of Dirichlet type,

V(Xb, T) = Vb, (4.21)

where Vb is the specified voltage level.
2. Short circuit: If the ends of the cable are short-circuited, so that the extracellular

and intracellular potentials are the same at X = Xb, then

V(Xb, T) = 0. (4.22)

This is a special case of the voltage clamp condition in which Vb = 0.
3. Current injection: Suppose a current I(T) is injected at one end of the cable. Since

Ii = − 1
ri

∂Vi

∂x
= − 1

riλm

∂Vi

∂X
, (4.23)

the boundary condition (ignoring extracellular resistance, so that the extracellular
potential is uniform) is

∂V(Xb, T)
∂X

= −riλmI(T). (4.24)

If Xb is at the left end, this corresponds to an inward current, while if it is on the
right end, this is an outward current, if I(T) is positive.

4. Sealed ends: If the end at X = Xb is sealed to ensure that there is no current
across the endpoint, then the boundary condition is the homogeneous Neumann
condition,

∂V(Xb, T)
∂X

= 0, (4.25)

a special case of an injected current for which I(T) = 0.
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4.2.2 Input Resistance

One of the most important simple solutions of the cable equation corresponds to the
situation in which a steady current is injected at one end of a semi-infinite cable. This is
a common experimental protocol (although never with a truly semi-infinite cable) that
can be used to determine the cable parameters Rm and Rc. Suppose the cable extends
from X = 0 to X = ∞ and that a steady current I0 is injected at X = 0. Then, the
boundary condition at X = 0 is

dV(0)
dX

= −riλmI0. (4.26)

Setting ∂V/∂T = 0 and solving (4.19) subject to the boundary condition (4.19) gives

V(X) = λmriI0e−X = V(0)e−X = V(0)e−x/λm . (4.27)

Clearly, by measuring the rate at which the voltage decays along the cable, λm can be
determined from experimental data. The input resistance Rin of the cable is defined to
be the ratio V(0)/I0 = λmri. Recall that when the extracellular resistance is ignored,

λm =
√

Rmd
4Rc

. (4.28)

Combining this with (4.5) gives

Rin = λmri =
√

4RmRc

π2

1

d
3
2

. (4.29)

Hence, the input resistance of the cable varies with the −3/2 power of the cable diam-
eter, a fact that is of importance for the behavior of the cable equation in a branching
structure. Since both the input resistance and the space constant of the cable can be
measured experimentally, Rm and Rc can be calculated from experimental data.

Some solutions to the cable equation for various types of cable and boundary con-
ditions are discussed in the exercises. Tuckwell (1988) gives a detailed discussion of
the various types of solutions and how they are obtained.

4.2.3 Branching Structures

The property of neurons that is most obvious from Fig. 4.1 is that they are exten-
sively branched. While the procedure to find solutions on a branched cable network
is straightforward in concept, it can be quite messy in application. Thus, in what fol-
lows, we emphasize the procedure for obtaining the solution on branching structures,
without calculating specific formulas.

The Steady-State Solution

It is useful first to consider the simplest branched cable, depicted in Fig. 4.3. The cable
has a single branch point, or node, at X = L1, and the two offspring branches extend
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X=L1

X=L21

X=L22

Parent branch

Offspring

X=0

Figure 4.3 Diagram of the simplest possible branched cable.

to L21 and L22, respectively. For convenience we express all lengths in nondimensional
form, with the reminder that nondimensional length does not correspond to physical
length, as the distance variable x along each branch of the cable is scaled by the length
constant λm appropriate for that branch, and each branch may have a different length
constant.

We construct the solution in three parts: V1 on cylinder 1, and V21 and V22 on the
two offspring cylinders. At steady state each V satisfies the differential equation V ′′ = V ,
and so we can immediately write the general solution as

V1 = A1e−X + B1eX , (4.30)

V21 = A21e−X + B21eX , (4.31)

V22 = A22e−X + B22eX , (4.32)

where the A’s and B’s are unknown constants. To determine the 6 unknown constants,
we need 6 constraints, which come from the boundary and nodal conditions. For
boundary conditions, we assume that a current I0 is injected at X = 0 and that the
terminal ends (at X = L21 and X = L22) are held fixed at V = 0. Thus,

dV1(0)
dX

= −riλmI0, (4.33)

V21(L21) = V22(L22) = 0. (4.34)

The remaining three constraints come from conditions at the node. We require that V
be a continuous function and that current be conserved at the node. It follows that

V1(L1) = V21(L1) = V22(L1), (4.35)

and

d3/2
1

√
π2

4RmRc

dV1(L1)

dX
= d3/2

21

√
π2

4RmRc

dV21(L1)

dX
+ d3/2

22

√
π2

4RmRc

dV22(L1)

dX
. (4.36)
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If we make the natural assumption that each branch of the cable has the same
physical properties (and thus have the same Rm and Rc), although possibly differing in
diameter, the final condition for conservation of current at the node becomes

d3/2
1

dV1(L1)

dX
= d3/2

21
dV21(L1)

dX
+ d3/2

22
dV22(L1)

dX
. (4.37)

We thus have six linear equations for the six unknown constants; explicit solution
of this linear system is left for Exercise 6.

More General Branching Structures
For this method to work for more general branching networks, there must be enough
constraints to solve for the unknown constants. The following argument shows that
this is the case. First, we know that each branch of the tree contributes two unknown
constants, and thus, if there are N nodes, there are 1+2N individual cables with a total
of 2+ 4N unknown constants. Each node contributes three constraints, and there are
2+N terminal ends (including that at X = 0), each of which contributes one constraint,
thus giving a grand total of 2+4N constraints. Thus, the resulting linear system is well-
posed. Of course, a unique solution is guaranteed only if this system is invertible, which
is not known a priori.

Equivalent Cylinders
One of the most important results in the theory of dendritic trees is due to Rall (1959),
who showed that under certain conditions, the equations for passive electrical flow
over a branching structure reduce to a single equation for electrical flow in a single
cylinder, the so-called equivalent cylinder.

To see this reduction in a simple setting, consider again the branching structure of
Fig. 4.3. To reduce this to an equivalent cylinder we need some additional assumptions.
We assume, first, that the two offspring branches have the same dimensionless lengths,
L21 = L22, and that their terminals have the same boundary conditions. Since V21 and
V22 obey the same differential equation on the same domain, obey the same boundary
conditions at the terminals, and are equal at the node, it follows that they must be
equal. That is,

dV21(L1)

dX
= dV22(L1)

dX
. (4.38)

Substituting (4.38) into (4.37) we then get

d3/2
1

dV1(L1)

dX
= (d3/2

21 + d3/2
22 )

dV21(L1)

dX
. (4.39)

Finally (and this is the crucial assumption), if we assume that

d3/2
21 + d3/2

22 = d3/2
1 , (4.40)
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then

dV1(L1)

dX
= dV21(L1)

dX
. (4.41)

Thus V1 and V21 have the same value and derivative at L1 and obey the same differential
equation. It follows that the composite function

V =
{

V1(X), 0 ≤ X ≤ L1,
V21(X), L1 ≤ X ≤ L21,

(4.42)

is continuous with a continuous derivative on 0 < X < L21 and obeys the cable equation
on that same interval. Thus, the simple branching structure is equivalent to a cable of
length L21 and diameter d1.

More generally, if the branching structure satisfies the following conditions:

1. Rm and Rc are the same for each branch of the cable;
2. At every node the cable diameters satisfy an equation analogous to (4.40). That is,

if d0 is the diameter of the parent branch, and d1, d2, . . . are the diameters of the
offspring, then

d3/2
0 = d3/2

1 + d3/2
2 + · · · ; (4.43)

3. The boundary conditions at the terminal ends are all the same;
4. Each terminal is the same dimensionless distance L from the origin of the tree (at

X = 0);

then the entire tree is equivalent to a cylinder of length L and diameter d1, where d1 is
the diameter of the cable at X = 0. Using an inductive argument, it is not difficult to
show that this is so (although a rigorous proof is complicated by the notation). Working
from the terminal ends, one can condense the outermost branches into equivalent
cylinders, then work progressively inwards, condensing the equivalent cylinders into
other equivalent cylinders, and so on, until only a single cylinder remains. It is left as an
exercise (Exercise 7) to show that during this process the requirements for condensing
branches into an equivalent cylinder are never violated.

4.2.4 A Dendrite with Synaptic Input

Suppose we have a dendrite with a time-dependent synaptic input at some point along
the dendrite. Then the potential along the cable satisfies the equation

∂V
∂T
= ∂2V

∂X2
− V + g(T)δ(X − Xs)(Ve − V), (4.44)

with Vx = 0 at both ends of the cable x = 0, L (assuming the ends of the cable are
sealed). (For a derivation of the form of the synaptic input, see Chapter 8.)

There are two questions one might ask. First, one might want to know the voltage
at the end of the cable with a given input function g(t). However, it is more likely that
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the voltage at the ends of the cable can be measured so it is the input function g(t) and
its location Xs that one would like to determine. This latter is the question we address
here.

We suppose that V(0, t) = V0(t) and V(L, t) = V1(t) are known. Notice that we can
integrate the governing equation with respect to time and find that

V0XX − V0 = 0, (4.45)

provided X �= Xs, where V0(x) =
∫∞
−∞ V(X , T) dX , and V0 must satisfy boundary

conditions V0(0) = V0
0 , V0(L) = V1

0 , where Vj
0 =

∫∞
−∞ Vj(T) dT, j = 0, 1. It follows

that

V0(X) =
{

V0
0 cosh(x), X < Xs,

V1
0 cosh(L− x), X > Xs.

(4.46)

Since V0(X) must be continuous at X = Xs, it must be that

V0
0

V1
0

= cosh(L− Xs)

cosh(Xs)
= F(Xs). (4.47)

The function F(Xs) is a monotone decreasing function of Xs, so there is at most one
value of Xs which satisfies (4.47).

Next, notice that integrating (4.44) across X = Xs gives the jump condition

VX |X
+
s

X−s
= g(T)(V(Xs)− Ve), (4.48)

so that g(T) is determined from

g(T) = VX (X+s )− VX (X−s )
V(Xs)− Ve

. (4.49)

Now, the Fourier transform of V is

V̂(x,ω) =
∫ ∞

−∞
V(X , T)e−iωT dT, (4.50)

and the Fourier transformed equation is

V̂XX − (1− iω)V̂ = 0, (4.51)

for X �= Xs. It follows that

V̂(X) =
{

V̂0(ω) cosh(μ(ω)x), X < Xs,
V̂0(ω) cosh(μ(ω)(L− x)), X > Xs,

(4.52)

where μ2(ω) = 1− iω. We now calculate V(x) using the inverse Fourier transform and
find

V(Xs) = 1
2π

∫ ∞

−∞
V̂0(ω) cosh(μ(ω)Xs)eiωT dω, (4.53)

VX (X
−
s ) =

1
2π

∫ ∞

−∞
V̂0(ω)μ(ω) sinh(μ(ω)Xs)eiωT dω, (4.54)
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and

V(X+s ) =
1

2π

∫ ∞

−∞
V̂0(ω)μ(ω) sinh(μ(ω)(Xs − L))eiωT dω. (4.55)

These combined with (4.49), uniquely determine g(T).
This calculation and its extension to multiple synaptic inputs is due to Cox (2004).

4.3 The Rall Model of a Neuron

When studying a model of a neuron, the item of greatest interest is often the voltage
at the cell body, or soma. This is primarily because the voltage at the cell body can
be measured experimentally with greater ease than can the voltage in the dendritic
network, and further, it is the voltage at the soma that determines whether or not the
neuron fires an action potential. Therefore, it is important to determine the solution of
the cable equation on a dendritic network when one end of the network is connected
to a soma. The most common approach to incorporating a soma into the model is due
to Rall (1960), and is called the Rall lumped-soma model.

The three basic assumptions of the Rall model are, first, that the soma is isopotential
(i.e., that the soma membrane potential is the same at all points), second, that the soma
acts like a resistance (Rs) and a capacitance (Cs) in parallel, and, third, that the dendritic
network can be collapsed into a single equivalent cylinder. This is illustrated in Fig. 4.4.

The potential V satisfies the cable equation on the equivalent cylinder. The bound-
ary condition must account for current flow within the soma and into the cable. Thus,
if I0 denotes an applied current at X = 0, then the boundary condition is

I0 = − 1
ri

∂V(0, t)
∂x

+ Cs
∂V(0, t)
∂t

+ V(0, t)
Rs

, (4.56)

so that

RsI0 = −γ ∂V(0, T)
∂X

+ σ ∂V(0, T)
∂T

+ V(0, T), (4.57)

where σ = CsRs/τm = τs/τm and γ = Rs/(riλm). For convenience we assume that the
time constant of the soma is the same as the membrane time constant, so that σ = 1.

4.3.1 A Semi-Infinite Neuron with a Soma

We first calculate the steady response of a semi-infinite neuron to a current I0 injected
at X = 0, as in Section 4.2.2. As before, we set the time derivative to zero to get

d2V
dX2 = V , (4.58)

V(0)− γ dV(0)
dX

= RsI0, (4.59)
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A B

C

D

soma

soma

soma

equivalent cylinder

equivalent cylinder

Rs

Cs

dendritic network equivalent
cylinders

Figure 4.4 Schematic diagram of the Rall lumped-soma model of the neuron. First, it is
assumed that the dendritic network pictured in A is equivalent to the equivalent cylinders
shown in B, and that these cylinders are themselves equivalent to a single cylinder as in C.The
soma is assumed to be isopotential and to behave like a resistance and capacitance in parallel,
as in D.

which can easily be solved to give

V(X) = Rs

riλm + Rs
riλmI0e−X . (4.60)

This solution is nearly the same as the steady response of the equivalent cylinder with-
out a soma to an injected current, except that V is decreased by the constant factor
Rs/(Rs+riλm) < 1. As Rs→∞, in which limit the soma carries no current, the solution
to the lumped-soma model approaches the solution to the simple cable.

The input resistance Rin of the lumped-soma model is

Rin = V(0)
I0
= riλmRs

riλm + Rs
, (4.61)

and thus
1

Rin
= 1

riλm
+ 1

Rs
. (4.62)
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Since riλm is the input resistance of the cylinder, the input conductance of the lumped-
soma model is the sum of the input conductance of the soma and the input conductance
of the cylinder. This is as expected, since the equivalent cylinder and the soma are in
parallel.

4.3.2 A Finite Neuron and Soma

We now calculate the time-dependent response of a finite cable and lumped soma to a
delta function current input at the soma, as this is readily observed experimentally.

We assume that the equivalent cylinder has finite length L. Then the potential
satisfies

∂V
∂T
= ∂2V
∂X2
− V , 0 < X < L, T > 0, (4.63)

[6bp]V(X , 0) = 0, (4.64)

with boundary conditions

∂V(L, T)
∂X

= 0, (4.65)

[6bp]∂V(0, T)
∂T

+ V(0, T)− γ ∂V(0, T)
∂X

= Rsδ(T). (4.66)

Note that the boundary condition (4.66) is equivalent to

∂V(0, T)
∂T

+ V(0, T)− γ ∂V(0, T)
∂X

= 0, T > 0, (4.67)

together with the initial condition

V(0, 0) = Rs. (4.68)

We begin by seeking a generalized Fourier series expansion of the solution. Using
separation of variables, we find solutions of the form

V(X , T) = φ(X)e−μ2T , (4.69)

where φ satisfies the differential equation

φ′′ − (1− μ2)φ = 0, (4.70)

with boundary conditions (when T > 0)

φ′(L) = 0, (4.71)

φ′(0) = φ(0)1− μ
2

γ
. (4.72)

The solution of (4.70) is

φ = A cos(λX)+ B sin(λX), (4.73)
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for some constants A and B and λ2 = μ2 − 1, and applying the boundary conditions,
we find

B = −λA
γ

(4.74)

and

tan(λL) = − λ
γ

. (4.75)

The roots of (4.75) determine the eigenvalues. Although the eigenvalues cannot
be found analytically, they can be determined numerically. A graph of the left- and
right-hand sides of (4.75), showing the location of the eigenvalues as intersections of
these curves, is given in Fig. 4.5. There is an infinite number of discrete eigenvalues,
labeled λn, with λ0 = 0. Expecting the full solution to be a linear combination of the
eigenfunctions, we write

V(X , T) =
∞∑

n=0

Anφn(X) exp(−(1+ λ2
n)T), (4.76)

where

φn(X) = cos(λnX)− λn

γ
sin(λnX). (4.77)
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Figure 4.5 The eigenvalues of (4.63)–(4.66) are determined by the intersections of the curves
tan(λL) and −λ/γ . In this figure, L = γ = 1.



4.3: The Rall Model of a Neuron 191

Note that if λn is an eigenvalue, so also is−λn, but the eigenfunction φn(X) = cos(λnX)−
λn
γ

sin(λnX) is an even function of λn, so it suffices to include only positive eigenvalues
in the expansion.

We now strike a problem. The standard procedure is to expand the initial condi-
tion in terms of the eigenfunctions and thereby determine the coefficients An. However,
the eigenfunctions are not mutually orthogonal in the usual way, so the standard ap-
proach fails. One way around this is to construct a nonorthogonal expansion of the
initial condition, an approach used by Durand (1984). A different approach (Bluman
and Tuckwell, 1987; Tuckwell, 1988) is to calculate the Laplace transform of the solu-
tion, and then, by matching the two forms of the solution, obtain expressions for the
unknown coefficients.

Here we present a different approach. The standard Fourier series approach can be
rescued by introducing a slightly different operator and inner product (Keener, 1998).
Suppose we consider a Hilbert space of vectors of the form

U =
(

u(x)
α

)
, (4.78)

where α is a real scalar, with the inner product

〈U, V〉 =
∫ L

0
u(x)v(x) dx+ γαβ, (4.79)

where V =
(

v(x)
β

)
. The differential operator L on this space is defined by

LU =
(

u′′(x)
u′(0)

)
, (4.80)

with the boundary conditions u′(L) = 0 and u(0) = γα. Now, the usual calculation
shows that the operator L is a self-adjoint operator with the inner product defined
by (4.79). Furthermore, the eigenfunctions of L, L� = κ� satisfy the two equations
φ′′(x) = κφ(x) and γφ′(0) = κφ(0), which are exactly the equations (4.70) and (4.72)
with κ = 1 − μ2. It follows immediately that the eigenfunctions of the operator L are
orthogonal and complete on this Hilbert space and are given by

�n(X) =
(
φn(X)
φn(0)
γ

)
. (4.81)

Furthermore, the solution of the full problem can be written in this Hilbert space as
(

V(X , T)
1
γ

V(0, T)

)
=
∞∑

n=0

An�n(X) exp(−(1+ λ2
n)T), (4.82)
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and the coefficients are found by requiring
(

V(X , 0)
1
γ

V(0, 0)

)
=
∞∑

n=0

An�n(X) =
(

0
Rs
γ

)
. (4.83)

The coefficients An are now found by taking the inner product of (4.83) with �n(X)
with the result

An = Rs

γ 〈�n,�n〉 , (4.84)

where

γ 〈�n,�n〉 = γ
∫ L

0

(
cos(λnX)− λn

γ
sin(λnX)

)2

dX + 1

= 1
2
+ L

2γ
(γ 2 + μ2

n). (4.85)

4.3.3 Other Compartmental Models

The methods presented above give some idea of the difficulty of calculating analytical
solutions to the cable equation on branching structures, with or without a soma termi-
nation. Since modern experimental techniques can determine the detailed structure of
a neuron (for example, by staining with horseradish peroxidase), it is clear that more
experimental information can be obtained than can be incorporated into an analyti-
cal model (as is nearly always the case). Thus, one common approach is to construct a
large computational model of a neuron and then determine the solution by a numerical
method.

In a numerical approach, a neuron is divided into a large number of small pieces, or
compartments, each of which is assumed to be isopotential. Within each compartment
the properties of the neuronal membrane are specified, and thus some compartments
may have excitable kinetics, while others are purely passive. The compartments are
then connected by an axial resistance, resulting in a large system of coupled ordinary
differential equations, with the voltage specified at discrete places along the neuron.

Compartmental models, numerical methods for their solution, and software pack-
ages used for these kinds of models are discussed in detail in Koch and Segev (1998)
and de Schutter (2000), to which the interested reader is referred.

4.4 Appendix: Transform Methods

To follow all of the calculations and complete all the exercises in this chapter, you will
need to know about Fourier and Laplace transforms, generalized functions and the
delta function, Green’s functions, as well as some aspects of complex variable theory,
including contour integration and the residue theorem. If you have made it this far
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into this book, then you are probably familiar with these classic techniques. However,
should you need a reference for these techniques, there are many books with the generic
title “Advanced Engineering Mathematics,” from which to choose (see, for example,
Kreyszig (1994), O’Neill (1983), or Kaplan (1981)). At an intermediate level one might
consider Strang (1986) or Boyce and DiPrima (1997). Keener (1998) provides a more
advanced coverage of this material.

4.5 Exercises
1. Calculate the input resistance of a cable with a sealed end at X = L. Determine how the

length of the cable, and the boundary condition at X = L, affects the input resistance, and
compare to the result for a semi-infinite cable.

2. (a) Find the fundamental solution K of the linear cable equation satisfying

−d2K

dX2
+ K = δ(X − ξ), −∞ < X <∞, (4.86)

where δ(X − ξ) denotes an inward flow of positive current at the point X = ξ .

(b) Use the fundamental solution to construct a solution of the cable equation with
inhomogeneous current input

−d2V

dX2
+ V = I(X). (4.87)

3. Solve

−d2G(X)

dx2
+G(X) = δ(X − ξ), 0 < X , ξ < L, (4.88)

subject to (i) sealed end, and (ii) short circuit, boundary conditions.

4. (a) Use Laplace transforms to find the solution of the semi-infinite (time-dependent) cable
equation with clamped voltage

V(X , 0) = 0 (4.89)

and current input

∂V(0, T)
∂X

= −riλmI0H(T), (4.90)

where H is the Heaviside function.
Hint: Use the identity

2

s
√

s+ 1
= 1

s+ 1−√s+ 1
− 1

s+ 1+√s+ 1
, (4.91)

and then use

L−1

{
e−a
√

s

s+ b
√

s

}
= eb2T+aberfc

(
a

2
√

T
+ b
√

T
)

, (4.92)

where L−1 denotes the inverse Laplace transform.

(b) Show that

V(X , T)→ riλmI0e−X (4.93)

as T →∞.
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5. Calculate the time-dependent Green’s function for a finite cylinder of length L for (i) sealed
end, and (ii) short circuit, boundary conditions. These may be calculated in two different
ways, either using Fourier series or by constructing sums of fundamental solutions.

6. By solving for the unknown constants, calculate the solution of the cable equation on the
simple branching structure of Fig. 4.3. Show explicitly that this solution is the same as the
equivalent cylinder solution, provided the necessary conditions are satisfied.

7. Show that if the conditions in Section 4.2.3 are satisfied, a branching structure can be
condensed into a single equivalent cylinder.

8. Show that

∂V
∂T
= ∂2V

∂X2
− V + δ(X)δ(T), T ≥ 0, (4.94)

with V(X , T) = 0 for T < 0, is equivalent to

∂V
∂T
= ∂2V

∂X2
− V , T > 0, (4.95)

with initial condition

V(X , 0) = δ(X). (4.96)

9. Find the numerical solution of (4.44) with g(T) = Te−aT . From this determine V0(T) and
V1(T) and use (4.47) to determine Xs. How does the computed value of Xs compare with
the original value?

10. Show that as n→∞, the eigenvalues λn of (4.75) are approximately (2n− 1)π/(2L).

11. Using the method of Section 4.3.2, find the Green’s function for the finite cylinder and
lumped soma; i.e., solve

∂V
∂T
= ∂2V

∂X2
− V + δ(X − ξ)δ(T), (4.97)

V(X , 0) = 0, (4.98)

with boundary conditions
∂V(L, T)
∂X

= 0, (4.99)

∂V(0, T)
∂T

+ V(0, T)− γ ∂V(0, T)
∂X

= 0. (4.100)

Show that as ξ → 0 the solution approaches that found in Section 4.3.2, scaled by the factor
γ /Rs.
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Excitability

We have seen in previous chapters that the control of cell volume results in a potential
difference across the cell membrane, and that this potential difference causes ionic
currents to flow through channels in the cell membrane. Regulation of this membrane
potential by control of the ionic channels is one of the most important cellular func-
tions. Many cells, such as neurons and muscle cells, use the membrane potential as a
signal, and thus the operation of the nervous system and muscle contraction (to name
but two examples) are both dependent on the generation and propagation of electrical
signals.

To understand electrical signaling in cells, it is helpful (and not too inaccurate)
to divide all cells into two groups: excitable cells and nonexcitable cells. Many cells
maintain a stable equilibrium potential. For some, if currents are applied to the cell for
a short period of time, the potential returns directly to its equilibrium value after the
applied current is removed. Such cells are nonexcitable, typical examples of which are
the epithelial cells that line the walls of the gut. Photoreceptors (Chapter 19) are also
nonexcitable, although in their case, membrane potential plays an extremely important
signaling role nonetheless.

However, there are cells for which, if the applied current is sufficiently strong,
the membrane potential goes through a large excursion, called an action potential,
before eventually returning to rest. Such cells are called excitable. Excitable cells include
cardiac cells, smooth and skeletal muscle cells, some secretory cells, and most neurons.
The most obvious advantage of excitability is that an excitable cell either responds in
full to a stimulus or not at all, and thus a stimulus of sufficient amplitude may be
reliably distinguished from background noise. In this way, noise is filtered out, and a
signal is reliably transmitted.
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There are many examples of excitability that occur in nature. A simple example of
an excitable system is a household match. The chemical components of the match head
are stable to small fluctuations in temperature, but a sufficiently large temperature
fluctuation, caused, for example, by friction between the head and a rough surface,
triggers the abrupt oxidation of these chemicals with a dramatic release of heat and
light. The fuse of a stick of dynamite is a one-dimensional continuous version of an
excitable medium, and a field of dry grass is its two-dimensional version. Both of these
spatially extended systems admit the possibility of wave propagation (Chapter 6). The
field of grass has one additional feature that the match and dynamite fuse fail to have,
and that is recovery. While it is not very rapid by physiological standards, given a few
months of growth, a burned-over field of grass will regrow enough fuel so that another
fire may spread across it.

Although the generation and propagation of signals have been extensively stud-
ied by physiologists for at least the past 100 years, the most important landmark in
these studies is the work of Alan Hodgkin and Andrew Huxley, who developed the
first quantitative model of the propagation of an electrical signal along a squid giant
axon (deemed “giant” because of the size of the axon, not the size of the squid). Their
model was originally used to explain the action potential in the long giant axon of a
squid nerve cell, but the ideas have since been extended and applied to a wide vari-
ety of excitable cells. Hodgkin–Huxley theory is remarkable, not only for its influence
on electrophysiology, but also for its influence, after some filtering, on applied math-
ematics. FitzHugh (in particular) showed how the essentials of the excitable process
could be distilled into a simpler model on which mathematical analysis could make
some progress. Because this simplified model turned out to be of such great theoretical
interest, it contributed enormously to the formation of a new field of applied mathe-
matics, the study of excitable systems, a field that continues to stimulate a vast amount
of research.

Because of the central importance of cellular electrical activity in physiology, be-
cause of the importance of the Hodgkin–Huxley equations in the study of electrical
activity, and because it forms the basis for the study of excitability, it is no exaggera-
tion to say that the Hodgkin–Huxley equations are the most important model in all of
the physiological literature.

5.1 The Hodgkin–Huxley Model

In Chapter 2 we described how the cell membrane can be modeled as a capacitor in
parallel with an ionic current, resulting in the equation

Cm
dV
dt
+ Iion(V , t) = 0, (5.1)

where V , as usual, denotes the internal minus the external potential (V = Vi − Ve).
In the squid giant axon, as in many neural cells, the principal ionic currents are the
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Figure 5.1 The infamous giant squid (or even octopus, if you wish to be pedantic), having
nothing to do with the work of Hodgkin and Huxley on squid giant axon. From Dangerous Sea
Creatures, © 1976, 1977Time-Life Films, Inc.

Na+ current and the K+ current. Although there are other ionic currents, primarily the
Cl− current, in the Hodgkin–Huxley theory they are small and lumped together into
one current called the leakage current. Since the instantaneous I–V curves of open Na+
and K+ channels in the squid giant axon are approximately linear, (5.1) becomes

Cm
dV
dt
= −gNa(V − VNa)− gK(V − VK)− gL(V − VL)+ Iapp, (5.2)

where Iapp is the applied current. During an action potential there is a measured influx
of 3.7 pmoles/cm2 of Na+ and a subsequent efflux of 4.3 pmoles/cm2 of K+. These
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amounts are so small that it is realistic to assume that the ionic concentrations, and
hence the equilibrium potentials, are constant and unaffected by an action potential.
It is important to emphasize that the choice of linear I–V curves for the three different
channel types is dictated largely by experimental data. Axons in other species (such as
vertebrates) have ionic channels that are better described by other I–V curves, such
as the GHK current equation (2.123). However, the qualitative nature of the results
remains largely unaffected, and so the discussion in this chapter, which is mostly of
a qualitative nature, remains correct for models that use more complex I–V curves to
describe the ionic currents.

Equation (5.2) is a first-order ordinary differential equation and can be written in
the form

Cm
dV
dt
= −geff(V − Veq)+ Iapp, (5.3)

where geff = gNa+gK+gL and Veq = (gNaVNa+gKVK+gLVL)/geff . Veq is the membrane
resting potential and is a balance between the reversal potentials for the three ionic
currents. In fact, at rest, the Na+ and leakage conductances are small compared to the
K+ conductance, so that the resting potential is close to the K+ equilibrium potential.

The quantity Rm = 1/geff , the passive membrane resistance, is on the order of 1000
� cm2. The time constant for this equation is

τm = CmRm, (5.4)

on the order of 1 msec. It follows that, with a steady applied current, the membrane
potential should equilibrate quickly to

V = Veq + RmIapp. (5.5)

For sufficiently small applied currents this is indeed what happens. However, for
larger applied currents the response is quite different. Assuming that the model (5.2)
is correct, the only possible explanation for these differences is that the conductances
are not constant but depend in some way on the voltage. Historically, the key step to
determining the conductances was being able to measure the individual ionic currents
and from this to deduce the changes in conductances. This was brilliantly accomplished
by Hodgkin and Huxley in 1952.

5.1.1 History of the Hodgkin–Huxley Equations

(This section is adapted from Rinzel, 1990.) In a series of five articles that appeared
in the Journal of Physiology in 1952, Alan Lloyd Hodgkin and Andrew Fielding Huxley,
along with Bernard Katz, who was a coauthor of the lead paper and a collaborator in
several related studies, unraveled the dynamic ionic conductances that generate the
nerve action potential (Hodgkin et al., 1952; Hodgkin and Huxley, 1952a,b,c,d). They
were awarded the 1963 Nobel Prize in Physiology or Medicine (shared with John C.
Eccles, for his work on potentials and conductances at motorneuron synapses).
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Before about 1939, the membrane potential was believed to play an important role
in the membrane’s state, but there was no way to measure it. It was known that a cell’s
membrane separated different ionic concentrations inside and outside the cell. Apply-
ing the Nernst equation, Bernstein (1902) was led to suggest that the resting membrane
was semipermeable to K+, implying that, at rest, V should be around −70 mV. He be-
lieved that during activity there was a breakdown in the membrane’s resistance to all
ionic fluxes, and potential differences would disappear, i.e., V would approach zero.

In 1940, Cole and Curtis, using careful electrode placement coupled with biophysi-
cal and mathematical analysis, obtained the first convincing evidence for a substantial
transient increase in membrane conductivity during passage of the action potential.
While they estimated a large conductance increase, it was not infinite, so without a
direct measurement of membrane potential it was not possible to confirm or nullify
Bernstein’s hypothesis. During a postdoctoral year in the U.S. in 1937–1938, Hodgkin
established connections with Cole’s group at Columbia and worked with them at Woods
Hole in the summer. He and Curtis nearly succeeded in measuring V directly by tun-
neling along the giant axon with a glass micropipette. When each succeeded later
(separately, with other collaborators), they found, surprisingly, that V rose transiently
toward zero, but with a substantial overshoot. This finding brought into serious ques-
tion the hypothesis of Bernstein and provided much food for thought during World
War II, when Hodgkin, Huxley, and many other scientists were involved in the war
effort.

By the time postwar experimental work was resuming in England, Cole and Mar-
mont had developed the space-clamp technique. This method allowed one to measure
directly the total transmembrane current, uniform through a known area, rather than
spatially nonuniform as generated by a capillary electrode. To achieve current control
with space clamping, the axon was threaded with a metallic conductor (like a thin sil-
ver wire) to provide low axial resistance and thereby eliminate voltage gradients along
the length of the axon. Under these conditions the membrane potential is no longer a
function of distance along the axon, only of time. In addition, during the 1947 squid sea-
son, Cole and company made substantial progress toward controlling the membrane
potential as well.

In 1948, Hodgkin went to visit Cole (then at Chicago) to learn directly of their meth-
ods. With some further developments of their own, Hodgkin, Huxley, and Katz applied
the techniques with great success to record transient ionic fluxes over the physiological
ranges of voltages. Working diligently, they collected most of the data for their papers in
the summer of 1949. Next came the step of identifying the individual contributions of
the different ion species. Explicit evidence that both Na+ and K+ were important came
from the work of Hodgkin and Katz (1949). This also explained the earlier puzzling ob-
servations that V overshoots zero during an action potential, opposing the suggestion
of Bernstein. Instead of supposing that there was a transient increase in permeability
identical for all ions, Hodgkin and Katz realized that different changes in permeabil-
ities for different ions could account for the V time course, as V would approach the
Nernst potential for the ion to which the membrane was predominantly permeable, and
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this dominance could change with time. For example, at rest the membrane is most
permeable to K+, so that V is close to VK. However, if gK were to decrease and gNa were
to increase, then V would be pushed toward VNa, which is positive, thus depolarizing
the cell.

The question of how the changes in permeability were dynamically linked to V was
not completely stated until the papers of 1952. In fact, the substantial delay from data
collection in 1949 until final publication in 1952 can be attributed to the considerable
time devoted to data analysis, model formulation, and testing. Computer downtime
was also a factor, as some of the solutions of the Hodgkin–Huxley equations were
computed on a desktop, hand-cranked calculator. As Hodgkin notes, “The propagated
action potential took about three weeks to complete and must have been an enormous
labour for Andrew [Huxley]” (Hodgkin, 1976, p. 19).

The final paper of the 1952 series is a masterpiece of the scientific art. Therein they
present their elegant experimental data, a comprehensive theoretical hypothesis, a fit
of the model to the experimental data (obtained for fixed values of the membrane po-
tential), and then, presto, a prediction (from their numerical computations) of the time
course of the propagated action potential. In biology, where quantitatively predictive
theories are rare, this work stands out as one of the most successful combinations of
experiment and theory.

5.1.2 Voltage and Time Dependence of Conductances

The key step to sorting out the dynamics of the conductances came from the develop-
ment of the voltage clamp. A voltage clamp fixes the membrane potential, usually by
a rapid step from one voltage to another, and then measures the current that must be
supplied in order to hold the voltage constant. Since the supplied current must equal
the transmembrane current, the voltage clamp provides a way to measure the tran-
sient transmembrane current that results. The crucial point is that the voltage can be
stepped from one constant level to another, and so the ionic currents can be measured
at a constant, known, voltage. Thus, even when the conductances are functions of the
voltage (as is actually the case), a voltage clamp eliminates any voltage changes and
permits measurement of the conductances as functions of time only.

Hodgkin and Huxley found that when the voltage was stepped up and held fixed
at a higher level, the total ionic current was initially inward, but at later times an
outward current developed (Fig. 5.2). For a number of reasons, not discussed here,
they argued that the initial inward current is carried almost entirely by Na+, while the
outward current that develops later is carried largely by K+. With these assumptions,
Hodgkin and Huxley were able to use a clever trick to separate the total ionic current
into its constituent ionic parts. They replaced 90% of the extracellular Na+ in the
normal seawater bath with choline (a viscous liquid vitamin B complex found in many
animal and vegetable tissues), which rendered the axon nonexcitable but changed the
resting potential only slightly. Since it is assumed that immediately after the voltage
has been stepped up, the ionic current is all carried by Na+, it is possible to measure
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Figure 5.2 Experimental results describing the total
membrane current in response to a step depolarization.
The numbers on the left give the final value of the mem-
brane potential, in mV. The interval between dots on
the horizontal scale is 1 ms, while one division on
the vertical scale represents 0.5 mA/cm2. (Hodgkin and
Huxley, 1952a, Fig. 2a.)

the initial Na+ currents in response to a voltage step. Note that although the Na+
currents can be measured directly immediately after the voltage step, they cannot be
measured directly over a longer time period, as the total ionic current begins to include
a contribution from the K+ current. If we denote the Na+ currents for the two cases of
normal extracellular Na+ and zero extracellular Na+ by I1

Na and I2
Na respectively, then

the ratio of the two currents,

I1
Na/I

2
Na = K, (5.6)

say, can be measured directly from the experimental data.
Next, Hodgkin and Huxley made two further assumptions. First, they assumed that

the Na+ current ratio K is independent of time and is thus constant over the course
of each voltage clamp experiment. In other words, the amplitude and direction of the
Na+ current may be affected by the low extracellular Na+ solution, but its time course
is not. Second, they assumed that the K+ channels are unaffected by the change in
extracellular Na+ concentration. There is considerable evidence that the Na+ and K+
channels are independent. Tetrodotoxin (TTX) is known to block Na+ currents while
leaving the K+ currents almost unaffected, while tetraethylammonium (TEA) has the
opposite effect of blocking the K+ current but not the Na+ current. To complete the
argument, since Iion = INa + IK, and I1

K = I2
K, it follows that I1

ion − I1
Na = I2

ion − I2
Na, and
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thus

I1
Na =

K
K − 1

(I1
ion − I2

ion), (5.7)

IK = I1
ion − KI2

ion

1− K
. (5.8)

Hence, given measurements of the total ionic currents in the two cases, and given the
ratio K of the Na+ currents, it is possible to determine the complete time courses of
both the Na+ and K+ currents.

Finally, from knowledge of the individual currents, one obtains the conductances
as

gNa = INa

V − VNa
, gK = IK

V − VK
. (5.9)

Note that this result relies on the specific (linear) model used to describe the I–V curve
of the Na+ and K+ channels, but, as stated above, we assume throughout that the
instantaneous I–V curves of the Na+ and K+ channels are linear.

Samples of Hodgkin and Huxley’s data are shown in Fig. 5.3. The plots show ionic
conductances as functions of time following a step increase or decrease in the mem-
brane potential. The important observation is that with voltages fixed, the conductances
are time-dependent. For example, when V is stepped up and held fixed at a higher level,
gK does not increase instantaneously, but instead increases over time to a final steady
level. Both the time constant of the increase and the final value of gK are dependent on
the value to which the voltage is stepped. Further, gK increases in a sigmoidal fashion,
with a slope that first increases and then decreases (Fig. 5.3A and B). Following a step
decrease in the voltage, gK falls in a simple exponential fashion (Fig. 5.3A). This par-
ticular feature of gK—a sigmoidal increase coupled with an exponential decrease—is
important in what follows when we model gK. The behavior of gNa is more complex.
Following a step increase in voltage, gNa first increases, but then decreases again, all at
the same fixed voltage (Fig. 5.3C). Hence, the time dependence of gNa requires a more
complex model than for that of gK.

The Potassium Conductance

From the experimental data shown in Fig. 5.3A and B, it is reasonable to expect that
gK obeys some differential equation,

dgK

dt
= f (v, t), (5.10)

say, where v = V−Veq; i.e., v is the difference between the membrane potential and the
resting potential. (Of course, since Veq is a constant, dv/dt = dV/dt.) However, for gK to
have the required sigmoidal increase and exponential decrease, Hodgkin and Huxley
realized that it would be easier to write gK as some power of a different variable, n say,
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Figure 5.3 Conductance changes as a function of time at different voltage clamps. A: The
response of gK to a step increase in V and then a step decrease. B: Responses of gK to step
increases in V of varying magnitudes.The number on each curve gives the depolarization in mV,
and the smooth curves are calculated from solution of (5.11) and (5.12), with the initial condition
gK(t = 0) = 0.24 mS/cm2. The vertical scale is the same in curves A–J, but is increased by a
factor of four in the lower two curves. For clarity, the baseline of each curve has been shifted
up. C: Responses of gNa to step increases in V of magnitudes given by the numbers on the
left, in mV.The smooth curves are the model solutions.The vertical scales on the right are in
units of mS/cm2. (Hodgkin and Huxley, 1952d, Figs. 2, 3, and 6.)

where n satisfies a first-order differential equation. Thus, they wrote

gK = ḡKn4, (5.11)

for some constant ḡK. The fourth power was chosen not for physiological reasons,
but because it was the smallest exponent that gave acceptable agreement with the
experimental data. The secondary variable n obeys the differential equation

τn(v)
dn
dt
= n∞(v)− n, (5.12)
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for some functions τn(v) and n∞(v) that must be determined from the experimental
data in a manner that is described below. Equation (5.12) is often written in the form

dn
dt
= αn(v)(1− n)− βn(v)n, (5.13)

where

n∞(v) = αn(v)
αn(v)+ βn(v)

, (5.14)

τn(v) = 1
αn(v)+ βn(v)

. (5.15)

At elevated potentials n(t) increases monotonically and exponentially toward its resting
value, thereby turning on, or activating, the K+ current. Since the Nernst potential is
below the resting potential, the K+ current is an outward current at potentials greater
than rest. The function n(t) is called the K+ activation.

It is instructive to consider in detail how such a formulation for gK results in the
required sigmoidal increase and exponential decrease. Suppose that at time t = 0, v is
increased from 0 to v0 and then held constant, and suppose further that n is at steady
state when t = 0, i.e., n(0) = n∞(0). For simplicity, we assume that n∞(0) = 0, although
this assumption is not necessary for the argument. Solving (5.12) then gives

n(t) = n∞(v0)

[
1− exp

( −t
τn(v0)

)]
, (5.16)

which is an increasing curve (with monotonically decreasing slope) that approaches
its maximum at n∞(v0). Raising n to the fourth power gives a sigmoidally increasing
curve as required. Higher powers of n result in curves with a greater maximum slope
at the point of inflection. However, in response to a step decrease in v, from v0 to 0 say,
the solution for n is

n(t) = n∞(v0) exp
( −t
τn(0)

)
, (5.17)

in which case n4 is exponentially decreasing, with no inflection point.
It remains to describe how the functions n∞ and τn are determined from the ex-

perimental data. For any given voltage step, the time constant τn, and the final value
of n, namely n∞, can be determined by fitting (5.16) to the experimental data. By this
procedure one can determine τn and n∞ at a discrete set of values for v, i.e., those values
used experimentally. Typical data points for n∞ are shown in Fig. 5.4 as symbols. To
obtain a complete description of gK, valid for all voltages and not only those used in
the experiments, Hodgkin and Huxley fitted a smooth curve through the data points.
The functional form of the smooth curve has no physiological significance, but is a
convenient way of providing a continuous description of n∞. A similar procedure is
followed for τn. The continuous descriptions of n∞ and τn (expressed in terms of αn

and βn) are given in (5.28) and (5.29) below.
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Figure 5.4 Data points (symbols) of n∞, determined by fitting (5.16) to the experimental time
courses.The smooth curve through the symbols provides a continuous description of n∞, and
its functional form has no physiological significance. In the original plot (Hodgkin and Huxley,
1952d, Fig. 5) V was calculated with a reverse sign, which has here been changed to agree with
modern conventions.Thus, the horizontal axis appears reversed.

The Sodium Conductance
The time dependence for the Na+ conductance is more difficult to unravel. From the
experimental data it is suggested that there are two processes at work, one that turns
on the Na+ current and one that turns it off. Hodgkin and Huxley proposed that the
Na+ conductance is of the form

gNa(v) = ḡNam3h, (5.18)

and they fitted the time-dependent behavior of m and h to exponentials with dynamics

dw
dt
= αw(1−w)− βww, (5.19)

where w = m or h. Because m is small at rest and first increases, it is called the sodium
activation variable, and because h shuts down, or inactivates, the Na+ current, it is
called the sodium inactivation variable. When h = 0, the Na+ current is completely
inactivated. The overall procedure is similar to that used in the specification of gK. For
any fixed voltage step, the unknown functions αw and βw are determined by fitting to
the experimental curves (Fig. 5.3C), and then smooth curves, with arbitrary functional
forms, are fitted through the data points for αw and βw.

Summary of the Equations
In summary, the Hodgkin–Huxley equations for the space-clamped axon are

Cm
dv
dt
= −ḡKn4(v− vK)− ḡNam3h(v− vNa)− ḡL(v− vL)+ Iapp, (5.20)
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dm
dt
= αm(1−m)− βmm, (5.21)

dn
dt
= αn(1− n)− βnn, (5.22)

dh
dt
= αh(1− h)− βhh. (5.23)

The specific functions α and β proposed by Hodgkin and Huxley are, in units of (ms)−1,

αm = 0.1
25− v

exp
(

25−v
10

)
− 1

, (5.24)

βm = 4 exp
(−v

18

)
, (5.25)

αh = 0.07 exp
(−v

20

)
, (5.26)

βh = 1

exp
(

30−v
10

)
+ 1

, (5.27)

αn = 0.01
10− v

exp
(

10−v
10

)
− 1

, (5.28)

βn = 0.125 exp
(−v

80

)
. (5.29)

For these expressions, the potential v is the deviation from rest (v = V−Veq), measured
in units of mV, current density is in units of μA/cm2, conductances are in units of
mS/cm2, and capacitance is in units of μF/cm2. The remaining parameters are

ḡNa = 120, ḡK = 36, ḡL = 0.3, Cm = 1, (5.30)

with (shifted) equilibrium potentials vNa = 115, vK = −12, and vL = 10.6. (The astute
reader will notice immediately that these values are not quite consistent with the values
given in Table 2.1. Instead, these correspond to VNa = 50 mV, VK = −77 mV, VL = −54.4
mV, with an equilibrium membrane potential of Veq = −65 mV. These values are close
enough to those of Table 2.1 to be of no concern.) In Fig. 5.5 are shown the steady-state
functions and the time constants.

In Chapter 3 we discussed simple models of the gating of Na+ and K+ channels and
showed how the rate constants in simple kinetic schemes could be determined from
whole-cell or single-channel data. We also showed how models of the form (5.20)–(5.23)
can be derived by modeling the ionic channels as consisting of multiple subunits, each
of which obeys a simple two-state model. For example, the Hodgkin–Huxley Na+ gating
equations can be derived from the assumption that the Na+ channel consists of three
“m” gates and one “h” gate, each of which can be either closed or open. If the gates
operate independently, then the fraction of open Na+ channels is m3h, where m and h
obey the equation of the two-state channel model. Similarly, if there are four “n” gates
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Figure 5.5 In the left panel are the steady-state functions, and in the right panel are the time
constants of the Hodgkin–Huxley equations (5.20)–(5.23).

per K+ channel, all of which must be open for K+ to flow, then the fraction of open K+
channels is n4.

Now comes the most interesting challenge facing these equations. Having incorpo-
rated the measurements of conductance found from voltage-clamp experiments, one
wonders whether these equations reproduce a realistic action potential, and if so, by
what mechanism is the action potential produced? We can describe in qualitative terms
how the Hodgkin–Huxley equations should work. If small currents are applied to a cell
for a short period of time, the potential returns rapidly to its equilibrium v = 0 after
the applied current is removed. The equilibrium potential is close to the K+ Nernst
potential vK = −12, because at rest, the Na+ and leakage conductances are small.
There is always competition among the three ionic currents to drive the potential to
the corresponding resting potential. For example, if the K+ and leakage currents could
be blocked or the Na+ conductance dramatically increased, then the term gNa(V−VNa)

should dominate (5.2), and as long as v is below vNa, an inward Na+ current would
drive the potential toward vNa. Similarly, while v is above vK, the K+ current is outward
in an attempt to drive v toward vK. Notice that since vK < vL < vNa, v is necessarily
restricted to lie in the range vK < v < vNa.

If gNa and gK were constant, that would be the end of the story. The equilibrium at
v = 0 would be a stable equilibrium, and, following any stimulus, the potential would
return exponentially to rest. But since gNa and gK can change, the different currents can
exert their respective influences. The actual sequence of events is determined by the
dynamics of m, n, and h. The most important observation for the moment is that τm(v)
is much smaller than either τn(v) or τh(v), so that m(t) responds much more quickly
to changes in v than either n or h. We can now understand why the Hodgkin–Huxley
system is an excitable system. As noted above, if the potential v is raised slightly by a
small stimulating current, the system returns to its stable equilibrium. However, during
the period of time that the potential v is elevated, the Na+ activation m tracks m∞(v). If
the stimulating current is large enough to raise the potential and therefore m∞(v) to a
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high enough level (above its threshold), then before the system can return to rest, m will
increase sufficiently to change the sign of the net current, resulting in an autocatalytic
inward Na+ current. Now, as the potential rises, m continues to rise, and the inward
Na+ current is increased, further adding to the rise of the potential.

If nothing further were to happen, the potential would be driven to a new equilib-
rium at vNa. However, here is where the difference in time constants plays an important
role. When the potential is at rest, the Na+ inactivation variable, h, is positive, about
0.6. As the potential increases, h∞ decreases toward zero, and as h approaches zero,
the Na+ current is inactivated because gNa approaches zero. However, because the time
constant τh(v) is much larger than τm(v), there is a considerable delay between turning
on the Na+ current (as m increases) and turning off the Na+ current (as h decreases).
The net effect of the two different time scales of m and h is that the Na+ current is
at first turned on and later turned off, and this is seen as an initial increase of the
potential, followed by a decrease toward rest.

At about the same time that the Na+ current is inactivated, the outward K+ current
is activated. This is because of the similarity of the time constants τn(v) and τh(v).
Activation of the K+ current drives the potential below rest toward vK. When v is
negative, n declines, and the potential eventually returns to rest, and the whole process
can start again. Fig. 5.6A shows a plot of the potential v(t) during an action potential
following a superthreshold stimulus. Fig. 5.6B shows m(t), n(t), and h(t) during the
same action potential.

There are four recognizable phases of an action potential: the upstroke, excited,
refractory, and recovery phases. The refractory period is the period following the excited
phase when additional stimuli evoke no substantial response, even though the potential
is below or close to its resting value. There can be no response, since the Na+ channels
are inactivated because h is small. As h gradually returns to its resting value, further
responses once again become possible.

Oscillations in the Hodgkin–Huxley Equations
There are two ways that the Hodgkin–Huxley system can be made into an autonomous
oscillator. The first is to inject a steady current of sufficient strength, i.e., by increas-
ing Iapp. Such a current raises the resting potential above the threshold for an action
potential, so that after the axon has recovered from an action potential, the potential
rises to a superthreshold level at which another action potential is evoked.

In Fig. 5.7A we plot the steady state v (i.e., V − Veq) as a function of the applied
current, Iapp. The stable steady state is plotted as a solid line, and an unstable steady
state is plotted with a dashed line. As Iapp increases, so does v, and the steady state is
stable for Iapp < 9.78, at which value it loses stability in a subcritical Hopf bifurcation.
This bifurcation gives rises to a branch of unstable limit cycle oscillations which bends
backwards initially. Unstable limit cycles are drawn with a dashed line, and stable ones
with a solid line.

In Fig. 5.7A we also plot the minimum and maximum of the oscillations (i.e., osc
min and osc max) as functions of Iapp. The branch of unstable limit cycles terminates at
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Figure 5.6 An action potential in the Hodgkin–Huxley equations. A: The action potential;
B: the gating variables during an action potential, and C: the conductances during an action
potential.

a limit point (a saddle-node of periodics, or SNP, bifurcation) where it coalesces with
a branch of stable limit cycles. The stable periodic solutions are observed by direct
numerical simulation of the differential equations. At larger values of Iapp, the limit
cycles disappear in another Hopf bifurcation, this time a supercritical one, leaving
only a branch of stable steady-state solutions for higher values of Iapp.

Hence, for intermediate values of Iapp, stable oscillations exist. Two examples are
shown in Fig. 5.7B. When Iapp is too high, the model exhibits only a raised steady
state. Furthermore, for a narrow range of values of Iapp, slightly below the lower Hopf
bifurcation, a stable steady state, an unstable periodic orbit, and a stable periodic orbit
coexist.

Immersing the axon in a bath of high extracellular K+ has the same effect through a
slightly different mechanism. Increased extracellular K+ has the effect of increasing the
K+ Nernst potential, raising the resting potential (since the resting potential is close to
the K+ Nernst potential). If this increase of the K+ Nernst potential is sufficiently large,
the resting potential becomes superthreshold, and autonomous oscillations result.
This mechanism of creating an autonomous oscillator out of normally excitable but
nonoscillatory cells is important for certain cardiac arrhythmias.
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m

Figure 5.7 A: Bifurcation diagram of the Hodgkin–Huxley equations, with the applied current,
Iapp as the bifurcation parameter. HB denotes a Hopf bifurcation, SNP denotes a saddle-node of
periodics bifurcation, osc max and osc min denote, respectively, the maximum and minimum
of an oscillation, and ss denotes a steady state. Solid lines denote stable branches, dashed or
dotted lines denote unstable branches. B: Sample oscillations at two different values of Iapp.

5.1.3 Qualitative Analysis

FitzHugh (1960, 1961, 1969) provided a particularly elegant qualitative description
of the Hodgkin–Huxley equations that allows a better understanding of the model’s
behavior. More detailed analyses have also been given by Rinzel (1978), Troy (1978),
Cole et al. (1955), and Sabah and Spangler (1970). FitzHugh’s approach is based on
the fact that some of the model variables have fast kinetics, while others are much
slower. In particular, m and v are fast variables (i.e., the Na+ channel activates quickly,
and the membrane potential changes quickly), while n and h are slow variables (i.e.,
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Na+ channels are inactivated slowly, and the K+ channels are activated slowly). Thus,
during the initial stages of the action potential, n and h remain essentially constant
while m and v vary. This allows the full four-dimensional phase space to be simplified
by fixing the slow variables and considering the behavior of the model as a function
only of the two fast variables. Although this description is accurate only for the initial
stages of the action potential, it provides a useful way to study the process of excitation.

The Fast Phase Plane

Thus motivated, we fix the slow variables n and h at their respective resting states,
which we call n0 and h0, and consider how m and v behave in response to stimulation.
The differential equations for the fast phase plane are

Cm
dv
dt
= −ḡKn4

0(v− vK)− ḡNam3h0(v− vNa)− ḡL(v− vL), (5.31)

dm
dt
= αm(1−m)− βmm, (5.32)

or, equivalently,

τm
dm
dt
= m∞ −m. (5.33)

This is a two-dimensional system and can be studied in the (m, v) phase plane, a plot
of which is given in Fig. 5.8. The curves defined by dv/dt = 0 and dm/dt = 0 are the v
and m nullclines, respectively. The m nullcline is the curve m = m∞(v), which we have
seen before (in Fig. 5.5), while the v nullcline is the curve

v = ḡNam3h0vNa + ḡKn4
0vK + ḡLvL

ḡNam3h0 + ḡKn4
0 + ḡL

. (5.34)

For the parameters of the Hodgkin–Huxley equations, the m and v nullclines intersect in
three places, corresponding to three steady states of the fast equations. Note that these
three intersections are not steady states of the full model, only of the fast subsystem,
and, to be precise, should be called pseudo-steady states. However, in the context of
the fast phase plane we continue to call them steady states. We label the three steady
states vr, vs, and ve (for resting, saddle, and excited).

It is left as an exercise to show that vr and ve are stable steady states of the fast sub-
system, while vs is a saddle point. Since vs is a saddle point, it has a one-dimensional
stable manifold, shown as a dot-dash line in Fig. 5.8. This stable manifold divides the
(m, v) plane into two regions: any trajectory starting to the left of the stable mani-
fold is prevented from reaching ve and must eventually return to the resting state, vr.
However, any trajectory starting to the right of the stable manifold is prevented from
returning to the resting state and must eventually end up at the excited state, ve. Hence,
the stable manifold, in combination with the two stable steady states, gives rise to a
threshold phenomenon. Any perturbation from the resting state that is not large enough
to cross the stable manifold eventually dies away, but a perturbation that crosses the
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Figure 5.8 The Hodgkin–Huxley fast phase plane, showing the nullclines dv/dt = 0 and
dm/dt = 0 (with h0 = 0.596, n0 = 0.3176), two sample trajectories and the stable manifold of
the saddle point vs .

stable manifold results in a large excursion in the voltage to the excited state. Sample
trajectories are sketched in Fig. 5.8.

If m and v were the only variables in the model, then v would stay at ve indefinitely.
However, as pointed out before, ve is not a steady state of the full model. Thus, to see
what happens on a longer time scale, we must consider how slow variations in n and h
affect the fast phase plane. First note that since ve > vr, it follows that h∞(ve) < h∞(vr)

and n∞(ve) > n∞(vr). Hence, while v is at the excited state, h begins to decrease,
thus inactivating the Na+ conductance, and n starts to increase thus activating the
K+ conductance. Next note that although the m nullcline in the fast phase plane is
independent of n and h, the v nullcline is not. In Fig. 5.8 the nullclines were drawn
using the steady-state values for n and h: different values of n and h change the shape
of the v nullcline. As n increases and h decreases, the v nullcline moves to the left and
up, as illustrated in Fig. 5.9. As the v nullcline moves up and to the left, ve and vs move
toward each other, while vr moves to the left. During this phase the voltage is at ve

and thus decreases slowly. Eventually, ve and vs coalesce and disappear in a saddle-
node bifurcation. When this happens vr is the only remaining steady state, and so the
solution must return to the resting state. Note that since the v nullcline has moved up
and to the left, vr is not a steady state of the full system. However, when v decreases
to vr, n and h both return to their steady states and as they do so, vr slowly increases
until the steady state of the full system is reached and the action potential is complete.
A schematic diagram of a complete action potential is shown in Fig. 5.10.
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Figure 5.9 The Hodgkin–Huxley fast phase plane as a function of the slow variables, showing
the m nullcline (dashed), the movement of the v nullcline (solid) and the disappearance of the
steady states. For these curves, parameter values are (1) h0 = 0.596, n0 = 0.3176; (2) h0 = 0.4,
n0 = 0.5; (3) h0 = 0.2, n0 = 0.7; and (4) h0 = 0.1, n0 = 0.8.

The Fast–Slow Phase Plane
In the above analysis, the four-dimensional phase space was simplified by taking a
series of two-dimensional cross-sections, those with various fixed values of n and h.
However, by taking a different cross-section other aspects of the action potential can
be highlighted. In particular, by taking a cross-section involving one fast variable and
one slow variable we obtain a description of the Hodgkin–Huxley equations that has
proven to be extraordinarily useful.

We extract a single fast variable by assuming that m is always in instantaneous
equilibrium, and thus m = m∞(v). This corresponds to assuming that activation of
the Na+ conductance is on a time scale faster than that of the voltage. Next, FitzHugh
noticed that during the course of an action potential, h+n ≈ 0.8 (notice the approximate
symmetry of n(t) and h(t) in Fig. 5.6), and thus h can be eliminated by setting h = 0.8−n.
With these simplifications, the Hodgkin–Huxley equations contain one fast variable v
and one slow variable n, and can be written as

−Cm
dv
dt
= ḡKn4(v− vK)+ ḡNam3∞(v)(0.8− n)(v− vNa)+ ḡL(v− vL), (5.35)

dn
dt
= αn(1− n)− βnn. (5.36)
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Figure 5.10 Schematic diagram of a complete action potential. A: Superthreshold stimulus
causes a fast increase of v to the excited state. B: v is sitting at the excited state, ve , decreasing
slowly as n increases and h decreases, i.e., as ve moves toward vs . C: ve and vs disappear at
a saddle-node bifurcation, and so, D:The solution must return to the resting state vr . E: n and
h slowly return to their resting states, and as they do so, vr slowly increases until the steady
state of the full four-dimensional system is reached.

For convenience we let f (v, n) denote the right-hand side of (5.35), i.e.,

−f (v, n) = ḡKn4(v− vK)+ ḡNam3∞(v)(0.8− n)(v− vNa)+ ḡL(v− vL). (5.37)

A plot of the nullclines of the fast–slow subsystem is given in Fig. 5.11A. The v
nullcline is defined by f (v, n) = 0 and has a cubic shape, while the n nullcline is n∞(v)
and is monotonically increasing. There is a single intersection (at least for the given
parameter values) and thus a single steady state. Because v is a fast variable and n is
a slow one, the solution trajectories are almost horizontal except where f (v, n) ≈ 0.
The curve f (v, n) = 0 is called the slow manifold. Along the slow manifold the solution
moves slowly in the direction determined by the sign of dn/dt, but away from the
slow manifold the solution moves quickly in a horizontal direction. From the sign of
dv/dt it follows that the solution trajectories move away from the middle branch of
the slow manifold and toward the left and right branches. Thus, the middle branch
is termed the unstable branch of the slow manifold. This unstable branch acts as a
threshold. If a perturbation from the steady state is small enough so that v does not
cross the unstable manifold, then the trajectory moves horizontally toward the left
and returns to the steady state. However, if the perturbation is large enough so that v
crosses the unstable manifold, then the trajectory moves to the right until it reaches
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Figure 5.11 A: Fast–slow phase plane of the Hodgkin–Huxley equations (with Iapp = 0),
showing the nullclines and an action potential. B: Action potential of panel A, plotted as a
function of time.

the right branch of the slow manifold, which corresponds to the excited state. On this
right branch dn/dt > 0, and so the solution moves slowly up the slow manifold until the
turning point is reached. At the turning point, n cannot increase any further, as the right
branch of the slow manifold ceases to exist, and so the solution moves over to the left
branch of the slow manifold. On this left branch dn/dt < 0, and so the solution moves
down the left branch until the steady state is reached, completing the action potential
(Fig. 5.11A). A plot of the potential as a function of time is shown in Fig. 5.11B.

The variables v and n are usually called the excitation and recovery variables,
respectively: excitation because v governs the rise to the excited state, and recovery
because n causes the return to the steady state. In the absence of n the solution would
stay at the excited state indefinitely.

There is a close relationship between the fast phase plane and the fast–slow phase
plane. Recall that in the fast phase plane, the v and m nullclines have three intersection
points when n = n0 and h = h0. These three intersections correspond to the three
branches of the curve f (v, n0) = 0. In other words, when n is fixed at n0, the equation
f (v, n0) = 0 has three possible solutions, corresponding to vr, vs and ve in the fast
phase plane. However, consideration of Fig. 5.11 shows that, as n increases, the two
rightmost branches of the slow manifold (i.e., the dashed line) coalesce and disappear.
This is analogous to the merging and disappearance of ve and vs seen in the fast phase
plane (Fig. 5.9). The fast–slow phase plane is a convenient way of summarizing how
vr, vs, and ve depend on the slow variables.

This representation of the Hodgkin–Huxley equations in terms of two variables,
one fast and one slow, is the basis of the FitzHugh–Nagumo model of excitability, and
models of this generic type are discussed in some detail throughout this book.
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Figure 5.12 A: Fast–slow phase plane of the Hodgkin–Huxley equations, with Iapp = 50,
showing the nullclines and an oscillation. B:The oscillations of panel A, plotted as a function
of time.

Oscillations in the Fast–Slow Phase Plane
As was true for the full Hodgkin–Huxley equations, the addition of an applied current
to the fast–slow phase plane gives rise to oscillations. Why this is so can be seen in
Fig. 5.12. As Iapp increases, the cubic nullcline moves across and up, until the two null-
clines intersect on the middle branch of the cubic. The trajectory can never approach
this steady state, always falling off each of the branches of the cubic, and alternating
periodically between the two stable branches in what is called a relaxation limit cycle.

5.2 The FitzHugh–Nagumo Equations

There is considerable value in studying systems of equations that are simpler than the
Hodgkin–Huxley equations but that retain many of their qualitative features. This is
the motivation for the FitzHugh–Nagumo equations and their variants. Basically, the
FitzHugh–Nagumo equations extract the essential behavior of the Hodgkin–Huxley
fast–slow phase plane and presents it in a simplified form. Thus, the FitzHugh–Nagumo
equations have two variables, one fast (v) and one slow (w). The fast variable has a
cubic nullcline and is called the excitation variable, while the slow variable is called the
recovery variable and has a nullcline that is monotonically increasing. The nullclines
have a single intersection point, which, without loss of generality, is assumed to be
at the origin. A schematic diagram of the phase plane is given in Fig. 5.13, where we
introduce some of the notation used later in this section.
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Figure 5.13 Schematic diagram of the generalized FitzHugh–Nagumo phase plane.

The traditional FitzHugh–Nagumo equations are obtained by assuming a cubic
nullcline for v and a linear nullcline for w. Thus,

ε
dv
dt
= f (v)−w+ Iapp, (5.38)

dw
dt
= v− γw, (5.39)

where

f (v) = v(1− v)(v− α), for 0 < α < 1, ε � 1. (5.40)

Iapp is the applied current. Typical values would be α = 0.1, γ = 0.5 and ε = 0.01.
Other choices for f (v) include the McKean model (McKean, 1970), for which

f (v) = H(v− α)− v, (5.41)

where H is the Heaviside function. This choice recommends itself because then the
model is piecewise linear, allowing explicit solutions of many interesting problems.
Another piecewise-linear model (also proposed by McKean, 1970) has

f (v) =
⎧
⎨

⎩

−v, for v < α/2,
v− α, for α

2 < v < 1+α
2 ,

1− v, for v > 1+α
2 .

(5.42)

A third piecewise-linear model that has found widespread usage is the Pushchino
model, so named because of its development in Pushchino (about 70 miles south of
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Figure 5.14 Circuit diagram for the
FitzHugh–Nagumo equations.

Moscow), by Krinsky, Panfilov, Pertsov, Zykov, and their coworkers. The details of the
Pushchino model are described in Exercise 13.

The FitzHugh–Nagumo equations can be derived from a simplified model of the cell
membrane (Fig. 5.14). Here the cell (or membrane patch) consists of three components,
a capacitor representing the membrane capacitance, a nonlinear current–voltage device
for the fast current, and a resistor, inductor, and battery in series for the recovery
current. In the 1960s Nagumo, a Japanese electrical engineer, built this circuit using
a tunnel diode as the nonlinear element (Nagumo et al., 1964), thereby attaching his
name to this system.

Using Kirchhoff’s laws, we can write down equations for the behavior of this
membrane circuit diagram. We find

Cm
dV
dτ
+ F(V)+ i = −I0, (5.43)

L
di
dτ
+ Ri = V − V0, (5.44)

where I0 is the applied external current, i is the current through the resistor–inductor,
V = Vi − Ve is the membrane potential, and V0 is the potential gain across the battery.
Here τ is used to represent dimensional time because we shortly introduce t as a di-
mensionless time variable. The function F(V) is assumed to be of cubic shape, having
three zeros, of which the smallest V = 0 and largest V = V1 are stable solutions of
the differential equation dV/dτ = −F(V). We take R1 to be the passive resistance of
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the nonlinear element, R1 = 1/F′(0). Now we introduce the dimensionless variables
v = V/V1, w = R1i/V1, f (v) = −R1F(V1v)/V1, and t = Lτ/R1. Then (5.43) and (5.44)
become

ε
dv
dt
= f (v)−w−w0, (5.45)

dw
dt
= v− γw− v0, (5.46)

where ε = R2
1Cm/L, w0 = R1I0/V1, v0 = V0/V1, and γ = R/R1.

An important variant of the FitzHugh–Nagumo equations is the van der Pol oscilla-
tor. An electrical engineer, van der Pol built the circuit using triodes because it exhibits
stable oscillations. As there was little interest in oscillatory circuits at the time, he pro-
posed his circuit as a model of an oscillatory cardiac pacemaker (van der Pol and van
der Mark, 1928). Since then it has become a classic example of a system with limit cycle
behavior and relaxation oscillations, included in almost every textbook on oscillations
(see, for example, Stoker, 1950, or Minorsky, 1962).

If we eliminate the resistor R from the circuit in Fig. 5.14, differentiate (5.43), and
eliminate the current i, we get the second-order differential equation

Cm
d2V
dτ2 + F′(V)dV

dτ
+ V

L
= V0

L
. (5.47)

Following rescaling, and setting F(v) = A(v3/3−v), we arrive at the van der Pol equation

v′′ + a(v2 − 1)v′ + v = 0. (5.48)

5.2.1 The Generalized FitzHugh-Nagumo Equations

From now on, by the generalized FitzHugh–Nagumo equations we mean the system of
equations

ε
dv
dt
= f (v, w), (5.49)

dw
dt
= g(v, w), (5.50)

where the nullcline f (v, w) = 0 is of “cubic” shape. By this we mean that for a finite
range of values of w, there are three solutions v = v(w) of the equation f (v, w) = 0.
These we denote by v = V−(w), v = V0(w), and v = V+(w), and, where comparison is
possible (since these functions need not all exist for the same range of w),

V−(w) ≤ V0(w) ≤ V+(w). (5.51)

We denote the minimal value of w for which V−(w) exists by W∗, and the maximal
value of w for which V+(w) exists by W∗. For values of w above the nullcline f (v, w) =
0, f (v, w) < 0, and below the nullcline, f (v, w) > 0 (in other words, fw(v, w) < 0).

The nullcline g(v, w) = 0 is assumed to have precisely one intersection with the
curve f (v, w) = 0. Increasing v beyond the curve g(v, w) = 0 makes g(v, w) positive
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(i.e., gv(v, w) > 0), and decreasing w below the curve g(v, w) = 0 increases g(v, w)
(hence gw(v, w) < 0). The nullclines f and g are illustrated in Fig. 5.13.

5.2.2 Phase-Plane Behavior

One attractive feature of the FitzHugh–Nagumo equations is that because they form a
two-variable system, they can be studied using phase-plane techniques. (For an example
of a different approach, see Troy, 1976.) There are two characteristic phase portraits
possible (shown in Figs. 5.15 and 5.16). By assumption, there is only one steady state,
at v = v∗, w = w∗, with f (v∗, w∗) = g(v∗, w∗) = 0. Without loss of generality, we assume
that this steady state occurs at the origin, as this involves only a shift of the variables.
Furthermore, it is typical that the parameter ε is a small number. For small ε, if the
steady state lies on either the left or right solution branch of f (v, w) = 0, i.e., the curves
v = V±(w), it is linearly stable. Somewhere on the middle solution branch v = V0(w),
near the extremal values of the curve f (v, w) = 0, there is a Hopf bifurcation point.
If parameters are varied so that the steady-state solution passes through this point, a
periodic orbit arises as a continuous solution branch and bifurcates into a stable limit
cycle oscillation.

When the steady state is on the leftmost branch, but close to the minimum
(Fig. 5.15), the system is excitable. This is because even though the steady state is

Figure 5.15 Phase portrait for the FitzHugh–Nagumo equations, (5.38)–(5.40), with α = 0.1,
γ = 0.5, ε = 0.01 and zero applied current. For these parameter values the system has a unique
globally stable rest point, but is excitable.The inset at top right shows the action potential as
a function of time.
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Figure 5.16 Phase portrait for the FitzHugh–Nagumo equations, (5.38)–(5.40), with α = 0.1,
γ = 0.5, ε = 0.01 and Iapp = 0.5. For these parameter values, the unique rest point is unstable
and there is a globally stable periodic orbit. The inset at top right shows the periodic orbit
plotted against time.

linearly stable, a sufficiently large perturbation from the steady state sends the state
variable on a trajectory that runs away from the steady state before eventually return-
ing to rest. Such a trajectory goes rapidly to the rightmost branch, which it hugs as
it gradually creeps upward, where upon reaching the maximum, it goes rapidly to the
leftmost branch and then gradually returns to rest, staying close to this branch as it
does. Plots of the variables v and w are shown as functions of time in Fig. 5.15.

The mathematical description of these events follows from singular perturbation
theory. With ε � 1, the variable v is a fast variable and the variable w is a slow variable.
This means that if possible, v is adjusted rapidly to maintain a pseudo-equilibrium at
f (v, w) = 0. In other words, if possible, v clings to the stable branches of f (v, w) = 0,
namely v = V±(w). Along these branches the dynamics of w are governed by the reduced
dynamics

dw
dt
= g(V±(w), w) = G±(w). (5.52)

When it is not possible for v to be in quasi-equilibrium, the motion is governed
approximately by the differential equations,

dv
dτ
= f (v, w),

dw
dτ
= 0, (5.53)
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found by making the change of variables to the fast time scale t = ετ , and then setting
ε = 0. On this time scale, w is constant, while v equilibrates to a stable solution of
f (v, w) = 0.

The evolution of v and w starting from specified initial conditions v0 and w0 can
now be described. Suppose v0 is greater than the rest value v∗. If v0 < V0(w), then v
returns directly to the steady state. If v0 > V0(w), then v goes rapidly to the upper branch
V+(w)with w remaining nearly constant at w0. The curve v = V0(w) is a threshold curve.
While v remains on the upper branch, w increases according to

dw
dt
= G+(w), (5.54)

as long as possible. However, in the finite time

Te =
∫ W∗

w0

dw
G+(w)

, (5.55)

w reaches the “knee” of the nullcline f (v, w) = 0. This period of time constitutes the
excited phase of the action potential.

When w reaches W∗ it is no longer possible for v to stay on the excited branch, so
it must return to the lower branch V−(w). Once on this branch, w decreases following
the dynamics

dw
dt
= G−(w). (5.56)

If the rest point lies on the lower branch, then G−(w∗) = 0, and w gradually returns to
rest on the lower branch.

Applied Current and Oscillations
When a current is applied to the generalized FitzHugh–Nagumo equations, they
become

ε
dv
dt
= f (v, w)+ Iapp, (5.57)

dw
dt
= g(v, w). (5.58)

As with the fast–slow phase plane of the Hodgkin–Huxley equations, the cubic nullcline
moves up as Iapp increases. Thus, when Iapp takes values in some intermediate range,
the steady state lies on the middle branch, V0(w), and is unstable. Instead of returning
to rest after one excursion on the excited branch, the trajectory alternates periodically
between the upper and lower branches, with w varying between W∗ and W∗ (Fig. 5.16).
This limit cycle behavior, where there are fast jumps between regions in which the so-
lution moves more slowly, is called a relaxation oscillation. In this figure, the relaxation
nature of the oscillations is not very pronounced; however, as ε decreases, the jumps
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Figure 5.17 Bifurcation diagram of the FitzHugh–Nagumo equations, (5.38)–(5.40), with α =
0.1, γ = 0.5, ε = 0.01, with the applied current as the bifurcation parameter. The steady-state
solution is labeled ss, while osc max and osc min denote, respectively, the maximum and
minimum of v over an oscillation. HB denotes a Hopf bifurcation point.

become faster. For small ε, the period of the oscillation is approximately

T =
∫ W∗

W∗

(
1

G+(w)
− 1

G−(w)

)
dw. (5.59)

This number is finite because G+(w) > 0, and G−(w) < 0 for all appropriate w.
As with the Hodgkin–Huxley equations, the behavior of the periodic orbits as Iapp

varies can be summarized in a bifurcation diagram. For each value of Iapp we plot the
value of v at the steady state, and (where appropriate) the maximum and minimum
values of v over a periodic orbit. As Iapp increases, a branch of periodic orbits appears
in a Hopf bifurcation at Iapp = 0.1 and disappears again in another Hopf bifurcation at
Iapp = 1.24. Between these two points there is a branch of stable periodic orbits. The
bifurcation diagram is shown in Fig. 5.17.

5.3 Exercises
1. Show that, if k > 1, then (1− e−x)k has an inflection point, but (e−x)k does not.

2. Explain why replacing the extracellular Na+ with choline has little effect on the resting
potential of an axon. Calculate the new resting potential with 90% of the extracellular
Na+ removed. Why is the same not true if K+ is replaced? (Assume the conductances are
constant.)

3. Plot the nullclines of the Hodgkin–Huxley fast subsystem. Show that vr and ve in the
Hodgkin–Huxley fast subsystem are stable steady states, while vs is a saddle point. Compute
the stable manifold of the saddle point and compute sample trajectories in the fast phase
plane, demonstrating the threshold effect.
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4. Show how the Hodgkin–Huxley fast subsystem depends on the slow variables; i.e., show
how the v nullcline moves as n and h are changed, and demonstrate the saddle-node
bifurcation in which ve and vs disappear.

5. Plot the nullclines of the fast–slow Hodgkin–Huxley phase plane and compute a complete
action potential.

6. How does the phase plane of the fast–slow Hodgkin–Huxley equations change with applied
current? How much applied current in the fast–slow Hodgkin–Huxley equations is needed
to generate oscillations? Plot a typical oscillation in the phase plane. Plot the maximum of
the oscillation against the applied current to construct a bifurcation diagram.

7. Suppose that in the Hodgkin–Huxley fast–slow phase plane, v is slowly decreased to v∗ < v0
(where v0 is the steady state), held there for a considerable time, and then released. Describe
what happens in qualitative terms, i.e., without actually computing the solution. This is
called anode break excitation (Hodgkin and Huxley, 1952d. Also see Peskin, 1991). What
happens if v is instantaneously decreased to v∗ and then released immediately? Why do
these two solutions differ?

8. In the text, the Hodgkin–Huxley equations are written in terms of v = V − Veq. Show that
in terms of V the equations are

Cm
dV
dt
= −ḡKn4(V − VK)− ḡNam3h(V − VNa)

− ḡL(V − VL)+ Iapp, (5.60)

dm
dt
= αm(1−m)− βmm, (5.61)

dn
dt
= αn(1− n)− βnn, (5.62)

dh
dt
= αh(1− h)− βhh, (5.63)

where (in units of (ms)−1),

αm = 0.1
−40− V

exp
(−40−V

10

)
− 1

, (5.64)

βm = 4 exp
(−V − 65

18

)
, (5.65)

αh = 0.07 exp
(−V − 65

20

)
, (5.66)

βh =
1

exp(−35−V
10 )+ 1

, (5.67)

αn = 0.01
−55− V

exp(−55−V
10 )− 1

, (5.68)

βn = 0.125 exp
(−V − 65

80

)
, (5.69)

and

ḡNa = 120, ḡK = 36, ḡL = 0.3, (5.70)

VNa = 55, VK = −77, VL = −54.4, Veq = −65. (5.71)
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9. Solve the full Hodgkin–Huxley equations numerically with a variety of constant cur-
rent inputs. For what range of inputs are there self-sustained oscillations? Construct the
bifurcation diagram as in Exercise 6.

10. The Hodgkin–Huxley equations are for the squid axon at 6.3◦C. Using that the absolute
temperature enters the equations through the Nernst equation, determine how changes in
temperature affect the behavior of the equations. In particular, simulate the equations at
0◦C and 30◦C to determine whether the equations become more or less excitable with an
increase in temperature.

11. Show that a Hopf bifurcation occurs in the generalized FitzHugh–Nagumo equations when
fv(v∗, w∗) = −εgw(v∗, w∗), assuming that

fv(v∗, w∗)gw(v∗, w∗)− gv(v∗, w∗)fw(v∗, w∗) > 0.

On which side of the minimum of the v nullcline can this condition be satisfied?

12. Morris and Lecar (1981) proposed the following two-variable model of membrane potential
for a barnacle muscle fiber:

Cm
dV
dT
+ Iion(V , W) = Iapp, (5.72)

dW
dT
= φ	(V)[W∞(V)−W], (5.73)

where V = membrane potential, W = fraction of open K+ channels, T = time, Cm =
membrane capacitance, Iapp = externally applied current, φ = maximum rate for closing
K+ channels, and

Iion(V , W) = gCaM∞(V)(V − VCa)+ gKW(V − VK)+ gL(V − VL), (5.74)

M∞(V) = 1
2

(
1+ tanh

(
V − V1

V2

))
, (5.75)

W∞(V) = 1
2

(
1+ tanh

(
V − V3

V4

))
, (5.76)

	(V) = cosh
(

V − V3
2V4

)
. (5.77)

Typical rate constants in these equations are shown in Table 5.1.

.Table 5.1 Typical parameter values for the Morris–Lecar model.

Cm = 20 μF/cm2 Iapp = 0.06 mA/cm2

gCa = 4.4 mS/cm2 gK = 8 mS/cm2

gL = 2 mS/cm2 φ = 0.04 (ms)−1

V1 = −1.2 mV V2 = 18 mV

V3 = 2 V4 = 30 mV

VCa = 120 mV VK = −84 mV

VL = −60 mV
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(a) Make a phase portrait for the Morris–Lecar equations. Plot the nullclines and show
some typical trajectories, demonstrating that the model is excitable.

(b) Does the Morris–Lecar model exhibit anode break excitation (see Exercise 7)? If not,
why not?

13. The Pushchino model is a piecewise-linear model of FitzHugh–Nagumo type proposed as
a model of the ventricular action potential. The model has

f (v, w) = F(v)−w, (5.78)

g(v, w) = 1
τ(v)

(v−w), (5.79)

where

F(v) =
⎧
⎨

⎩

−30v, for v < v1,
γ v− 0.12, for v1 < v < v2,
−30(v− 1), for v > v2,

(5.80)

τ(v) =
{

2, for v < v1,
16.6, for v > v1,

(5.81)

with v1 = 0.12/(30+ γ ) and v2 = 30.12/(30+ γ ).
Simulate the action potential for this model. What is the effect on the action potential

of changing τ(v)?

14. Perhaps the most important example of a nonphysiological excitable system is the
Belousov–Zhabotinsky reaction. This reaction denotes the oxidation of malonic acid by bro-
mate in acidic solution in the presence of a transition metal ion catalyst. Kinetic equations
describing this reaction are (Tyson and Fife, 1980)

ε
du
dt
= −fv

u− q
u+ q

+ u− u2, (5.82)

dv
dt
= u− v, (5.83)

where u denotes the concentration of bromous acid and v denotes the concentration of
the oxidized catalyst metal. Typical values for parameters are ε ≈ 0.01, f = 1, q ≈ 10−4.
Describe the phase portrait for this system of equations.

15. It is not particularly difficult to build an electrical analogue of the FitzHugh–Nagumo equa-
tions with inexpensive and easily obtained electronic components. The parts list for one
“cell” (shown in Fig. 5.20) includes two op-amps (operational amplifiers), two power sup-
plies, a few resistors, and two capacitors, all readily available from any consumer electronics
store (Keener, 1983).

The key component is an operational amplifier (Fig. 5.18). An op-amp is denoted in
a circuit diagram by a triangle with two inputs on the left and a single output from the
vertex on the right. Only three circuit connections are shown on a diagram, but two more

-

v 0
v

v

+ +

-

Figure 5.18 Diagram for an operational amplifier (op-amp).
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are assumed, being necessary to connect with the power supply to operate the op-amp.
Corresponding to the supply voltages Vs− and Vs+, there are voltages Vr− and Vr+, called
the rail voltages, which determine the operational range for the output of an op-amp. The
job of an op-amp is to compare the two input voltages v+ and v−, and if v+ > v−, to set (if
possible) the output voltage v0 to the high rail voltage Vr+, whereas if v+ < v−, then v0 is set
to Vr−. With reliable electronic components it is a good first approximation to assume that
the input draws no current, while the output v0 can supply whatever current is necessary
to maintain the required voltage level.

The response of an op-amp to changes in input is not instantaneous, but is described
reasonably well by the differential equation

εs
dv0
dt
= g(v+ − v−)− v0. (5.84)

The function g(v) is continuous, but quite close to the piecewise-constant function

g(v) = Vr+H(v)+ Vr−H(−v), (5.85)

with H(v) the Heaviside function. The number εs is small, and is the inverse of the slew-rate,
which is typically on the order of 106–107 V/sec. For all of the following circuit analysis,
take εs→ 0.

(a) Show that the simple circuit shown in Fig. 5.19 is a linear amplifier, with

v0 = R1 + R2
R2

v+, (5.86)

provided that v0 is within the range of the rail voltages.

(b) Show that if R1 = 0, R2 = ∞, then the device in Fig. 5.19 becomes a voltage follower
with v0 = v+.

(c) Find the governing equations for the circuit in Fig. 5.20, assuming that the rail voltages
for op-amp 2 are well within the range of the rail voltages for op-amp 1.
Show that

C1
dv
dt
+ i2

(
1− R4

R5

)
+ F(v)

R3
+ v− vg

R5
= 0, (5.87)

C2R5
di2
dt
+ R4i2 = v− vg, (5.88)

+

-

R2 R1

v

+

-

v0

v

Figure 5.19 Linear amplifier using an
op-amp.
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+

i3

C 1

2
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R2

R5

R4

-

v

C2 i2i1

vg

R3

R 1

+

Figure 5.20 FitzHugh–Nagumo circuit using op-amps.

.Table 5.2 Parts list for the FitzHugh–Nagumo analog circuit.

2 LM 741 op-amps (National Semiconductor)
R1 = R2 = 100k� R3 = 2.4�
R4 = 1k� R5 = 10k�
C1 = 0.01μF C2 = 0.5μF
Power supplies:
±15V for op-amp #1 ±12V for op-amp #2

where F(v) is the piecewise-linear function

F(v) =

⎧
⎪⎨

⎪⎩

v− Vr+ , for v > αVr+ ,
−R1

R2
v, for αVr− ≤ v ≤ αVr+ ,

v− Vr− , for v < αVr− ,
(5.89)

and α = R2
R1+R2

.

(d) Sketch the phase portrait for these circuit equations. Show that this is a piecewise-
linear FitzHugh–Nagumo system.

(e) Use the singular perturbation approximation (5.59) to estimate the period of oscillation
for the piecewise-linear analog FitzHugh–Nagumo circuit in Fig. 5.20.



C H A P T E R 6

Wave Propagation in Excitable
Systems

The problem of current flow in the axon of a nerve is much more complicated than
that of flow in dendritic networks (Chapter 4). Recall from Chapter 5 that the voltage
dependence of the ionic currents can lead to excitability and action potentials. In this
chapter we show that when an excitable membrane is incorporated into a nonlinear
cable equation, it can give rise to traveling waves of electrical excitation. Indeed, this
property is one of the reasons that the Hodgkin–Huxley equations are so important.
In addition to producing a realistic description of a space-clamped action potential,
Hodgkin and Huxley showed that this action potential propagates along an axon with
a fixed speed, which could be calculated.

However, the nerve axon is but one of many examples of a spatially extended ex-
citable system in which there is propagated activity. For example, propagated waves
of electrical or chemical activity are known to occur in skeletal and cardiac tissue, in
the retina, in the cortex of the brain, and within single cells of a wide variety of types.
In this chapter we describe this wave activity, beginning with a discussion of prop-
agated electrical activity along one-dimensional cables, then concluding with a brief
discussion of waves in higher-dimensional excitable systems.

6.1 Brief Overview of Wave Propagation

There is a vast literature on wave propagation in biological systems. In addition to
the books by Murray (2002), Britton (1986), and Grindrod (1991), there are numerous
articles in journals and books, many of which are cited in this chapter.

There are many different kinds of waves in biological systems. For example, there
are waves in excitable systems that arise from the underlying excitability of the cell.
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An excitable wave acts as a model of, among other things, the propagation of an action
potential along the axon of a nerve or the propagation of a grass fire on a prairie.
However, if the underlying kinetics are oscillatory but not excitable, and a large num-
ber of individual oscillatory units are coupled by diffusion, the resulting behavior is
oscillatory waves and periodic wave trains. In this chapter we focus our attention on
waves in excitable media, and defer consideration of the theory of coupled oscillators
to Chapters 12 and 18.

We emphasize at the outset that by a traveling wave we mean a solution of a partial
differential equation on an infinite domain (a fictional object, of course) that travels
at constant velocity with fixed shape. It is also helpful to make a distinction between
the two most important types of traveling waves in excitable systems. First, there is
the wave that looks like a moving plateau, or transition between different levels. If v
denotes the wave variable, then ahead of the wave, v is steady at some low value, and
behind the wave, v is steady at a higher value (Fig. 6.1A). Such waves are called traveling
fronts. The second type of wave begins and ends at the same value of v (Fig. 6.1B) and
resembles a moving bump. This type of wave is called a traveling pulse.

These two wave types can be interpreted in the terminology of the Hodgkin–Huxley
fast–slow phase plane discussed in Chapter 5. When the recovery variable is fixed at
the steady state, the fast–slow phase plane has two stable steady states, v = vr and
v = ve (i.e., it is bistable). Under appropriate conditions there exists a traveling front
with v = vr ahead of the wave and v = ve behind the wave. Thus, the traveling front
acts like a zipper, switching the domain from the resting to the excited state. However,
if the recovery variable n is allowed to vary, the solution is eventually forced to return
to the resting state and the traveling solution becomes a traveling pulse. The primary
difference between the traveling front and the traveling pulse is that in the former case
there is no recovery (or recovery is static), while in the latter case recovery plays an
important dynamic role.

One of the simplest models of biological wave propagation is Fisher’s equation.
Although this equation is used extensively in population biology and ecology, it is much

x

v

c

x

v

c

BA

Figure 6.1 Schematic diagram of A:Traveling front, B:Traveling pulse.
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less relevant in a physiological context, and so is not discussed here (see Exercise 14
and Fife, 1979).

The next level of complexity is the bistable equation. The bistable equation is so
named because it has two stable rest points, and it is related to the FitzHugh–Nagumo
equations without recovery. For the bistable equation, one expects to find traveling
fronts but not traveling pulses. Inclusion of the recovery variable leads to a more
complex model, the spatially distributed FitzHugh–Nagumo equations, for which one
expects to find traveling pulses (among other types of waves). Wave propagation in the
FitzHugh–Nagumo equations is still not completely understood, especially in higher-
dimensional domains. At the highest level of complexity are the spatially distributed
models of Hodgkin–Huxley type, systems of equations that are resistant to analytical
approaches.

6.2 Traveling Fronts

6.2.1 The Bistable Equation

The bistable equation is a specific version of the cable equation (4.18), namely

∂V
∂t
= ∂2V
∂x2
+ f (V), (6.1)

where f (V) has three zeros at 0,α, and 1, where 0 < α < 1. The values V = 0 and V = 1
are stable steady solutions of the ordinary differential equation dV/dt = f (V). Notice
that the variable V has been scaled so that 0 and 1 are zeros of f (V). In the standard
nondimensional form, f ′(0) = −1. (Recall from (4.13) that the passive cable resistance
was defined so that the ionic current has slope 1 at rest.) However, this restriction on
f (V) is often ignored.

An example of such a function can be found in the Hodgkin–Huxley fast–slow phase
plane. When the recovery variable n is held fixed at its steady state, the Hodgkin–Huxley
fast–slow model is bistable. Two other examples of functions that are often used in this
context are the cubic polynomial

f (V) = aV(V − 1)(α − V), 0 < α < 1, (6.2)

and the piecewise-linear function

f (V) = −V +H(V − α), 0 < α < 1. (6.3)

where H(V) is the Heaviside function (Mckean, 1970). This piecewise-linear function
is not continuous, nor does it have three zeros, yet it is useful in the study of traveling
wave solutions of the bistable equation because it is an analytically tractable model
that retains many important qualitative features.

By a traveling wave solution, we mean a translation-invariant solution of (6.1) that
provides a transition between the two stable rest states (zeros of the nonlinear function
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f (V)) and travels with constant speed. That is, we seek a solution of (6.1) of the form

V(x, t) = U(x+ ct) = U(ξ) (6.4)

for some (yet to be determined) value of c. The new variable ξ , called the traveling wave
coordinate, has the property that fixed values move with fixed speed c. When written
as a function of ξ , the wave appears stationary. Note that, because we use ξ = x + ct
as the traveling wave coordinate, a solution with c positive corresponds to a wave
moving from right to left. We could equally well have used x− ct as the traveling wave
coordinate, to obtain waves moving from left to right (for positive c).

By substituting (6.4) into (6.1) it can be seen that any traveling wave solution must
satisfy

Uξξ − cUξ + f (U) = 0, (6.5)

and this, being an ordinary differential equation, should be easier to analyze than the
original partial differential equation. For U(ξ) to provide a transition between rest
points, it must be that f (U(ξ))→ 0 as ξ →±∞.

It is convenient to write (6.5) as two first-order equations,

Uξ = W, (6.6)

Wξ = cW − f (U). (6.7)

To find traveling front solutions for the bistable equation, we look for a solution of
(6.6) and (6.7) that connects the rest points (U, W) = (0, 0) and (U, W) = (1, 0) in the
(U, W) phase plane. Such a trajectory, connecting two different steady states, is called a
heteroclinic trajectory, and in this case is parameterized by ξ ; the trajectory approaches
(0, 0) as ξ → −∞ and approaches (1, 0) as ξ → +∞ (see the dashed line in Fig. 6.2A).
The steady states at U = 0 and U = 1 are both saddle points, while for the steady state
U = α, the real part of both eigenvalues have the same sign, negative if c is positive
and positive if c is negative, so that this is a node or a spiral point. Since the points at
U = 0 and U = 1 are saddle points, the goal is to determine whether the parameter c
can be chosen so that the trajectory that leaves U = 0 at ξ = −∞ connects with the
saddle point U = 1 at ξ = +∞. This mathematical procedure is called shooting, and
some sample trajectories are shown in Fig. 6.2A.

First, we can determine the sign of c. Supposing a monotone increasing (Uξ > 0)
connecting trajectory exists, we multiply (6.5) by Uξ and integrate from ξ = −∞ to
ξ = ∞ with the result that

c
∫ ∞

−∞
W2 dξ =

∫ 1

0
f (u) du. (6.8)

In other words, if a traveling wave solution exists, then the sign of c is the same as the
sign of the area under the curve f (u) between u = 0 and u = 1. If this area is positive,
then the traveling solutions move the state variable U from U = 0 to U = 1, and the
state at U = 1 is said to be dominant. In both of the special cases (6.2) and (6.3), the
state U = 1 is dominant if α < 1/2.
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x

x)

x)

Figure 6.2 A:Trajectories in the (U, W) phase plane leaving the rest point U = 0, W = 0 for
the equation Uξξ − cUξ +U(U − 0.1)(1−U) = 0, with c = 0.0, 0.56, 0.57, and 1.0. Dashed curve
shows the connecting heteroclinic trajectory. B: Profile of the traveling wave solution of panel
A. In the original coordinates, this front moves to the left with speed c.

Suppose
∫ 1

0 f (u) du > 0. We want to determine what happens to the unstable trajec-
tory that leaves the saddle point U = 0, Uξ = 0 for different values of c. With c = 0, an
explicit expression for this trajectory is found by multiplying (6.5) by Uξ and integrating
to get

W2

2
+
∫ U

0
f (u) du = 0. (6.9)

If this trajectory were to reach U = 1 for some value of W, then

W2

2
+
∫ 1

0
f (u) du = 0, (6.10)

which can occur only if
∫ 1

0 f (u) du ≤ 0. Since this contradicts our assumption that∫ 1
0 f (u) du ≥ 0, we conclude that this trajectory cannot reach U = 1. Neither can this

trajectory remain in the first quadrant, as W > 0 implies that U is increasing. Thus, this
trajectory must intersect the W = 0 axis at some value of U < 1 (Fig. 6.2A). It cannot
be the connecting trajectory.

Next, suppose c is large. In the (U, W) phase plane, the slope of the unstable tra-
jectory leaving the rest point at U = 0 is the positive root of λ2 − cλ+ f ′(0) = 0, which
is always larger than c (Exercise 1). Let K be the smallest positive number for which
f (u)/u ≤ K for all u on the interval 0 < u ≤ 1 (Exercise: How do we know K exists?),
and let σ be any fixed positive number. On the line W = σU the slope of trajectories
satisfies

dW
dU
= c− f (U)

W
= c− f (U)

σU
≥ c− K

σ
. (6.11)
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By picking c large enough, we are assured that c − K/σ > σ , so that once trajectories
are above the line W = σU, they stay above it. We know that for large enough c,
the trajectory leaving the saddle point U = 0 starts out above this curve. Thus, this
trajectory always stays above the line W = σU, and therefore passes above the rest
point at (U, W) = (1, 0).

Now we have two trajectories, one with c = 0, which misses the rest point at U = 1
by crossing the W = 0 axis at some point U < 1, and one with c large, which misses this
rest point by staying above it at U = 1. Since trajectories depend continuously on the
parameters of the problem, there is a continuous family of trajectories depending on
the parameter c between these two special trajectories, and therefore there is at least
one trajectory that hits the point U = 1, W = 0 exactly.

The value of c for which this heteroclinic connection occurs is unique. To verify
this, notice from (6.11) that the slope dW/dU of trajectories in the (U, W) plane is a
monotone increasing function of the parameter c. Suppose at some value of c = c0

there is known to be a connecting trajectory. For any value of c that is larger than c0,
the trajectory leaving the saddle point at U = 0 must lie above the connecting curve
for c0. For the same reason, with c > c0, the trajectory approaching the saddle point at
U = 1 as ξ →∞must lie below the connecting curve with c = c0. A single curve cannot
simultaneously lie above and below another curve, so there cannot be a connecting
trajectory for c > c0. By a similar argument, there cannot be a connecting trajectory
for a smaller value of c, so the value c0, and hence the connecting trajectory, is unique.

For most functions f (V), it is necessary to calculate the speed of propagation of the
traveling front solution numerically. However, in the two special cases (6.2) and (6.3)
the speed of propagation can be calculated explicitly. In the piecewise linear case (6.3)
one calculates directly that

c = 1− 2α
√
α − α2

(6.12)

(see Exercise 4).
Suppose f (u) is the cubic polynomial

f (u) = −A2(u− u0)(u− u1)(u− u2), (6.13)

where the zeros of the cubic are ordered u0 < u1 < u2. We want to find a heteroclinic
connection between the smallest zero, u0, and the largest zero, u2, so we guess that

W = −B(U − u0)(U − u2). (6.14)

We substitute this guess into the governing equation (6.5), and find that we must have

B2(2U − u0 − u2)− cB− A2(U − u1) = 0. (6.15)

This is a linear function of U that can be made identically zero only if we choose
B = A/

√
2 and

c = A√
2
(u2 − 2u1 + u0). (6.16)
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It follows from (6.14) that

U(ξ) = u0 + u2

2
+ u2 − u0

2
tanh

(
A√
2

u2 − u0

2
ξ

)
, (6.17)

which is independent of u1. In the case that u0 = 0, u1 = α, and u2 = 1, the speed
reduces to

c = A√
2
(1− 2α), (6.18)

showing that the speed is a decreasing function of α and the direction of propagation
changes at α = 1/2. The profile of the traveling wave in this case is

U(ξ) = 1
2

[
1+ tanh

(
A

2
√

2
ξ

)]
. (6.19)

A plot of this traveling wave profile is shown in Fig. 6.2B.
Once the solution of the nondimensional cable equation (6.1) is known, it is a

simple matter to express the solution in terms of physical parameters as

V(x, t) = U
(

x
λm
+ c

t
τm

)
, (6.20)

where λm and τm are, respectively, the space and time constants of the cable, as
described in Chapter 4. The speed of the traveling wave is

s = cλm

τm
= c

2Cm

√
d

RmRc
, (6.21)

which shows how the wave speed depends on capacitance, membrane resistance, cyto-
plasmic resistance, and axonal diameter. The dependence of the speed on ionic channel
conductances is contained (but hidden) in c. According to empirical measurements, a
good estimate of the speed of an action potential in an axon is

s =
√

d
10−6m

m/sec. (6.22)

Using d = 500 μm for squid axon, this estimate gives s = 22.4 mm/ms, which compares
favorably to the measured value of s = 21.2 mm/ms.

Scaling arguments can also be used to find the dependence of speed on certain other
parameters. Suppose, for example, that a drug is applied to the membrane that blocks
a percentage of all ion channels, irrespective of type. If ρ is the fraction of remaining
operational channels, then the speed of propagation is reduced by the factor

√
ρ. This

follows directly by noting that the bistable equation with a reduced number of ion
channels,

V ′′ − sV ′ + ρf (V) = 0, (6.23)

can be related to the original bistable equation (6.5) by taking V(ξ) = U(
√
ρξ), s = c

√
ρ.
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.Table 6.1 Sodium channel densities in selected excitable tissues.

Tissue Channel density (channels/μm2)

Mammalian
Vagus nerve (nonmyelinated) 110
Node of Ranvier 2100
Skeletal muscle 205–560

Other animals
Squid giant axon 166–533
Frog sartorius muscle 280
Electriceel electroplax 550
Garfish olfactory nerve 35
Lobster walking leg nerve 90

Thresholds and Stability

There are many other features of the bistable equation, the details of which are beyond
the scope of this book. Perhaps the most important of these features is that solutions of
the bistable equation satisfy a comparison property: any two solutions of the bistable
equation, say u1(x, t) and u2(x, t), that are ordered with u1(x, t0) ≤ u2(x, t0) at some
time t = t0, remain ordered for all subsequent times, i.e., u1(x, t) ≤ u2(x, t) for t ≥ t0.

With comparison arguments it is possible to prove a number of additional facts
(Aronson and Weinberger, 1975). For example, the bistable equation exhibits thresh-
old behavior. Specifically, if initial data are sufficiently small, then the solution of the
bistable equation approaches zero in the limit t→∞. However, there are initial func-
tions with compact support lying between 0 and 1 for which the solution approaches 1
in the limit t→∞. Because of the comparison theorem any larger initial function also
initiates a solution that approaches 1 in the limit t→∞. Such initial data are said to
be superthreshold.

Furthermore, the traveling wave solution of the bistable equation is stable in a very
strong way (Fife, 1979; Fife and McLeod, 1977), as follows. Starting from any initial
data that lie between 0 and α in the limit x → −∞ and between α and 1 in the limit
x→∞, the solution approaches some phase shift of the traveling wave solution in the
limit of large time.

6.2.2 Myelination

Most nerve fibers are coated with a lipid material called myelin with periodic gaps
of exposure called nodes of Ranvier (Fig. 6.3). The myelin sheath consists of a single
cell, called a Schwann cell, which is wrapped many times (roughly 100 times) around
the axonal membrane. This wrapping of the axon increases the effective membrane
resistance by a factor of about 100 and decreases the membrane capacitance by a
factor of about 100. Indeed, rough data are that Rm is 103 
 cm2 for cell membrane
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Figure 6.3 Schematic diagram
of the myelin sheath. (Guyton and
Hall, 1996, Fig. 5–16, p. 69.)

and 105 
 cm2 for myelin sheath, and that Cm is 10−6 μF/cm2 for cell membrane and
10−8 μF/cm2 for a myelinated fiber. The length of myelin sheath is typically 1 to 2 mm
(close to 100 d, where d is the fiber diameter), and the width of the node of Ranvier is
about 1 μm.

Propagation along myelinated fiber is faster than along nonmyelinated fiber. This
is presumably caused by the fact that there is little transmembrane ionic current and
little capacitive current in the myelinated section, allowing the axon to act as a simple
resistor. An action potential does not propagate along the myelinated fiber but rather
jumps from node-to-node. This node-to-node propagation is said to be saltatory (from
the Latin word saltare, to leap or dance).

The pathophysiological condition of nerve cells in which damage of the myelin
sheath impairs nerve impulse transmission in the central nervous system is called mul-
tiple sclerosis. Multiple sclerosis is an autoimmune disease that usually affects young
adults between the ages of 18 and 40, occurring slightly more often in females than
males. With multiple sclerosis, there is an immune response to the white matter of
the brain and spinal cord, causing demyelination of nerve fibers at various locations
throughout the central nervous system, although the underlying nerve axons and cell
bodies are not usually damaged. The loss of myelin slows or stops the transmission
of action potentials, with the resultant symptoms of muscle fatigue and weakness or
extreme “heaviness.”

To model the electrical activity in a myelinated fiber we assume that the capacitive
and transmembrane ionic currents are negligible, so that, along the myelin sheath, the
axial currents

Ie = − 1
re

∂Ve

∂x
, Ii = − 1

ri

∂Vi

∂x
(6.24)

are constant (using the same notation as in Chapter 4). We also assume that V does
not vary within each node of Ranvier (i.e., that the nodes are isopotential), and that
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Vn is the voltage at the nth node. Then the axial currents between node n and node
n+ 1 are

Ie = − 1
Lre

(Ve,n+1 − Ve,n), Ii = − 1
Lri
(Vi,n+1 − Vi,n), (6.25)

where L is the length of the myelin sheath between nodes. The total transmembrane
current at a node is given by

μp
(

Cm
∂Vn

∂t
+ Iion

)
= Ii,n − Ii,n+1

= 1
L(ri + re)

(Vn+1 − 2Vn + Vn−1), (6.26)

where μ is the length of the node.
We can introduce dimensionless time τ = t

CmRm
= t/τm (but not dimensionless

space), to rewrite (6.26) as

dVn

dτ
= f (Vn)+D(Vn+1 − 2Vn + Vn−1), (6.27)

where D = Rm
μLp(ri+re)

is the coupling coefficient. We call this equation the discrete cable
equation.

6.2.3 The Discrete Bistable Equation

The discrete bistable equation is the system of equations (6.27) where f (V) has typical
bistable form, as, for example, (6.2) or (6.3). The study of the discrete bistable equation
is substantially more difficult than that of the continuous version (6.1). While the dis-
crete bistable equation looks like a finite difference approximation of the continuous
bistable equation, solutions of the two have significantly different behavior.

It is a highly nontrivial matter to prove that traveling wave solutions of the discrete
system exist (Zinner, 1992). However, a traveling wave solution, if it exists, satisfies the
special relationship Vn+1(τ ) = Vn(τ−τd). In other words, the (n+1)st node experiences
exactly the same time course as the nth node, with time delay τd. Furthermore, if
Vn(τ ) = V(τ ), it follows from (6.27) that V(τ )must satisfy the delay differential equation

dV
dτ
= D(V(τ + τd)− 2V(τ )+ V(τ − τd))+ f (V(τ )). (6.28)

If the function V(τ ) is sufficiently smooth and if τd is sufficiently small, then we can
approximate V(τ+τd)with its Taylor series V(τ+τd) =

∑
n=0

1
n!V

(n)(τ )τn
d , so that (6.28)

is approximated by the differential equation

D

(
τ2

d Vττ +
τ4

d

12
Vττττ

)
− Vτ + f (V) = 0, (6.29)

ignoring terms of order τ6
d and higher.
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Now we suppose that τd is small. The leading-order equation is

Dτ2
d Vττ − Vτ + f (V) = 0, (6.30)

which has solution V0(τ ) = U(cτ), provided that Dτ2
d = 1/c2, where U is the traveling

front solution of the bistable equation (6.5) and c is the dimensionless wave speed for
the continuous equation. The wave speed s is the internodal distance L+ μ divided by
the time delay τmτd, so that

s = L+ μ
τmτd

= (L+ μ)c
√

D
τm

. (6.31)

For myelinated nerve fiber we know that D = Rm
μLp(ri+re)

. If we ignore extracellular
resistance, we find a leading-order approximation for the velocity of

s = L+ μ√
μL

c
2Cm

√
d

RmRc
, (6.32)

giving a change in velocity compared to nonmyelinated fiber by the factor L+μ√
μL

. With the

estimates L = 100 d and μ = 1 μm, this increase in velocity is by a factor of 10
√

d
10−6m

,
which is substantial. Empirically it is known that the improvement of velocity for

myelinated fiber compared to nonmyelinated fiber is by a factor of about 6
√

d
10−6m

.

Higher-Order Approximation
We can find a higher-order approximation to the speed of propagation by using a stan-
dard regular perturbation argument. We set ε = 1/D and seek a solution of (6.29) of
the form

V(τ ) = V0(τ )+ εV1(τ )+ · · · , (6.33)

τ2
d =

ε

c2
+ ε2τ1 + · · · . (6.34)

We expand (6.29) into its powers of ε and set the coefficients of ε to zero. The first
equation we obtain from this procedure is (6.30), and the second equation is

L[V1] = 1
c2 V ′′1 − V ′1 + f ′(V0)V1 = − V ′′′′0

12c4 − τ1V ′′0 . (6.35)

Note that here we are using L[·] to denote a linear differential operator. The goal is to
find solutions of (6.35) that are square integrable on the infinite domain, so that the
solution is “close” to V0. The linear operator L[·] is not an invertible operator in this
space by virtue of the fact that L[V ′0(τ )] = 0. (This follows by differentiating (6.30) once
with respect to τ .) Thus, it follows from the Fredholm alternative theorem (Keener,
1998) that a solution of (6.35) exists if and only if the right-hand side of the equation
is orthogonal to the null space of the adjoint operator L∗. Here the adjoint differential
operator is

L∗[V] = 1
c2 V ′′ + V ′ + f ′(V0)V , (6.36)



240 6: Wave Propagation in Excitable Systems

and the one element of the null space (a solution of L∗[V] = 0) is

V∗(τ ) = exp
(
−c2τ

)
V ′0(τ ). (6.37)

This leads to the solvability condition

τ1

∫ ∞

−∞
exp

(
−c2τ

)
V ′0(τ )V

′′
0 (τ )dτ = − 1

12c4

∫ ∞

−∞
exp

(
−c2τ

)
V ′0(τ )V

′′′′
0 (τ )dτ . (6.38)

As a result, τ1 can be calculated (either analytically or numerically) by evaluating two
integrals, and the speed of propagation is determined as

s = (L+ μ) c
τm

√
D

⎛

⎝1− τ1c2

2D
+O

(
c2

D

)2
⎞

⎠ . (6.39)

This exercise is interesting from the point of view of numerical analysis, as it shows
the effect of numerical discretization on the speed of propagation. This method can
be applied to other numerical schemes for an equation with traveling wave solutions
(Exercise 20).

Propagation Failure
The most significant difference between the discrete and continuous equations is that
the discrete system has a coupling threshold for propagation, while the continuous
model allows for propagation at all coupling strengths. It is readily seen from (6.21)
that for the continuous cable equation, continuous changes in the physical parameters
lead to continuous changes in the speed of propagation, and the speed cannot be driven
to zero unless the diameter is zero or the resistances or capacitance are infinite. Such is
not the case for the discrete system, and propagation may fail if the coupling coefficient
is too small. This is easy to understand when we realize that if the coupling strength is
very weak, so that the effective internodal resistance is large, the current flow from an
excited node to an unexcited node may be so small that the threshold of the unexcited
node is not exceeded, and propagation cannot continue.

To study propagation failure, we seek standing (time-independent, i.e., dVn/dτ = 0)
solutions of the discrete equation (6.27). The motivation for this comes from the max-
imum principle and comparison arguments. One can show that if two sets of initial
data for the discrete bistable equation are initially ordered, the corresponding solu-
tions remain ordered for all time. It follows that if the discrete bistable equation has a
monotone increasing stationary front solution, then there cannot be a traveling wave
front solution.

A standing front solution of the discrete bistable equation is a sequence {Vn}
satisfying the finite difference equation

0 = D(Vn+1 − 2Vn + Vn−1)+ f (Vn) (6.40)

for all integers n, for which Vn → 1 as n→∞ and Vn → 0 as n→−∞.
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One can show (Keener, 1987) that for any bistable function f , there is a number
D∗ > 0 such that for D ≤ D∗, the discrete bistable equation has a standing solution,
that is, propagation fails. To get a simple understanding of the behavior of this coupling
threshold, we solve (6.40) in the special case of piecewise-linear dynamics (6.3). Since
the discrete equation with dynamics (6.3) is linear, the homogeneous solution can be
expressed as a linear combination of powers of some number λ as

Vn = Aλn + Bλ−n, (6.41)

where λ is a solution of the characteristic polynomial equation

λ2 −
(

2+ 1
D

)
λ+ 1 = 0. (6.42)

Note that this implies that

D = λ

(λ− 1)2
. (6.43)

The characteristic equation has two positive roots, one larger and one smaller than
1. Let λ be the root that is smaller than one. Then, taking the conditions at ±∞ into
account, we write the solution as

Vn =
{

1+ Aλn, for n ≥ 0,
Bλ−n, for n < 0.

(6.44)

This expression for Vn must also satisfy the piecewise-linear discrete bistable
equation for n = −1, 0. Thus,

D(V1 − 2V0 + V−1) = V0 − 1, (6.45)

D(V0 − 2V−1 + V−2) = V−1, (6.46)

where we have assumed that Vn ≥ α for all n ≥ 0, and Vn < α for all n < 0. Substituting
in (6.43) for D, and solving for A and B, then gives B = A+ 1 = 1

1+λ .

Finally, this is a solution for all n, provided that V0 ≥ α. Since V0 = B = 1
1+λ , we

need 1
1+λ ≥ α, or λ ≤ 1−α

α
. However, when λ < 1, D is an increasing function of λ, and

thus λ ≤ 1−α
α

whenever

D ≤ D
(

1− α
α

)
= α(1− α)
(2α − 1)2

= D∗. (6.47)

In other words, there is a standing wave, precluding propagation, whenever the cou-
pling is small, with D ≤ D∗. Since α is a measure of the excitability of this medium, we
see that when the medium is weakly excitable (α is near 1/2), then D∗ is large and very
little resistance is needed to halt propagation. On the other hand, when α is small, so
that the medium is highly excitable, the resistance threshold is large, and propagation
is relatively difficult to stop.
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6.3 Traveling Pulses

A traveling pulse (often called a solitary pulse) is a traveling wave solution that starts
and ends at the same steady state of the governing equations. Recall that a traveling
front solution corresponds to a heteroclinic trajectory in the (U, W) phase plane, i.e., a
trajectory, parameterized by ξ , that connects two different steady states of the system.
A traveling pulse solution is similar, corresponding to a trajectory that begins and ends
at the same steady state in the traveling wave coordinate system. Such trajectories are
called homoclinic orbits.

There are three main approaches to finding traveling pulses for excitable systems.
First, one can approximate the nonlinear functions with piecewise-linear functions,
and then find traveling pulse solutions as exact solutions of transcendental equations.
Second, one can use perturbation methods exploiting the different time scales to find
approximate analytical expressions. Finally, one can use numerical simulations to solve
the governing differential equations. We illustrate each of these techniques in turn.

6.3.1 The FitzHugh–Nagumo Equations

To understand the structure of a traveling pulse it is helpful first to study traveling pulse
solutions in the FitzHugh–Nagumo equations

ε
∂v
∂t
= ε2 ∂

2v
∂x2
+ f (v, w), (6.48)

∂w
∂t
= g(v, w), (6.49)

where ε is assumed to be a small positive number. Without any loss of generality, space
has been scaled so that the diffusion coefficient is ε2. It is important to realize that this
does not imply anything about the magnitude of the physical diffusion coefficient. This
is simply a scaling of the space variable so that in the new coordinate system, the wave
front appears steep, a procedure that facilitates the study of the wave as a whole. The
variable v is spatially coupled with diffusion, but the variable w is not, owing to the
fact that v represents the membrane potential, while w represents a slow ionic current
or gating variable.

To study traveling waves, we place the system of equations (6.48)–(6.49) in a trav-
eling coordinate frame of reference. We define the traveling wave coordinate ξ = x−ct,
where c > 0 is the wave speed, yet to be determined. Note that the traveling wave vari-
able, ξ = x− ct, is different from the one previously used in this chapter, x+ ct. Hence,
c > 0 here corresponds to a wave moving from left to right.

The partial differential equations (6.48)–(6.49) become the ordinary differential
equations

ε2vξξ + cεvξ + f (v, w) = 0, (6.50)

cwξ + g(v, w) = 0. (6.51)
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A Piecewise-Linear Model
We begin by examining the simplest case, the piecewise-linear dynamics (Rinzel and
Keller, 1973)

f (v, w) = H(v− α)− v−w, (6.52)

g(v, w) = v. (6.53)

Because the dynamics are piecewise linear, the exact solution can be constructed in a
piecewise manner. We look for solutions of the form sketched in Fig. 6.4. The position of
the wave along the ξ axis is specified by fixing v(0) = v(ξ1) = α. As yet, ξ1 is unknown,
and is to be determined as part of the solution process. Note that the places where
v = α are those where the dynamics change (since α is the point of discontinuity of f ).
Let I, II, and III denote, respectively, the regions ξ < 0, 0 < ξ < ξ1, and ξ1 < ξ . In
each region, the differential equation is linear and so can be solved exactly. The three
regional solutions are then joined at ξ = 0 and ξ = ξ1 by stipulating that v and w
be continuous at the boundaries and that v have a continuous derivative there. These
constraints are sufficient to determine the solution unambiguously.

In regions I and III, v < α, and so the differential equation is

ε2vξξ + cεvξ − v−w = 0, (6.54)

cwξ + v = 0. (6.55)

a

v

xx1
I II III

c

Figure 6.4 Schematic diagram of the traveling pulse of the piecewise-linear FitzHugh–
Nagumo equations.
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Looking for solutions of the form v = A exp(λξ), w = B exp(λξ), we find that A and B
must satisfy

(
λ2ε2 + cελ− 1 −1

1 cλ

)(
A
B

)
=
(

0
0

)
, (6.56)

which has a nontrivial solution if and only if
∣∣∣∣
λ2ε2 + cελ− 1 −1

1 cλ

∣∣∣∣ = 0. (6.57)

Hence, λ must be a root of the characteristic polynomial

ε2p(λ) = ε2λ3 + εcλ2 − λ+ 1/c = 0. (6.58)

There is exactly one negative root, call it λ1, and the real parts of the other two roots,
λ2 and λ3, are positive.

In region II, the differential equation is

ε2vξξ + cεvξ + 1− v−w = 0, (6.59)

cwξ + v = 0. (6.60)

The inhomogeneous solution is w = 1, v = 0, and the homogeneous solution is a sum
of exponentials of the form eλiξ .

Since we want the solution to approach zero in the limit ξ → ±∞, the traveling
pulse can be represented as the exponential eλ1ξ for large positive ξ , the sum of the two
exponentials eλ2ξ and eλ3ξ for large negative ξ , and the sum of all three exponentials
for the intermediate range of ξ for which v(ξ) > α. We take

w(ξ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Aeλ1ξ , for ξ ≥ ξ1,

1+
3∑

i=1
Bieλiξ , for 0 ≤ ξ ≤ ξ1,

3∑
i=2

Cieλiξ , for ξ ≤ 0,

(6.61)

with v = −cwξ . We also require w(ξ), v(ξ), and vξ (ξ) to be continuous at ξ = 0, ξ1, and
that v(0) = v(ξ1) = α.

There are six unknown constants and two unknown parameters c and ξ1 that must
be determined from the six continuity conditions and the two constraints. Following
some calculation, we eliminate the coefficients A, Bi, and Ci, leaving the two constraints

eλ1ξ1 + ε2p′(λ1)α − 1 = 0, (6.62)

e−λ2ξ1

p′(λ2)
+ e−λ3ξ1

p′(λ3)
+ 1

p′(λ1)
+ ε2α = 0. (6.63)

There are now two unknowns, c and ξ1, and two equations. In general, (6.62) could
be solved for ξ1, and (6.63) could then be used to determine c for each fixed α and ε.
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However, it is more convenient to treat c as known and α as unknown, and then find α
as a function of c. So, we set s = eλ1ξ1 , in which case (6.63) becomes

h(s) = 2− s+ p′(λ1)

p′(λ2)
e−λ2ln(s)/λ1 + p′(λ1)

p′(λ3)
e−λ3 ln(s)/λ1 = 0, (6.64)

where α has been eliminated using (6.62). We seek a solution of h(s) = 0 with 0 < s < 1.
We begin by noting that h(0) = 2, h(1) = 0, h′(1) = 0, and h′′(1) = p′(λ1)/λ

2
1 − 2.

The first of these relationships follows from the fact that the real parts of λ2 and λ3 are
of different sign from λ1, and therefore, in the limit as s → 0, the exponential terms
disappear as the real parts of the exponents approach −∞. The second relationship,
h(1) = 0, follows from the fact that 1/p′(λ1)+ 1/p′(λ2)+ 1/p′(λ3) = 0 (Exercise 9). The
final two relationships are similar and are left as exercises (Exercises 9, 10).

If h′′(1) < 0, then the value s = 1 is a local maximum of h(s), so for s slightly less
than 1, h(s) < 0. Since h(0) > 0, a root of h(s) = 0 in the interval 0 < s < 1 is assured.

When λ2 and λ3 are real, h(s) can have at most one inflection point in the interval
0 < s < 1. This follows because the equation h′′(s) = 0 can be written in the form
e(λ2−λ3)ξ1 = c, which can have at most one root. Thus, if h′′(1) < 0 there is precisely
one root, while if h′′(1) > 0 there can be no roots. If the roots λ2 and λ3 are complex,
uniqueness is not assured, although the condition h′′(1) < 0 guarantees that there is at
least one root.

Differentiating the defining polynomial (6.58) with respect to λ, we observe that
the condition h′′(1) < 0 is equivalent to requiring ε2λ2

1 + 2cελ1 − 1 < 0. Furthermore,
from the defining characteristic polynomial, we know that ε2λ2

1−1 = −cελ1+ ε2/(λ1c),
and thus it follows that h′′(1) < 0 if λ1 < − 1

c
√
ε
. Since the polynomial p(λ) is increasing

at λ1, we are assured that λ1 < − 1
c
√
ε

if p(− 1
c
√
ε
) > 0, i.e., if

c2 > ε. (6.65)

Thus, whenever c >
√
ε, a root of h(s) = 0 with 0 < s < 1 is guaranteed to exist.

Once s is known, α can be found from the relationship (6.62) whereby

α = 1− s
ε2p′(λ1)

. (6.66)

In Fig. 6.5, we show the results of solving (6.64) numerically. Shown plotted is the
speed c against α for three values of ε. The dashed curve is the asymptotic limit (6.12)
for the curves in the limit ε → 0. The important feature to notice is that for each value
of α and ε small enough there are two traveling pulses, while for large α there are no
traveling pulses. In Fig. 6.6A is shown the fast traveling pulse, and in Fig. 6.6B is shown
the slow traveling pulse, both for α = 0.1, ε = 0.1, and with v(ξ) shown solid and w(ξ)
shown dashed.

Note that the amplitude of the slow pulse in Fig. 6.6B is substantially smaller than
that of the fast pulse in Fig. 6.6A. Generally speaking, the fast pulse is stable (Jones,
1984; Yanagida, 1985), and the slow pulse is unstable (Maginu, 1985). Also note that
there is nothing in the construction of these wave solutions requiring ε to be small.
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e = 0.1

e = 0.5

Figure 6.5 Speed c as a function of α for the traveling pulse solution of the piecewise-linear
FitzHugh–Nagumo system, shown for ε = 0.5, 0.1, 0.01.The dashed curve shows the asymptotic
limit as ε → 0, found by singular perturbation arguments.
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Figure 6.6 A: Plots of v (ξ) and w (ξ) for the fast traveling pulse (c = 2.66) for the piecewise-
linear FitzHugh–Nagumo system with α = 0.1, ε = 0.1. B: Plots of v (ξ) and w (ξ) for the
slow traveling pulse (c = 0.34) for the same piecewise-linear FitzHugh–Nagumo system as
in panel A.

Singular Perturbation Theory

The next way to extract information about the traveling pulse solution of (6.48)–(6.49)
is to exploit the smallness of the parameter ε (Keener, 1980a; for a different approach,
see Rauch and Smoller, 1978). One reason we expect this to be fruitful is because
of similarities with the phase portrait of the FitzHugh–Nagumo equations without
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diffusion, shown in Fig. 5.15. By analogy, we expect the solution to stay close to the
nullcline f (v, w) = 0 wherever possible, with rapid transitions between the two outer
branches.

The details of this behavior follow from singular perturbation analysis. (This anal-
ysis was first given for a simplified FitzHugh–Nagumo system by Casten et al., 1975.)
The first observation follows simply from setting ε to zero in (6.48). Doing so, we obtain
the outer equations

wt = g(v, w), f (v, w) = 0. (6.67)

Because the equation f (v, w) = 0 is assumed to have three solutions for v as a function
of w, and only two of these solutions, the upper and lower solution branches, are stable
(cf. Fig. 5.13 and the discussion in Section 5.2), the outer equations (6.67) reduce to

∂w
∂t
= G±(w). (6.68)

A region of space in which v = V+(w) is called an excited region, and a region in which
v = V−(w) is called a recovering region. The outer equation is valid whenever diffusion
is not large. However, we anticipate that there are regions of space (interfaces) where
diffusion is large and in which (6.68) cannot be correct.

To find out what happens when diffusion is large we rescale space and time. Letting
y(t) denote the position of the wave front, we set τ = t and ξ = x−y(t)

ε
, after which the

original system of equations (6.48)–(6.49) becomes

vξξ + y′(τ )vξ + f (v, w) = ε ∂v
∂τ

, (6.69)

−y′(τ )wξ = ε
(

g(v, w)− ∂w
∂τ

)
. (6.70)

Upon setting ε = 0, we find the reduced inner equations

vξξ + y′(τ )vξ + f (v, w) = 0, (6.71)

y′(τ )wξ = 0. (6.72)

Even though the inner equations (6.71)–(6.72) are partial differential equations, the
variable τ occurs only as a parameter, and so (6.71)–(6.72) can be solved as if they were
ordinary differential equations. This is because the traveling wave is stationary in the
moving coordinate system ξ , τ . It follows that w is independent of ξ (but not necessarily
τ ). Finally, since the inner equation is supposed to provide a transition layer between
regions where outer dynamics hold, we require the matching condition that f (v, w)→ 0
as ξ →±∞. Note that here we use y(t) to locate the wave front, rather than ct as before,
and then y′(τ ) is the instantaneous wave velocity.

We recognize (6.71) as a bistable equation for which there are heteroclinic orbits.
That is, for fixed w, if the equation f (v, w) = 0 has three roots, two of which are stable
as solutions of the equation dv/dt = f (v, w), then there is a number c = c(w) for which
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the equation

v′′ + c(w)v′ + f (v, w) = 0 (6.73)

has a heteroclinic orbit connecting the two stable roots of f (v, w) = 0. This heteroclinic
orbit corresponds to a moving transition layer, traveling with speed c. It is important
to note that since the roots of f (v, w) = 0 are functions of w, c is also a function of w.
To be specific, we define c(w) to be the unique parameter value for which (6.73) has
a solution with v → V−(w) as ξ → ∞, and v → V+(w) as ξ → −∞. In the case that
c(w) > 0, we describe this transition as an “upjump” moving to the right. If c(w) < 0,
then the transition is a “downjump” moving to the left.

We are now able to describe a general picture of wave propagation. In most of
space, outer dynamics (6.68) are satisfied. At any transition between the two types of
outer dynamics, continuity of w is maintained by a sharp transition in v that travels
at the speed y′(t) = c(w) if v = V−(w) on the right and v = V+(w) on the left, or at
speed y′(t) = −c(w) if v = V+(w) on the right and v = V−(w) on the left, where w is the
value of the recovery variable in the interior of the transition layer. As a transition layer
passes any particular point in space, there is a switch of outer dynamics from one to
the other of the possible outer solution branches.

This singular perturbation description of wave propagation allows us to examine in
more detail the specific case of a traveling pulse. The phase portrait for a solitary pulse
is sketched in Fig. 6.7. A traveling pulse consists of a single excitation front followed by
a single recovery back. We suppose that far to the right, the medium is at rest, and that
a wave front of excitation has been initiated and is moving from left to right. Of course,
for the medium to be at rest there must be a rest point of the dynamics on the lower
branch, say G−(w+) = 0. Then, a wave that is moving from left to right has v = V−(w+)
on its right and v = V+(w+) on its left, traveling at speed y′(t) = c(w+). Necessarily, it
must be that c(w+) > 0. Following the same procedure used to derive (6.8), one can
show that

c(w) =
∫ V+(w)

V−(w) f (v, w) dv
∫∞
−∞ v2

ξ dξ
, (6.74)

and thus c(w+) > 0 if and only if
∫ V+(w+)

V−(w+)
f (v, w+) dv > 0. (6.75)

If (6.75) fails to hold, then the medium is not sufficiently excitable to sustain a propagat-
ing pulse. It is important also to note that if f (v, w) is of generalized FitzHugh–Nagumo
form, then c(w) has a unique zero in the interval (W∗, W∗), where W∗ and W∗ are defined
in Section 5.2.

Immediately to the left of the excitation front, the medium is excited and satisfies
the outer dynamics on the upper branch v = V+(w). Because (by assumption) G+(w) >
0, this can hold for at most a finite amount of time before the outer dynamics force
another transition layer to appear. This second transition layer provides a transition
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wave back

Figure 6.7 Sketch of the phase portrait of the fast traveling solitary pulse for FitzHugh–
Nagumo dynamics in the singular limit ε → 0.

between the excited region on the right and a recovering region on the left and travels
with speed y′(t) = −c(w), where w is the value of the recovery variable in the transition
layer. The minus sign here is because the second transition layer must be a downjump.
For this to be a steadily propagating traveling pulse, the speeds of the upjump and
downjump must be identical. Thus, the value of w at the downjump, say w−, must be
such that c(w−) = −c(w+).

It may be that the equation c(w−) = −c(w+) has no solution. In this case, the down-
jump must occur at the knee, and then the wave is called a phase wave since the timing
of the downjump is determined solely by the timing, or phase, of the outer dynamics,
and not by any diffusive processes. That such a wave can travel at any speed greater
than some minimal speed can be shown using standard arguments. The dynamics for
phase waves are different from those for the bistable equation because the downjump
must be a heteroclinic connection between a saddle point and a saddle-node. That is,
at the knee, two of the three steady solutions of the bistable equation are merged into
one. The demonstration of the existence of traveling waves in this situation is similar
to the case of Fisher’s equation, where the nonlinearity f (v, w) in (6.73) has two simple
zeros, rather than three as in the bistable case. In the phase wave problem, however,
one of the zeros of f (v, w) is not simple, but quadratic in nature, a canonical example
of which is f (v, w) = v2(1 − v). We do not pursue this further except to say that such
waves exist (see Exercise 16).

In summary, from singular perturbation theory we learn that the value of w ahead
of the traveling pulse is given by the steady-state value w+, and the speed of the rising
wave front is then determined from the bistable equation (6.73) with w = w+. The
wave front switches the value of v from v = V−(w+) (ahead of the wave) to v = V+(w+)
(behind the wave front). A wave back then occurs at w = w−, where w− is determined
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from c(w−) = −c(w+). The wave back switches the value of v from v = V+(w−) to
v = V−(w−). The duration of the excited phase of the traveling pulse is

Te =
∫ w−

w+

dw
G+(w)

. (6.76)

The duration of the absolute refractory period is

Tar =
∫ w0

w−

dw
G−(w)

, (6.77)

where w0 is that value of w for which c(w) = 0 (Exercise 11). This approximate solution
is said to be a singular solution, because derivatives of the solution become infinite (are
singular) in the limit ε → 0.

6.3.2 The Hodgkin–Huxley Equations

The traveling pulse for the Hodgkin–Huxley equations must be computed numerically.
The most direct way to do this is to simulate the partial differential equation on a long
one-dimensional spatial domain. Alternately, one can use the technique of shooting. In
fact, shooting was used by Hodgkin and Huxley in their 1952 paper to demonstrate that
the Hodgkin–Huxley equations support a traveling wave solution. Shooting is also the
method by which a rigorous proof of the existence of traveling waves has been given
(Hastings, 1975; Carpenter, 1977).

The shooting argument is as follows. We write the Hodgkin–Huxley equations in
the form

τm
∂v
∂t
= λ2

m
∂2v
∂x2
+ f (v, m, n, h), (6.78)

dw
dt
= αw(v)(1−w)− βw(v)w, for w = n, m, and h. (6.79)

Now we look for solutions in x, t that are functions of the translating variable ξ = x/c+ t,
and find the system of ordinary differential equations

λ2
m

c2

d2v

dξ2
+ f (v, m, n, h)− τm dv

dξ
= 0, (6.80)

dw
dξ
= αw(v)(1−w)− βw(v)w, for w = n, m, and h. (6.81)

Linearizing the system (6.80) and (6.81) about the resting solution at v = 0, one
finds that there are four negative eigenvalues and one positive eigenvalue. A reasonable
approximation to the unstable manifold is found by neglecting variations in gK and gNa,
from which

v(t) = v0eμt, (6.82)



6.3: Traveling Pulses 251

where

λ2
m

c2 μ
2 − τmμ− 1 = 0

or

μ = 1
2

(
τm

c2

λ2
m
+ c
λm

√

τ2
m

c2

λ2
m
+ 4

)
.

To implement shooting, one chooses a value of c, and initial data close to the rest
point but on the unstable manifold (6.82), and then integrates numerically until (in
all likelihood) the potential becomes very large. It could be that the potential becomes
large positive or large negative. In fact, once values of c are found that do both, one
uses bisection to home in on the homoclinic orbit that returns to the rest point in the
limit ξ →∞.

For the Hodgkin–Huxley equations one finds a traveling pulse for c = 3.24λm ms−1.
Using typical values for squid axon (from Table 4.1, λm = 0.65 cm), we find c =
21 mm/ms, which is close to the value of 21.2 mm/ms found experimentally by Hodgkin
and Huxley. Hodgkin and Huxley estimated the space constant for squid axon as
λm = 0.58 cm, from which they calculated that c = 18.8 mm/ms. Their calculated
speeds agreed very well with experimental data and thus their model, which was based
only on measurements of ionic conductance, was used to predict accurately macro-
scopic behavior of the axon. It is rare that quantitative models can be applied so
successfully. Propagation velocities for several types of excitable tissue are listed in
Table 6.2.

.Table 6.2 Propagation velocities in nerve and muscle.

ExcitableTissue Velocity (m/sec)

Myelinated nerve fibers
Large diameter (16–20 μm) 100–120
Mid-diameter (10–12 μm) 60–70
Small diameter (4–6 μm) 30–50

Nonmyelinated nerve fibers
Mid-diameter (3–5 μm) 15–20

Skeletal muscle fibers 6
Heart

Purkinje fibers 1.0
Cardiac muscle 0.5

Smooth muscle 0.05
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6.4 Periodic Wave Trains

Excitable systems are characterized by both excitability and refractoriness. That is,
after the system has responded to a superthreshold stimulus with a large excursion
from rest, there is a refractory period during which no subsequent responses can be
evoked, followed by a recovery period during which excitability is gradually restored.
Once excitability is restored, another wave of excitation can be evoked. However, the
speed at which subsequent waves of excitation travel depends strongly on the time
allowed for recovery of excitability following the last excitation wave. Generally (but
not always), the longer the period of recovery, the faster the new wave of excitation can
travel.

One might guess that a nerve axon supports, in addition to a traveling pulse, pe-
riodic wave trains of action potentials. With a periodic wave train, if recovery is a
monotonic process, one expects propagation to be slower than for a traveling pulse,
because subsequent action potentials occur before the medium is fully recovered, so
that the Na+ upstroke is slower than for a traveling pulse. The relationship between
the speed and period is called the dispersion curve.

There are at least two ways to numerically calculate the dispersion curve for the
Hodgkin–Huxley equations. The most direct method is to construct a ring, that is, a one-
dimensional domain with periodic boundary conditions, initiate a pulse that travels
in one direction on the ring, and solve the equations numerically until the solution
becomes periodic in time. One can then use this waveform as initial data for a ring of
slightly different length, and do the calculation again. While this method is relatively
easy, its principal disadvantage is that it requires the periodic solution to be stable.
Dispersion curves often have regions whose periodic solutions are unstable, and this
method cannot find those. Of course, only the stable solutions are physically realizable,
so this disadvantage may not be so serious to the realist.

The second method is to look for periodic solutions of the equations in their
traveling wave coordinates (6.80)–(6.81), using a numerical continuation method (an
automatic continuation program such as AUTO recommends itself here). With this
method, periodic solutions are found without reference to their stability, so that the
entire dispersion curve can be calculated.

Dispersion curves for excitable systems have a typical shape, depicted in Figs.
6.8 and 6.9. Here we see a dispersion curve having two branches, one denoting fast
waves, the other slow. The two branches meet at a knee or corner at the absolute re-
fractory period, and for shorter periods no periodic solutions exist. The solutions on
the fast branch are typical of action potentials and are usually (but not always) stable.
The solutions on the slow branch are small amplitude oscillations and are unstable.
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Figure 6.8 Numerically computed dispersion curve (speed vs. frequency and speed vs. wave-
length for various temperatures) for the Hodgkin–Huxley equations. (Miller and Rinzel, 1981,
Figs. 1 and 2.)
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Figure 6.9 Dispersion curves for the piecewise-linear FitzHugh–Nagumo equations shown
for ε = 0.1 and 0.01.The dashed curve shows the singular perturbation approximation to the
dispersion curve.

6.4.1 Piecewise-Linear FitzHugh–Nagumo Equations

The dispersion curve in Fig. 6.9 was found for the FitzHugh–Nagumo system (6.48)–
(6.49) with piecewise-linear functions (6.52) and (6.53). The calculation is similar to
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that for the traveling pulse (Rinzel and Keller, 1973). Since this system is piecewise
linear, we can express its solution as the sum of three exponentials,

w(ξ) =
3∑

i=1

Aie
λiξ , (6.83)

on the interval 0 ≤ ξ < ξ1, and as

w(ξ) = 1+
3∑

i=1

Bie
λiξ (6.84)

on the interval ξ1 ≤ ξ ≤ ξ2, where v = −cwξ . We also assume that v > α on the interval
ξ1 ≤ ξ ≤ ξ2. The numbers λi, i = 1, 2, 3, are roots of the characteristic polynomial (6.58).

We require that w(ξ), v(ξ), and v′(ξ) be continuous at ξ = ξ1, and that w(0) =
w(ξ2), v(0) = v(ξ2), and v′(0) = v′(ξ2) for periodicity. Finally, we require that v(0) =
v(ξ1) = α. This gives a total of eight equations in nine unknowns, A1, . . . , A3, B1, . . . , B3,
ξ1, ξ2, and c. After some calculation we find two equations for the three unknowns ξ1,
ξ2, and c given by

eλ1(P−ξ1) − 1
p′(λ1)(eλ1P − 1)

+ eλ2(P−ξ1) − 1
p′(λ2)(eλ2P − 1)

+ eλ3(P−ξ1) − 1
p′(λ3)(eλ3P − 1)

+ ε2α = 0, (6.85)

eλ1P − eλ1ξ1

p′(λ1)(eλ1P − 1)
+ eλ2P − eλ2ξ1

p′(λ2)(eλ2P − 1)
+ eλ3P − eλ3ξ1

p′(λ3)(eλ3P − 1)
+ ε2α = 0, (6.86)

where P = ξ2/c. It is important to note that since there are only two equations for the
three unknowns, (6.85) and (6.86) define a family of periodic waves, parameterized
by either the period or the wave speed. The relationship between the period and the
speed of this wave family is the dispersion curve. In Fig. 6.9 are shown examples of
the dispersion curve for a sampling of values of ε with α = 0.1. Changing α has little
qualitative effect on this plot. The dashed curve shows the limiting behavior of the
upper branch (the fast waves) in the limit ε→ 0. Of significance in this plot is the fact
that there are fast and slow waves, and in the limit of large wavelength, the periodic
waves approach the solitary traveling pulses represented by Fig. 6.5 (Exercise 12). In
fact, periodic solutions look much like evenly spaced periodic repeats of (truncated)
solitary pulses.

The dispersion curve for the piecewise-linear FitzHugh–Nagumo system is typical
of dispersion curves for excitable media, with a fast and slow branch meeting at a
corner. In general, the location of the corner depends on the excitability of the medium
(in this case, the parameter α) and on the ratio of time scales ε.

6.4.2 Singular Perturbation Theory

The fast branch of the dispersion curve can be found for a general FitzHugh–Nagumo
system in the limit ε → 0 using singular perturbation theory. A periodic wave consists
of an alternating series of upjumps and downjumps, separated by regions of outer
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Figure 6.10 Sketch of the phase portrait for the fast traveling periodic wave train for
FitzHugh–Nagumo dynamics in the singular limit ε → 0.

dynamics. The phase portrait for a periodic wave train is sketched in Fig. 6.10. To be
periodic, if w+ is the value of the recovery variable in the upjump, traveling with speed
c(w+), then the value of w in the downjump must be w−, where c(w+) = −c(w−). The
amount of time spent on the excited branch is

Te =
∫ w−

w+

dw
G+(w)

, (6.87)

and the amount of time spent on the recovery branch is

Tr =
∫ w+

w−

dw
G−(w)

. (6.88)

The dispersion curve is then the relationship between speed c(w+) and period

T = Te + Tr, (6.89)

parameterized by w+. This approximate dispersion curve (calculated numerically) is
shown in Fig. 6.9 as a dashed curve.

The slow branch of the dispersion curve can also be found using perturbation meth-
ods, although in this case since the speed is small of order ε, a regular perturbation
expansion is appropriate. The details of this expansion are beyond the scope of this
book, although the interested reader is referred to Dockery and Keener (1989). In gen-
eral, the slow periodic solutions are unstable (Maginu, 1985) and therefore are of less
physical interest than the fast solutions. Again, stability theory for the traveling wave
solutions is beyond the scope of this book.
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6.4.3 Kinematics

Not all waves are periodic. There can be wave trains with action potentials that are
irregularly spaced and that travel with different velocities. A kinematic theory of wave
propagation is one that attempts to follow the progress of individual action potentials
without tracking the details of the structure of the pulse (Rinzel and Maginu, 1984).
The simplest kinematic theory is to interpret the dispersion curve in a local way. That
is, suppose we know the speed as a function of period for the stable periodic wave
trains, c = C(T). We suppose that the wave train consists of action potentials, and that
the nth action potential reaches position x at time tn(x). To keep track of time of arrival
at position x we note that

dtn
dx
= 1

c
. (6.90)

We complete the description by taking c = C(tn(x)−tn−1(x)), realizing that tn(x)−tn−1(x)
is the instantaneous period of the wave train that is felt by the medium at position x.

A more sophisticated kinematic theory can be derived from the singular solution
of the FitzHugh–Nagumo equations. For this derivation we assume that recovery is
always via a phase wave, occurring with recovery value W∗. Suppose that the front of
the nth action potential has speed c(wn), corresponding to the recovery value wn in the
transition layer. Keeping track of the time until the next action potential, we find

tn+1(x)− tn(x) = Te(x)+ Tr(x) (6.91)

=
∫ W∗

wn

dw
G+(w)

+
∫ wn+1

W∗
dw

G−(w)
. (6.92)

Differentiating (6.92) with respect to x, we find the differential equation for wn+1(x):

1
G−(wn+1)

dwn+1

dx
= 1

G+(wn)

dwn

dx
+ 1

c(wn+1)
− 1

c(wn)
. (6.93)

With this equation one can track the variable wn+1 as a function of x given wn(x) and
from it reconstruct the speed and time of arrival of the (n+ 1)st action potential wave
front.

While this formulation is useful for the FitzHugh–Nagumo equations, it can be
given a more general usefulness as follows. Since there is a one-to-one relationship
between the speed of a front and the value of the recovery variable w in that front, we
can represent these functions in terms of the speeds of the fronts as

tn+1(x)− tn(x) = A(cn)+ tr(cn+1), (6.94)

where A(cn) = Te is the action potential duration (APD) since the nth upstroke, and
tr(cn+1) = Tr is the recovery time preceding the (n+1)st upstroke. When we differentiate
this conservation law with respect to x, we find a differential equation for the speed of
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the (n+ 1)st wave front as a function of the speed of the nth wave front, given by

t′r(cn+1)
dcn+1

dx
= 1

cn+1
− 1

cn
− A′(cn)

dcn

dx
. (6.95)

The advantage of this formulation is that the functions A and tr may be known for other
reasons, perhaps from experimental data. It is generally recognized that the action
potential duration is functionally related to the speed of the previous action potential,
and it is also reasonable that the speed of a subsequent action potential can be related
functionally to the time of recovery since the end of the last action potential. Thus,
the model (6.95) has applicability that goes beyond the FitzHugh–Nagumo context.
For an example of how this idea has been used for the Beeler–Reuter dynamics, see
Courtemanche et al. (1996).

6.5 Wave Propagation in Higher Dimensions

Not all excitable media can be viewed as one-dimensional cables, neither is all prop-
agated activity one-dimensional. Tissues for which one-dimensional descriptions of
cellular communication are inadequate include skeletal and cardiac tissue, the retina,
and the cortex of the brain. To understand communication and signaling in these tissues
requires more complicated mathematical analysis than for one-dimensional cables.

When beginning a study of two- or three-dimensional wave propagation, it is tempt-
ing to extend the cable equation to higher dimensions by replacing first derivatives in
space with spatial gradients, and second spatial derivatives with the Laplacian opera-
tor. Indeed, all the models discussed here are of this type. However, this replacement
is not always appropriate.

Some cells, such as Xenopus oocytes (frog eggs), are large enough so that waves
of chemical activity can be sustained within a single cell. This is unusual, however, as
most waves in normal physiological situations serve the purpose of communication
between cells. For chemical waves in single cells, a reasonable first guess is that spatial
coupling is by chemical diffusion. In that case, if the local chemical dynamics are
described by the differential equation ∂u

∂t = kf , then with spatial coupling the dynamics
are represented by

∂u
∂t
= ∇ · (D∇u)+ kf , (6.96)

where D is the (scalar) diffusion coefficient of the chemical species and ∇ is the three-
dimensional gradient operator. Here we have included the time constant k (with units
time−1), so that f has the same dimensional units as u.

For many cell types, however, intercellular communication is through gap junc-
tions between immediate neighbors, so that diffusion is not spatially uniform. In this
case, the first guess (or hope) is that the length constant of the phenomenon to be de-
scribed is much larger than the typical cell size, and homogenization can be used to
find an effective diffusion coefficient, De, as described in Chapter 8. Then (6.96) with
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the effective diffusion coefficient is a reasonable model. Note that there is no a priori
reason to believe that cellular coupling is isotropic or that De is a scalar quantity.

If this assumption, that the space constant of the signaling phenomenon is larger
than the size of the cell, and hence that homogenization gives a valid approximation,
is not justified, then we are stuck with the unpleasant business of studying communi-
cation between discretely coupled cells. Descriptions of such studies are included in
Chapter 7.

For electrically active cells, such as cardiac or muscle cells, the situation is fur-
ther complicated by the fact that the signal is the transmembrane potential, and to
determine this one needs to know both the intracellular and extracellular potentials.
Consequently, spatial coupling cannot be represented by the Laplacian of the trans-
membrane potential. We address this problem in Chapter 12, where we discuss waves
in myocardial tissue.

Even more complicated are neural networks, where axons may extend long dis-
tances and cells may be connected to many other cells, far more than their nearest
neighbors, so that spatial coupling is nonlocal.

Suffice it to say, while (6.96) is an interesting place to start the study of waves
in higher dimensions, it is by no means obvious that all the results of this study are
applicable to cellular media.

6.5.1 Propagating Fronts

Plane Waves
The simplest wave to look for in a higher-dimensional medium is a plane wave. Suppose
that the canonical problem

U′′ + c0U′ + f (U) = 0 (6.97)

(with dimensionless independent variable) is bistable and has a wave front solution
U(ξ) for some unique value of c0, the value of which depends on f .

To find plane wave solutions of (6.96), we suppose that u is a function of the single
variable ξ = n ·x−ct, where n is a unit vector pointing in the forward direction of wave
front propagation. In the traveling wave coordinate ξ , the time derivative d

dt is replaced

by −c d
dξ , and the spatial gradient operator ∇ is replaced by n d

dξ , so that the governing
equation reduces to the ordinary differential equation

(n ·Dn)u′′ + cu′ + kf (u) = 0. (6.98)

We compare (6.98) with the canonical equation (6.97) and note that the solution
of (6.98) can be found by a simple rescaling to be

u(x, t) = U
(

n · x − ct
�(n)

)
, (6.99)

where c = c0k�(n) is the (directionally dependent) speed and �(n) =
√

n·Dn
k is the

directionally dependent space constant.
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Waves with Curvature
Wave fronts in two- or three-dimensional media are not expected to be plane waves.
They are typically initiated at a specific location, and so might be circular in shape.
Additionally, the medium may be structurally inhomogeneous or have a complicated
geometry, all of which introduce curvature into the wave front.

It is known that curvature plays an important role in the propagation of a wave
front in an excitable medium. A physical explanation makes this clear. Suppose that a
circular wave front is moving inward, so that the circle is collapsing. Because different
parts of the front are working to excite the same points, we expect the region directly
in front of the wave front to be excited more quickly than if the wave were planar.
Similarly, an expanding circular wave front should move more slowly than a plane
wave because the efforts of the wave to excite its neighbors are more spread out, and
excitation should be slower than for a plane wave.

While these curvature effects are well known in many contexts, we are interested
here in a quantitative description of this effect. In this section we derive an equa-
tion for action-potential spread called the eikonal-curvature equation, the purpose of
which is to show the contribution of curvature to wave-front velocity. Eikonal-curvature
equations have been used in a number of biological contexts, including the study of
wave-front propagation in the excitable Belousov–Zhabotinsky reagent (Foerster et al.,
1989; Keener, 1986; Keener and Tyson, 1986; Tyson and Keener, 1988; Ohta et al., 1989),
Ca2+ waves in Xenopus oocytes (Lechleiter et al., 1991b; Sneyd and Atri, 1993; Jafri and
Keizer, 1995) and in studies of myocardial tissue (Keener, 1991a; Colli-Franzone et al.,
1990, 1993; also see Chapter 12). Eikonal-curvature equations have a long history in
other scientific fields as well, including crystal growth (Burton et al., 1951) and flame
front propagation (Frankel and Sivashinsky, 1987, 1988).

The derivation of the eikonal-curvature equation uses standard mathematical argu-
ments of singular perturbation theory, which we summarize here. The key observation
is that hidden inside (6.96) is the bistable equation (6.97), and the idea to be explored
is that in some moving coordinate system that is yet to be determined, (6.96) is well
approximated by the bistable equation (6.97).

Our goal is to rewrite (6.96) in terms of a moving coordinate system chosen so that
it takes the form of (6.97). In three dimensions, we must have three spatial coordinates,
one of which is locally orthogonal to the wave front, while the other two are coordinates
describing the wave-front surface. By assumption, the function u is approximately
independent of the wave-front coordinates. We introduce a scaling of the variables
such that the derivatives with respect to the first variable are of most importance, and
all other derivatives are less so. From this computation, we learn how the coordinate
system must move in order to maintain itself as a wave-front coordinate system, and
this law of coordinate system motion is the eikonal-curvature equation.

To begin, we introduce a general (as yet unknown) moving coordinate system

x = X(ξ , τ), t = τ . (6.100)
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According to the chain rule,

∂

∂ξi
= ∂Xj

∂ξi

∂

∂xj
,

∂

∂τ
= ∂

∂t
+ ∂Xj

∂τ

∂

∂xj
. (6.101)

Here and in what follows, the summation convention is followed (i.e., unless otherwise
noted, repeated indices are summed from 1 to 3). It follows that

∂

∂xi
= αij

∂

∂ξj
,

∂

∂t
= ∂

∂τ
− ∂Xj

∂τ
αjk

∂

∂ξk
, (6.102)

where the matrix with entries αij is the inverse of the matrix with entries
∂Xj
∂ξi

(the
Jacobian of the coordinate transformation (6.100)).

We identify the variable ξ1 as the coordinate normal to level surfaces of u, so ξ2 and
ξ3 are the coordinates of the moving level surfaces. Then, we define the tangent vectors
ri = ∂Xj

∂ξi
, i = 1, 2, 3, and the normal vectors ni = rj×rk, where i 
= j, k, and j < k. Without

loss of generality we take r1 = σ(r2×r3), so that r1 is always normal to the level surfaces
of u. Here σ is an arbitrary (unspecified) scale factor. The vectors r2 and r3 are tangent
to the moving level surface, although they are not necessarily orthogonal. While one
can force the vectors r2 and r3 to be orthogonal, the actual construction of such a
coordinate description on a moving surface is generally quite difficult. Furthermore, it
is preferred to have an equation of motion that does not have additional restrictions,
since the motion should be independent of the coordinate system by which the surface
is described.

We can calculate the entries αij explicitly. It follows from Cramer’s rule (Exercise
23) that

αij = (nj)i

rj · nj
(no summation), (6.103)

where by (nj)i we mean the ith component of the jth normal vector nj.
Now we can write out the full change of variables. We calculate that (treating the

coefficients αij as functions of x)

∂u
∂t
= ∂u
∂τ
− ∂Xj

∂τ
αjk

∂u
∂ξk

, (6.104)

[6bp]∇2u = αipαik
∂2u
∂ξp∂ξk

+ ∂αip

∂xi

∂u
∂ξp

, (6.105)

and rewrite (6.96) in terms of these new variables, finding (in the case that D is a
constant scalar) that

0 = Dαipαiq
∂2u
∂ξp∂ξq

+D
∂αip

∂xi

∂u
∂ξp
−
(

uτ − ∂Xj

∂τ
αjk

∂u
∂ξk

)
+ kf (u). (6.106)

There are two important assumptions that are now invoked, namely that the spatial
scale of variation in ξ1 is much shorter than the spatial scale for variations in the
variables ξ2 and ξ3. We quantify this by supposing that there is a small parameter ε
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and that αj1 = O(1), while αjk = O(ε) for all j and k 
= 1. In addition, we assume that to
leading order in ε, u is independent of ξ2, ξ3, and τ . Consequently, not all of the terms
in (6.106) are of equal importance. If we take into account the ε dependence of αij, then
(6.106) simplifies to

D|α|2 ∂
2u

∂ξ2
1

+
(

D∇ · α + ∂X
∂τ
· α
)
∂u
∂ξ1
+ kf (u) = O(ε), (6.107)

where α is the vector with components αj1, and hence, from (6.103), proportional to the
normal vector n1. All of the terms on the left-hand side of (6.107) are large compared
to ε.

Here we see an equation that resembles the bistable equation (6.97). If the
coefficients of (6.107) are constant, we can identify (6.107) with (6.97) by setting

∂X
∂τ
· α +D∇ · α = kc0, (6.108)

while requiring D|α|2 = k.
Equation (6.108) tells us how the coordinate system should move, and since α is

proportional to n1, setting D|α|2 = k determines the scale of the coordinate normal
to the wave front, i.e., the thickness of the wave front. In reality, the coefficients of
(6.107) are not constants, and these two requirements overdetermine the full coordinate
transformation X(ξ , τ). To overcome this difficulty, we assume that since the wave
front and the coordinate system are slowly varying in space, we interpret (6.108) as
determining the motion of only the midline of the coordinate system, at the location
of the largest gradient of the front, rather than the entire coordinate system.

Equation (6.108) is the equation we seek that describes the motion of an action
potential front, called the eikonal-curvature equation. However, for numerical simula-
tions it is essentially useless. Numerical algorithms to simulate this equation reliably
are extremely hard to construct. Instead, it is useful to introduce a function S(x, t) that
acts as an indicator function for the fronts (think of S as determining the “shock” lo-
cation). That is, if S(x, t) > 0, the medium is activated, while if S(x, t) < 0, the medium
is in the resting state. Taking α to be in the direction of forward wave-front motion

means that α = −
√

k
D
∇S
|∇S| , where we have used the fact that |α| = √k/D. Since the zero

level surface of S(x, t) denotes the wave-front location, and thus S is constant along the

wave front, it follows that 0 = ∇S · Xt + St, so that Xt · α =
√

k
D

St|∇S| . Hence,

St = |∇S|c0

√
Dk+D|∇S|∇ ·

( ∇S
|∇S|

)
. (6.109)

The use of an indicator function S(x, t) to determine the motion of an interface is
called the level set method (Osher and Sethian, 1988), and is both powerful and easy to
implement.

Equation (6.109) is called the eikonal-curvature equation because of the physical
interpretation of each of its terms. If we ignore the diffusive term, then we have the
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eikonal equation

∂S
∂t
= |∇S|c0

√
Dk. (6.110)

If R is a level surface of the function S(x, t) and if n is the unit normal vector to that
surface at some point, then (6.110) implies that the normal velocity of the surface R,
denoted by Rt · n, satisfies

Rt · n = c0

√
Dk. (6.111)

In other words, the front moves in the normal direction n with speed c = c0
√

Dk.
Equation (6.111) is the basis of a geometrical “Huygens” construction for front

propagation, but the numerical integration of either (6.110) or (6.111) is fraught with
difficulties. In particular, cusp singularities develop, and the indicator function S(x, t)
becomes ill-defined in finite time (usually very quickly). The second term of the right-
hand side of (6.109) is a curvature correction, appropriately named because the term

∇ ·
( ∇S
|∇S|

)
is twice the mean curvature (in three-dimensional space) or the curvature

(in two-dimensional space) of the level surfaces of S (see Exercise 24). In fact, the
eikonal-curvature equation can be written as

Rt · n = c0

√
Dk−Dκ, (6.112)

or

τRt · n = c0�−�2κ, (6.113)

where κ is the curvature (in two dimensions) or twice the mean curvature (in three
dimensions) of the front, � = √D/k is the space constant, and τ = 1/k is the time con-
stant. Even though it usually represents only a small correction to the normal velocity
of fronts, the curvature correction is important for physical and stability reasons, to
prevent singularity formation. The sign of the curvature correction is such that a front
with ripples is gradually smoothed into a plane wave.

Experiments on the Belousov–Zhabotinsky reagent have verified this relationship
between speed and curvature of propagating fronts. For example, Foerster et al. (1988)
measured the speed and curvature at different positions of a rotating spiral wave and
at intersections of two spiral waves (thus obtaining curvatures of different signs) and
found that the relationship between normal velocity and curvature was well approx-
imated by a straight line with slope that was the diffusion coefficient of the rapidly
reacting species.

6.5.2 Spatial Patterns and Spiral Waves

Now that we have some idea of how wave fronts propagate in an excitable medium, we
next wish to determine the spatial patterns that may result. The most common pattern
is created by, and spreads outward from, a single source. If the medium is sufficiently
large so that more than one wave front can exist at the same time, then these are
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referred to as target patterns. Target patterns require a periodic source and so cannot
exist in a homogeneous nonoscillatory medium.

A second type of spatial pattern is a spiral wave. Spiral waves do not require a
periodic source for their existence, as they are typically self-sustained. Because they
are self-sustained, spirals usually occur only in pathophysiological situations. That is, it
is usually not a good thing for a system that relies on faithful propagation of a signal to
be taken over by a self-sustained pattern. Thus, spirals on the heart are fatal, spirals in
the cortex may lead to epileptic seizures, and spirals on the retina or visual cortex may
cause hallucinations. One particularly famous example of spiral waves in an excitable
medium is in the Belousov–Zhabotinsky reaction (Winfree, 1972, 1974), which we do
not discuss here.

The mathematical discussion of spiral waves centers on the nature of periodic
solutions of a system of differential equations with excitable dynamics spatially cou-
pled by diffusion. A specific example is the FitzHugh–Nagumo equations with diffusive
coupling in two spatial dimensions,

ε
∂v
∂t
= ε2∇2v+ f (v, w), (6.114)

∂w
∂t
= g(v, w). (6.115)

The leading-order singular perturbation analysis (i.e., with ε = 0) suggests that the
domain be separated into two, in which outer dynamics

∂w
∂t
= G±(w) (6.116)

hold (using the notation of Section 6.3.1). The region in which ∂w
∂t = G+(w) is identi-

fied as the excited region, and the region in which ∂w
∂t = G−(w) is called the recovering

region. Separating these are moving interfaces in which v changes rapidly (with space
and time constant ε), so that diffusion is important, while w remains essentially con-
stant. At any point in space the solution should be periodic in time, so at large radii,
where the wave fronts are nearly planar, the solution should lie on the dispersion curve.

The first guess as to how the interface should move is to assume that the interface
is nearly planar and therefore has the same velocity as a plane wave, namely

Rt = c(w)n, (6.117)

where R is the position vector for the interface, n is the unit normal vector of R, and
c(w) is the plane-wave velocity as a function of w.

To see the implications of the eikonal equation, we suppose that the spiral interface
is a curve R given by

X(r, t) = r cos(θ(r)− ωt), Y (r, t) = r sin(θ(r)− ωt). (6.118)



264 6: Wave Propagation in Excitable Systems

Notice that the interface is a curve parameterized by r, and so the tangent is (Xr, Yr).
We then calculate that

Rt =
( −ωr sin(θ − ωt)

ωr cos(θ − ωt)

)
, (6.119)

and

√
1+ r2θ ′2n =

( − sin(θ − ωt)− rθ ′ cos(θ − ωt)

cos(θ − ωt)− rθ ′ sin(θ − ωt)

)
, (6.120)

so that the eikonal equation becomes

c(w)
√

1+ r2θ ′2 = ωr. (6.121)

An integration then gives

θ(r) = ρ(r)− tan(ρ(r)), ρ(r) =
√

r2

r2
0

− 1, (6.122)

where r0 = c/ω, so that the interface is given by

X = r0 cos(s)+ r0ρ(r) sin(s), Y = r0 sin(s)− r0ρ(r) cos(s), (6.123)

where s = ρ(r)− ωt. This interface is the involute of a circle of radius r0. (The involute
of a circle is the locus of points at the end of a string that is unwrapped from a circle.)

There are significant difficulties with this as a spiral solution, the most significant
of which is that it exists only for r ≥ r0. The parameter r0 is arbitrary, but positive, so
that this spiral is rotating about some hole of finite size. The frequency of rotation is
determined by requiring consistency with the dispersion curve. Note that the spiral has
wavelength 2πr0, and period 2π

ω
, and so c = r0ω. However, since the dispersion curve

generally has a knee, and thus periodic waves do not exist for small enough wavelength,
there is a lower bound on the radii for which this can be satisfied. Numerical studies of
spirals suggest no such lower bound on the inner core radius and also suggest that there
is a unique spiral frequency for a medium without a hole at the center. Unfortunately,
the use of the eikonal equation gives no hint of the way a unique frequency is selected,
so a different approach, using the eikonal-curvature equation, is required.

To apply the eikonal-curvature equation to find rotating spiral waves, we assume
that the wave front is expressed in the form (6.118), so that the curvature is

κ = X ′Y ′′ − Y ′X ′′

(X ′2 + Y ′2)3/2
= ψ ′

(1+ ψ2)3/2
+ ψ

r(1+ ψ2)1/2
, (6.124)

where ψ = rθ ′(r) is called the shape function. Thus the eikonal-curvature equation
(6.113) becomes

r
dψ
dr
= (1+ ψ2)

[
rc(w)
ε

(1+ ψ2)1/2 − ωr2

ε
− ψ

]
. (6.125)
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Figure 6.11 Trajectories of (6.125) with ω/ε = 2.8, 9m∗, and 3.2, and c/ε = 3.0.

If we suppose that w is constant along the spiral front, then (6.125) can be solved
numerically by “shooting” from r = ∞. A portrait of sample trajectories in the (r,ψ)
plane is shown in Fig. 6.11. The trajectories of (6.125) are stiff, meaning that, for large
r, the trajectory c(1+ψ2)1/2 −ωr = 0 is a strong attractor. This stiffness can be readily
observed when (6.125) is written in terms of the variable φ = rψ√

1+ψ2
as

ε

r
dφ
dr
= c− ω

√
r2 − φ2, (6.126)

since ε multiplies the derivative term in (6.126).
Integrating from r = ∞, trajectories of (6.125) approach the origin by either blow-

ing up or down near the origin r = 0. Since the origin is a saddle point, if parameters
are chosen exactly right, the trajectory approaches ψ = 0. Thus, there is a unique re-
lationship between ω and c of the form ω/ε = F(c/ε) that yields trajectories that go all
the way to the origin r = 0,ψ = 0.

Notice that the rescaling of variables r → αr, c → c/α,ω → ω/α2 leaves (6.125)
invariant, so that the relationship between ω and c for which a trajectory approaches
the saddle point at the origin must be of the form

ω

εα2 = F
( c
εα

)
. (6.127)

It follows that F(c/α) = 1
α2 F(c) and thus F(x) = m∗x2, for some constant m∗, so that

ω = c2m∗

ε
. (6.128)

Numerically, one determines that m∗ = 0.330958.
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Figure 6.12 Spiral arm corresponding to the trajectory of (6.125) that approaches the origin
(shown solid), compared with the involute spiral (shown dashed) with the same parameter
values. For this plot, c/ε = 3.0.

An example of this spiral front is shown in Fig. 6.12, compared with the comparable
involute spiral (6.123), shown dashed. For this figure c/ε = 3.0.

At this point we have a family of possible spiral trajectories that have correct asymp-
totic (large r) behavior and approach ψ = 0 as r→ 0. This family is parameterized by
the speed c. To determine which particular member of this family is the correct spiral
front, we also require that the spirals be periodic waves; that is, they must satisfy the
dispersion relationship. These two requirements uniquely determine the spiral prop-
erties. To see that this is so, in Fig. 6.13 are plotted the critical curve (6.128) and the
approximate dispersion curve (6.89). For this plot we used piecewise-linear dynamics,
f (v, w) = H(v− α)− v−w, g(v, w) = v− γw with α = 0.1, γ = 0, ε = 0.05.

More About Spirals
This discussion of higher-dimensional waves is merely the tip of the iceberg (or tip of
the spiral), and there are many interesting unresolved questions.

While the spirals that are observed in physiological systems share certain qualita-
tive similarities, their details are certainly different. The FitzHugh–Nagumo equations
discussed here show only the qualitative behavior for generic excitable systems and so
have little quantitative relevance. Other physiological systems are likely governed by
other dynamics. For example, a model of spreading cortical depression in the cortex has
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Figure 6.13 Critical curve (6.128) and the approximate dispersion curve (6.89) using
piecewise-linear dynamics f (v , w ) = H(v − α)− v −w , g(v , w ) = v − γw with α = 0.1, γ = 0,
ε = 0.05.

been proposed by Tuckwell and Miura (1978; Miura, 1981), and numerical simulations
have shown rotating spirals. However, a detailed mathematical study of these equations
has not been given. Similarly, spiral waves of Ca2+ have been studied numerically in
some detail (Chapter 7) but are not well understood anaytically.

This analytical calculation for the FitzHugh–Nagumo system is based on singular
perturbation theory and therefore is not mathematically rigorous. In fact, as yet there is
not a rigorous proof of the existence of spiral waves in an excitable medium. While the
approximate solution presented here is known to be asymptotically valid, the structure
of the core of the spiral is not correct. This problem has been addressed by Pelce and Sun
(1991) and Keener (1992) for FitzHugh–Nagumo models with a single diffusing vari-
able, and by Keener (1994) and Kessler and Kupferman (1996) for FitzHugh–Nagumo
models with two diffusing variables, relevant for chemical reaction systems.

A second issue of concern is the stability of spirals. This also is a large topic, which
is not addressed here. The interested reader should consult the work of Winfree (1991),
Jahnke and Winfree (1991), Barkley (1994), Karma (1993, 1994), Panfilov and Hogeweg
(1995), Kessler and Kupferman (1996).

Because the analytical study of excitable media is so difficult, simpler models have
been sought, with the result that finite-state automata are quite popular. A finite-state
automaton divides the state space into a few discrete values (for example v = 0 or 1),
divides the spatial domain into discrete cells, and discretizes time into discrete steps.
Then, rules are devised for how the states of the cells change in time. Finite-state
automata are extremely easy to program and visualize. They give some useful insight
into the behavior of excitable media, but they are also beguiling and can give “wrong”
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answers that are not easily detected. The literature on finite-state automata is vast (see,
for instance, Moe et al., 1964; Smith and Cohen, 1984; and Gerhardt et al., 1990).

The obvious generalization of a spiral wave in a two-dimensional region to three
dimensions is called a scroll wave (Winfree, 1973, 1991; Keener and Tyson, 1992). Scroll
waves have been observed numerically (Jahnke et al., 1988; Lugosi and Winfree, 1988),
in three-dimensional BZ reagent (Gomatam and Grindrod, 1987), and in cardiac tissue
(Chen et al., 1988), although in experimental settings they are extremely difficult to
visualize. In numerical simulations it is possible to initiate scroll waves with interesting
topology, including closed scroll rings, knotted scrolls, or linked pairs of scroll rings.

The mathematical theory of scroll waves is also in its infancy. Attributes of the
topology of closed scrolls were worked out by Winfree and Strogatz (1983a,b,c; 1984),
and a general asymptotic theory for their evolution has been suggested (Keener, 1988)
and tested against numerical experiments on circular scroll rings and helical scrolls.
There is not sufficient space here to discuss the theory of scroll waves. However, scroll
waves are mentioned again briefly in later chapters on cardiac waves and rhythmicity.

6.6 Exercises
1. Show that the (U, W) phase plane of the bistable equation, (6.6) and (6.7), has three steady

states, two of which are saddle points. What is the nature of the third steady state? Show that
the slope of the unstable manifold at the origin is given by the positive root of λ2−cλ+f ′(0) =
0 and is always larger than c. What is the slope of the stable manifold at (U, W) = (1, 0)?
Show that the slopes of both these manifolds are increasing functions of c.

2. Use cable theory to find the speed of propagation for each of the axons listed in Table 4.1,
assuming that the ionic currents are identical and the speed of propagation for the squid
giant axon is 21 mm/ms.

3. Find the space constant for a myelinated fiber.

4. Construct a traveling wave solution to the piecewise-linear bistable equation, (6.1) and (6.3).
Show that the wave travels with speed 1−2α√

α−α2
.

5. Find the shape of the traveling wave profile for (6.1) in the case that the function f (v) is

f (v) =

⎧
⎪⎨

⎪⎩

−v, for v < α/2,
v− α, for α/2 < v < 1+α

2 ,
1− v, for v > 1+α

2 .
(6.129)

6. (a) Solve the bistable equation

vt = vxx + v(0.1− v)(v− 1) (6.130)

numerically and plot a traveling wave.

(b) Solve the FitzHugh–Nagumo equations

vt = vxx + v(0.1− v)(v− 1)−w, (6.131)

wt = 0.1(v−w) (6.132)

numerically and plot a traveling wave.
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7. Find the speed of traveling fronts for barnacle muscle fiber using the Morris–Lecar model
(Chapter 5, (5.72)–(5.73)).

Answer: About 6 cm/s.

8. Write a program to numerically calculate the speed of propagation for the bistable equation.
Use the program to determine the effect of Na+ channel density (Table 6.1) on the speed
of propagation in various axons, assuming that all other currents are the same as for the
Hodgkin–Huxley equations.

9. Show that 1/p′(λ1)+1/p′(λ2)+1/p′(λ3) = 0, where p is defined by (6.58). Hence, show that
h(1) = 0, where h is defined by (6.64). Show also that λ1/p

′(λ1)+ λ2/p
′(λ2)+ λ3/p

′(λ3) = 0
and thus h′(1) = 0. Finally, show that h′′(1) = p′(λ1)/λ

2
1 − 2.

10. The results of Exercise 9 can be generalized. Use contour integration in the complex plane
to show that for an nth order polynomial p(z) = zn + · · · with simple roots zk, k = 1, . . . , n,

n∑

k=1

zj
k

p′(zk)
= 0, (6.133)

provided that n > j+ 1. In addition, show that
n∑

k=1

zn−1
k

p′(zk)
= 1. (6.134)

11. Show that the duration of the absolute refractory period of the traveling pulse for the
generalized FitzHugh–Nagumo equations is (approximately)

Tar =
∫ w0

w−

dw
G−(w)

, (6.135)

where w0 is that value of w for which c(w) = 0.

12. Show that in the limit as the period approaches infinity, (6.85) and (6.86) reduce to the
equations for a solitary pulse (6.62) and (6.63).

13. Suppose a nearly singular (ε small) FitzHugh–Nagumo system has a stable periodic oscilla-
tory solution when there is no diffusive coupling. How do the phase portraits for the spatially
independent solutions and the periodic traveling waves differ? How are these differences
reflected in the temporal behavior of the solutions?

14. (Fisher’s equation.) The goal of this exercise is to find traveling wave solutions of the
equation

ut = uxx + f (u), (6.136)

where f (u) = u(1−u). This equation, sometimes known as Fisher’s equation, is commonly
used in mathematical ecology and population biology to model traveling waves. In this
context u corresponds to a population density or a gene density.

(a) Convert to the traveling wave coordinate ξ = x+ ct, where c ≥ 0 is the wave speed, and
show that the PDE converts to the system of ODEs

u′ = w, (6.137)

w′ = cw− u(1− u). (6.138)

(b) What are the steady states of the ODE system? Determine the stability of the steady
states and sketch the phase plane, including the directions of the eigenvectors at the
saddle point.
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(c) Show that a biologically relevant traveling wave cannot exist when c < 2.

(d) Starting at the saddle point (1, 0), follow the stable manifold backwards in time. Show
that this stable manifold cannot leave the first quadrant across the u axis.

(e) Show that if c ≥ 2 there exists a line, u = mw, such that the stable manifold of the
saddle point cannot be above this line.

(f) Use this to draw a conclusion about the existence of traveling wave solutions to Fisher’s
equation.

15. Here we examine Fisher’s equation (6.136) again in a more general form. Suppose f (0) =
f (1) = 0, f ′(0) > 0, f ′(1) < 0, and f (u) > 0 for 0 < u < 1.

(a) Show that when c = 0 there are no trajectories with u ≥ 0 connecting the two rest
points u = 0 and u = 1.

(b) Show that if there is a value of c for which there is no heteroclinic connection with
u ≥ 0, then there is no such connecting trajectory for any smaller value of c.

(c) Show that if there is a value of c for which there is a connecting trajectory with u ≥ 0,
then there is a connecting trajectory for every larger value of c.

(d) Let μ be the smallest positive number for which f (u) ≤ μu for 0 ≤ u ≤ 1. Show that a
heteroclinic connection exists for all c ≥ 2

√
μ.

16. (Phase waves.) Suppose f (0) = f (1) = f ′(0) = 0, f ′(1) < 0 and f (v) > 0 for 0 < v < 1. Show
that all the statements of Exercise 14 hold.

(a) Show that there are values of c for which there are no trajectories connecting critical
points for the equation V ′′ + cV ′ + f (V) = 0, with f (0) = f ′(0) = f (1) = 0, and f (v) > 0
for 0 < v < 1. Hint: What is the behavior of trajectories for c = 0?

(b) Show that if a connecting trajectory exists for one value of c < 0, then it exists for all
smaller (larger in absolute value) values of c. Hint: What happens to trajectories when
c is decreased (increased in absolute value) slightly? How do trajectories for different
values of c compare?

(c) Suppose f (v) = v2(1−v). Show that there is a connecting trajectory for c ≤ − 1√
2

. Hint:

Find an exact solution of the form v′ = Av(1− v).

17. Construct a traveling wave solution for the equation vt = vxx + f (v) with v(−∞, t) = 0 and
v(+∞, t) = 1 where f (v) = 0 for 0 < v < q, f (v) = 1 − v for q < v < 1. What is the speed of
propagation? For what values of q does the wave exist? Plot the traveling waveform on the
same graph as the traveling waveform for the piecewise-linear bistable equation for values
of q and α for which the speeds are the same.

18. Show that the equation vt = vxx + f (v), where f (0) = f (1) = 0, has a monotone traveling
wave solution connecting v = 0 to v = 1 only if

∫ 1
0 f (v)dv > 0. Interpret the results of

Exercises 4 and 17 in light of this result.

19. Given a dispersion curve c = C(T), use the simple kinetic theory,
dtn(x)

dx
= 1

C(tn(x)− tn−1(x))
, (6.139)

to determine the stability of periodic waves on a ring of length L.
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Hint: On a ring of length L, tn(x) = tn−1(x− L). Suppose that T∗C(T∗) = L. Perform linear
stability analysis for the solution tn(x) = x

C(T∗) .

20. Use perturbation arguments to estimate the error in the calculated speed of propaga-
tion when Euler’s method (forward differencing in time) with second-order centered
differencing in space is used to approximate the solution of the bistable equation.

21. Generalize the kinematic theory (6.93)–(6.95) to the case in which wave backs are not
phase waves, by tracking both fronts and backs and the corresponding recovery value
(Cytrynbaum and Keener, 2002).

22. What is the eikonal-curvature equation for (6.96) when the medium is anisotropic and D is
a symmetric matrix, slowly varying in space?

Answer: St =
√∇S ·D∇S

(
c0
√

k+ ∇ ·
(

D∇S√∇S·D∇S

))
.

23. Verify (6.103).

24. Verify that in two spatial dimensions, ∇ ·
( ∇S
|∇S|

)
is the curvature of the level surface of the

function S.

25. The following are the rules for a simple finite automaton on a rectangular grid of points:

(a) The state space consists of three states, 0, 1, and 2, 0 meaning at rest, 1 meaning excited,
and 2 meaning refractory.

(b) A point in state 1 goes to state 2 on the next time step. A point in state 2 goes to 0 on
the next step.

(c) A point in state 0 remains in state 0 unless at least one of its nearest neighbors is in
state 1, in which case it goes to state 1 on the next step.

Write a computer program that implements these rules. What initial data must be supplied
to initiate a spiral? Can you initiate a double spiral by supplying two stimuli at different
times and different points?

26. (a) Numerically simulate spiral waves for the Pushchino model of Chapter 5, Exercise 13.

(b) Numerically simulate spiral waves for the Pushchino model with

f (V) =
⎧
⎨

⎩

C1V , when V < V1,
−C2V + a, when V1 < V < V2,
C3(V − 1), when V > V2,

(6.140)

and

τ(V , w) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

τ1, when V1 < V < V2,

τ1, when V < V1, w > w1,

τ2, when V > V2,

τ3, when V < V1, w < w1.

Use the parameters V1 = 0.0026, V2 = 0.837, w1 = 1.8, C1 = 20, C2 = 3, C3 = 15,
a = 0.06, τ1 = 75, τ2 = 1.0, τ3 = 2.75, and k = 3. What is the difference between these
spirals and those for the previous model?
Answer: There are no stable spirals for this model, but spirals continually form and
break apart, giving a chaotic appearance.
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Calcium Dynamics

Calcium is critically important for a vast array of cellular functions, as can be seen by a
quick look through any physiology book. For example, in this book we discuss the role
that Ca2+ plays in muscle mechanics, cardiac electrophysiology, bursting oscillations
and secretion, hair cells, and adaptation in photoreceptors, among other things. Clearly,
the mechanisms by which a cell controls its Ca2+ concentration are of central interest
in cell physiology.

There are a number of Ca2+ control mechanisms operating on different levels, all
designed to ensure that Ca2+ is present in sufficient quantity to perform its neces-
sary functions, but not in too great a quantity in the wrong places. Prolonged high
cytoplasmic concentrations of Ca2+ are toxic. For example, cellular Ca2+ overload can
trigger apoptotic cell death, a process in which the cell kills itself. In muscle cells, high
intracellular Ca2+ is responsible for prolonged muscle tension and rigor mortis.

There are many reviews of Ca2+ physiology in the literature: in 2003 an entire issue
of Nature Reviews was devoted to the subject and contains reviews of Ca2+ homeosta-
sis (Berridge et al., 2003), extracellular Ca2+ sensing (Hofer and Brown, 2003), Ca2+
signaling during embryogenesis (Webb and Miller, 2003), the Ca2+-apoptosis link (Or-
renius et al., 2003), and the regulation of cardiac contractility by Ca2+ (MacLennan
and Kranias, 2003). Other useful reviews are Berridge (1997) and Carafoli (2002).

In vertebrates, the majority of body Ca2+ is stored in the bones, from where it can
be released by hormonal stimulation to maintain an extracellular Ca2+ concentration
of around 1 mM, while active pumps and exchangers keep the cytoplasmic Ca2+ con-
centration at around 0.1 μM. Since the cytoplasmic concentration is low, there is a
steep concentration gradient from the outside of a cell to the inside. This disparity has
the advantage that cells are able to raise their Ca2+ concentration quickly, by opening
Ca2+ channels and relying on passive flow down a steep concentration gradient, but
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it has the disadvantage that energy must be expended to keep the cytoplasmic Ca2+
concentration low. Thus, cells have finely tuned mechanisms to control how Ca2+ is
allowed into, or removed from, the cytoplasm.

Calcium is removed from the cytoplasm in two principal ways: it is pumped out of
the cell across the plasma membrane, and it is sequestered into internal membrane-
bound compartments such as the mitochondria, the endoplasmic reticulum (ER) or
sarcoplasmic reticulum (SR), and secretory granules. Since the Ca2+ concentration in
the cytoplasm is much lower than either the extracellular concentration or the con-
centration inside the internal compartments, both methods of Ca2+ removal require
expenditure of energy. Some of this is by a Ca2+ ATPase, similar to the Na+–K+ ATPase
discussed in Chapter 2, that uses energy stored in ATP to pump Ca2+ out of the cell or
into an internal compartment. There is also a Na+–Ca2+ exchanger (NCX) in the cell
membrane that uses the energy of the Na+ electrochemical gradient to remove Ca2+
from the cell at the expense of Na+ entry (also discussed in Chapters 2 and 3).

Calcium influx also occurs via two principal pathways: inflow from the extra-
cellular medium through Ca2+ channels in the plasma membrane and release from
internal stores. The plasma membrane Ca2+ channels are of several different types.
For example, voltage-controlled channels open in response to depolarization of the
cell membrane, receptor-operated channels open in response to the binding of an ex-
ternal ligand, second-messenger-operated channels open in response to the binding of
a cellular second messenger, and mechanically operated channels open in response
to mechanical stimulation. Voltage-controlled Ca2+ channels are of great importance
in other chapters of this book (in particular, for bursting oscillations in Chapter 9 or
cardiac cells in Chapter 12), but are not discussed here. We also omit consideration of
the other plasma membrane channels, concentrating instead on the properties of Ca2+
release from internal stores.

Calcium release from internal stores such as the ER is the second major way in
which Ca2+ enters the cytoplasm, and this is mediated principally by two types of
Ca2+ channels that are also receptors: the ryanodine receptor and the inositol (1,4,5)-
trisphosphate (IP3) receptor. The ryanodine receptor, so called because of its sensitivity
to the plant alkaloid ryanodine, plays an integral role in excitation–contraction cou-
pling in skeletal and cardiac muscle cells, and is believed to underlie Ca2+-induced
Ca2+ release, whereby a small amount of Ca2+ entering the cardiac or skeletal muscle
cell through voltage-gated Ca2+ channels initiates an explosive release of Ca2+ from
the sarcoplasmic reticulum. Excitation–contraction coupling is discussed in detail in
Chapter 15. Ryanodine receptors are also found in a variety of nonmuscle cells such
as neurons, pituitary cells, and sea urchin eggs. The IP3 receptor, although similar in
structure to the ryanodine receptor, is found predominantly in nonmuscle cells, and is
sensitive to the second messenger IP3. The binding of an extracellular agonist such as
a hormone or a neurotransmitter to a receptor in the plasma membrane can cause, via
a G-protein link to phospholipase C (PLC), the cleavage of phosphotidylinositol (4,5)-
bisphosphate (PIP2) into diacylglycerol (DAG) and IP3 (Fig. 7.1). The water-soluble IP3

is free to diffuse through the cell cytoplasm and bind to IP3 receptors situated on the ER
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Figure 7.1 Diagram of the major fluxes involved in the control of cytoplasmic Ca2+ con-
centration. Binding of agonist to a cell membrane receptor (R) leads to the activation of a
G-protein (G), and subsequent activation of phospholipase C (PLC). This cleaves phospho-
tidylinositol bisphosphate into diacylglycerol and inositol trisphosphate (IP3), which is free to
diffuse through the cell cytoplasm. When IP3 binds to an IP3 receptor (IPR) on the endoplas-
mic reticulum (ER) membrane it causes the release of Ca2+ from the ER, and this Ca2+ in
turn modulates the open probability of the IPR and ryanodine receptors (RyR). Calcium fluxes
are denoted by solid arrows. Calcium can be released from the ER through IPR (JIPR) or RyR
(JRyR), can be pumped from the cytoplasm into the ER (Jserca) or to the outside (Jpm), can
be taken up into (Juni), or released from (Jmito), the mitochondria, and can be bound to (Jon),
or released from (Joff), Ca2+ buffers. Entry from the outside (Jin) is controlled by a variety of
possible channels, including store-operated channels (SOC), Ca2+-release-activated channels
(Icrac), and arachidonic-acid-operated channels (AAOC).

membrane, leading to the opening of these receptors and subsequent release of Ca2+
from the ER. Similar to ryanodine receptors, IP3 receptors are modulated by the cyto-
plasmic Ca2+ concentration, with Ca2+ both activating and inactivating Ca2+ release,
but at different rates. Thus, Ca2+-induced Ca2+ release occurs through IP3 receptors
also.



276 7: Calcium Dynamics

As an additional control for the cytoplasmic Ca2+ concentration, Ca2+ is heavily
buffered (i.e., bound) by large proteins, with estimates that at least 99% of the total
cytoplasmic Ca2+ is bound to buffers. The Ca2+ in the ER and mitochondria is also
heavily buffered.

7.1 Calcium Oscillations and Waves

One of the principal reasons that modelers have become interested in Ca2+ dynam-
ics is that the concentration of Ca2+ shows highly complex spatiotemporal behavior
(Fig. 7.2). Many cell types respond to agonist stimulation with oscillations in the con-
centration of Ca2+. These oscillations can be grouped into two major types: those that
are dependent on periodic fluctuations of the cell membrane potential and the asso-
ciated periodic entry of Ca2+ through voltage-gated Ca2+ channels (for example in
cardiac cells), and those that occur in the presence of a voltage clamp. The focus in this
chapter is on the latter type, within which group further distinctions can be made by
whether the oscillatory Ca2+ flux is through ryanodine or IP3 receptors. We consider
models of both types here, beginning with models of IP3-dependent Ca2+ oscillations.
In many cell types one important feature of IP3-dependent Ca2+ oscillations is that
they persist for some time in the absence of extracellular Ca2+ (although often with a
changed shape and period), and must thus necessarily involve Ca2+ transport to and
from the internal stores.

Calcium oscillations have been implicated in a vast array of cellular control pro-
cesses. The review by Berridge et al. (2003) mentions, among other things, oocyte
activation at fertilization, axonal growth, cell migration, gene expression, formation
of nodules in plant root hairs, development of muscle, and release of cytokines from
epithelial cells. In many cases, the oscillations are a frequency-encoded signal that
allows a cell to use Ca2+ as a second messenger while avoiding the toxic effects of pro-
longed high Ca2+ concentration. For example, exocytosis in gonadotropes is known to
be dependent on the frequency of Ca2+ oscillations (Tse et al., 1993), and gene expres-
sion can also be modulated by Ca2+ spike frequency (Dolmetsch et al., 1998; Li et al.,
1998). However, there are still many examples for which the signal carried by a Ca2+
oscillation has not been unambiguously decoded.

The period of IP3-dependent oscillations ranges from a few seconds to a few min-
utes. In some cell types these oscillations appear to occur at a constant concentration
of IP3, while in other cell types they appear to be driven by oscillations in [IP3]. Mod-
ulation of the IP3 receptor by other factors such as phosphatases and kinases also
plays an important role in setting the oscillation period, while Ca2+ influx from out-
side the cell is another important regulatory mechanism. Thus, there is a tremendous
variety of mechanisms that control Ca2+ oscillations, and it is not realistic to expect
that a single model can capture the important behaviors in all cell types. Nevertheless,
most of the models have much in common, and a great deal can be learned about the
overall approach by the study of a small number of models. The concept of a cellular
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Figure 7.2 Typical Ca2+ oscillations from a variety of cell types. A: Hepatocytes stimulated
with vasopressin (VP). B: Rat parotid gland stimulated with carbachol (CCh). C: Gonadotropes
stimulated with gonadotropin-releasing hormone (GnRH). D: Hamster eggs after fertilization.
The time of fertilization is denoted by the arrow. E and F: Insulinoma cells stimulated with two
different concentrations of carbachol. (Berridge and Galione, 1988, Fig. 2.)

Ca2+-signaling “toolkit” has been introduced by Berridge et al. (2003). There is a large
number of components in the toolkit (receptors, G proteins, channels, buffers, pumps,
exchangers, and so on); by expressing those components that are needed, each cell
can fine-tune the spatiotemporal properties of its intracellular Ca2+. Models of Ca2+
dynamics follow a similar modular approach. Each member of the cellular toolkit has
a corresponding module in the modeling toolkit (or if one doesn’t exist it can be con-
structed). To construct whole-cell models one then combines appropriate components
from the modeling toolkit.
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Often, Ca2+ oscillations do not occur uniformly throughout the cell, but are or-
ganized into repetitive intracellular waves (Rooney and Thomas, 1993; Thomas et al.,
1996; Røttingen and Iversen, 2000; Falcke, 2004). One of the most visually impres-
sive examples of this occurs in Xenopus oocytes. In 1991, Lechleiter and Clapham
and their coworkers discovered that intracellular Ca2+ waves in immature Xenopus
oocytes showed remarkable spatiotemporal organization. By loading the oocytes with
a Ca2+-sensitive dye, releasing IP3, and observing Ca2+ release patterns with a confocal
microscope, Lechleiter and Clapham (1992; Lechleiter et al., 1991b) observed that the
intracellular waves develop a high degree of spatial organization, forming concentric
circles, plane waves, and multiple spirals. Typical experimental results are shown in
Fig. 7.3A. The feature of Xenopus oocytes that makes these observations possible is
their large size. Xenopus oocytes can have a diameter larger than 600 μm, an order
of magnitude greater than most other cells. In a small cell, a typical Ca2+ wave (often
with a width of close to 100 μm) cannot be observed in its entirety, and there is not
enough room for a spiral to form. However, in a large cell it may be possible to observe
both the wave front and the wave back, as well as spiral waves, and this has made the
Xenopus oocyte an important system for the study of Ca2+ waves. Of course, what is
true for Xenopus oocytes is not necessarily true for other cells, and so one must be
cautious about extrapolating to other cell types. The physiological significance of these
spatiotemporal patterns is also not apparent.

Figure 7.3 A: Spiral Ca2+ wave in the Xenopus oocyte.The image size is 420× 420 μm.The
spiral has a wavelength of about 150 μm and a period of about 8 seconds. B: A model spiral
wave simulated on a domain of size 250× 250 μm, with [IP3] = 95 nM. See Section 7.3.1. (Atri
et al., 1993, Fig. 11.)
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Another well-known example of an intracellular Ca2+ wave occurs across the cortex
of an egg directly after fertilization (Ridgway et al., 1977; Nuccitelli et al., 1993). In
fact, this wave motivated the first models of Ca2+ wave propagation, which appeared
as early as 1978 (Gilkey et al., 1978; Cheer et al., 1987; Lane et al., 1987). However,
because they do not account for the underlying physiology, these early models have
since been superseded (Wagner et al., 1998; Bugrim et al., 2003).

In addition to traveling across single cells, Ca2+ waves can be transmitted between
cells, forming intercellular waves that can travel over distances of many cell lengths.
Such intercellular waves have been observed in intact livers, slices of hippocampal
brain tissue, epithelial and glial cell cultures (see Fig. 7.4), and many other preparations

Figure 7.4 Mechanically stimulated intercellular wave in airway epithelial cells. The solid
white lines denote the cell borders, and the white dot in the approximate center of frame a
denotes the place of mechanical stimulation. After mechanical stimulation a wave of increased[
Ca2+] can be seen spreading from the stimulated cell through other cells in the culture.The

time after mechanical stimulation is given in seconds in the lower right corner of each panel
(Sneyd et al., 1995b, Fig. 4A). A model of this wave is discussed in Section 7.7.
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(Sanderson et al., 1990, 1994; Charles et al., 1991, 1992; Cornell-Bell et al., 1990; Kim
et al., 1994; Robb-Gaspers and Thomas, 1995). Not all intercellular coordination is of
such long range; synchronized oscillations are often observed in small groups of cells
such as pancreatic or parotid acinar cells (Yule et al., 1996) or multiplets of hepatocytes
(Tordjmann et al., 1997, 1998).

Although there is controversy about the exact mechanisms by which Ca2+ waves
propagate (and it is true that the mechanisms differ from cell type to cell type), it is
widely believed that in many cell types, intracellular Ca2+ waves are driven by the
diffusion of Ca2+ between Ca2+ release sites. According to this hypothesis, the Ca2+
released from one group of release sites (usually either IPR or RyR) diffuses to neigh-
boring release sites and initiates further Ca2+ release from them. Repetition of this
process can generate an advancing wave front of high Ca2+ concentration, i.e., a Ca2+
wave. Since they rely on the active release of Ca2+ via a positive feedback mechanism,
such waves are actively propagated. The theory of such waves was presented in Chap-
ter 6. However, when the underlying Ca2+ kinetics are oscillatory (i.e., there is a stable
limit cycle), waves can propagate by a kinematic, or phase wave, mechanism, in which
the wave results from the spatially ordered firing of local oscillators. These waves do
not depend on Ca2+ diffusion for their existence, but merely on the fact that one end
of the cell is oscillating with a different phase from that of the other end. In this case,
Ca2+ diffusion serves to synchronize the local oscillators, but the phase wave persists
in the absence of Ca2+ diffusive coupling.

The most common approach to the study of Ca2+ oscillations and waves is to
assume that the underlying mechanisms are deterministic. However, even the most
cursory examination of experimental data shows that Ca2+ dynamics are inherently
stochastic in nature. The most prominent of the stochastic events underlying Ca2+ os-
cillations and waves are small localized release events called puffs, or sparks, and these
elementary events, caused by the opening of single, or a small number of, Ca2+ release
channels, are the building blocks from which global events are built. Calcium puffs,
caused by localized release through IPR, have been extensively studied in Xenopus
oocytes and HeLa cells (Marchant et al., 1999; Sun et al., 1998; Callamaras et al., 1998;
Marchant and Parker, 2001; Thomas et al., 2000; Bootman et al., 1997a,b), while Ca2+
sparks, caused by localized release through RyR and occurring principally in muscle
cells, were discovered by Cheng et al. (1993) and studied by a multitude of authors since
(Smith et al., 1998; Izu et al., 2001; Sobie et al., 2002; Soeller and Cannell, 1997, 2002).
To study the stochastic properties of puffs and sparks, stochastic models are necessary.
In general, such models are based on stochastic simulations of Markov models for the
IPR and RyR. We discuss such models briefly in Section 7.6.

Many different models have been constructed to study Ca2+ oscillations and waves
in different cell types, and there is not space enough here to discuss them all. Thus, after
discussing particular models of each of the most important Ca2+ fluxes, we discuss in
detail only a few simple models of oscillations and waves. The most comprehensive
review of the field is Falcke (2004); this review is almost 200 pages long and is the best
yet written of models of Ca2+ dynamics.



7.2: Well-Mixed Cell Models: Calcium Oscillations 281

7.2 Well-Mixed Cell Models: Calcium Oscillations

If we assume the cell is well-mixed, then the concentration of each species is homoge-
neous throughout. We write c for the concentration of free Ca2+ ions in the cytoplasm
and note that c = c(t), i.e., c has no spatial dependence. Similarly, we let ce denote the
homogeneous concentration of Ca2+ in the ER.

The differential equations for c and ce follow from conservation of Ca2+. In words,

Rate of change of total calcium = net flux of calcium into the compartment,

or in mathematical notation,

d(vc)
dt
= J̃net, (7.1)

where v is the volume of the compartment, and J̃net is the net Ca2+ flux into the compart-
ment, in units of number of moles per second. Usually it is assumed that the volumes
of the cell and its internal compartments are constant, in which case the conservation
equation is written as

dc
dt
= Jnet = J̃net/v. (7.2)

Here, Jnet is the net flux into the cytoplasm per cytoplasmic volume, and has units of
concentration per second.

In applications in which the volume is changing (as, for example, in models of cell
volume control, or models of the control of fluid secretion by Ca2+ oscillations), it is
necessary to use J̃net instead of Jnet.

More specifically, in view of the fluxes shown in Fig. 7.1, we have

dc
dt
= JIPR + JRyR + Jin − Jpm − Jserca − Jon + Joff + Juni − Jmito. (7.3)

For the equation for ER Ca2+, the fact that the cytoplasmic volume is different
from the ER volume must be taken into account. Again, in view of the fluxes shown in
Fig. 7.1, we have

dce

dt
= γ (Jserca − JIPR − JRyR)+ Joff,e − Jon,e, (7.4)

where γ = vcyt
vER

is the ratio of the cytoplasmic volume to the ER volume.

Each of the fluxes in these equations corresponds to a component of the Ca2+-
signaling toolkit, of which there are many possibilities; here, we discuss only those
that appear most often in models. In general, these equations are coupled to additional
differential equations that describe the gating of the IPR or RyR, or the dynamics of
the pumps and exchangers. An example of such a model is discussed in Section 7.2.6.
However, before we see what happens when it is all put together, we first discuss how
each toolkit component is modeled.
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7.2.1 Influx

In general, the influx of Ca2+ into a cell from outside is voltage-dependent. However,
when Ca2+ oscillations occur at a constant voltage (as is typical in nonexcitable cells),
the voltage dependence is unimportant. This influx is certainly dependent on a host
of other factors, including Ca2+, IP3, arachidonic acid, and the Ca2+ concentration in
the ER. For example, there is evidence that, in some cell types, depletion of the ER
causes an increase in Ca2+ influx through store-operated channels, or SOCs (Clapham,
1995). There is also evidence that SOCs play a role only at high agonist concentration
(when the ER is highly depleted), but that at lower agonist concentrations Ca2+ influx is
controlled by arachidonic acid (Shuttleworth, 1999). However, the exact mechanism by
which this occurs is unknown. What is known is that Jin increases as agonist concentra-
tion increases; if this were not so, the steady-state level of Ca2+ would be independent
of IP3 (see Exercise 1), which it is not. One common approach is to assume that Jleak

is a linear increasing function of p, the IP3 concentration, with

Jin = α1 + α2p, (7.5)

for some constants α1 and α2. Although this extremely simple model does not take into
account any dependence of influx on the loading of the ER, it is probably acceptable
for lower agonist concentrations. Our current state of knowledge of what controls Ca2+
influx is not sufficient to allow the construction of much more detailed models.

7.2.2 Mitochondria

Mitochondrial Ca2+ handling is a highly complex process, and a number of detailed
models have been constructed. For the sake of brevity we do not discuss these mod-
els at all; the interested reader is referred to Colegrove et al. (2000), Friel (2000),
Falcke et al. (2000), Grubelnik et al. (2001), Marhl et al. (2000), Schuster et al.
(2002) and Selivanov et al. (1998). It seems that one function of the mitochondria
is to take up and release large amounts of Ca2+, but relatively slowly. Thus, the
mitochondria tend to modulate the trailing edges of the waves, reduce wave ampli-
tude, and change the long-term oscillatory behavior. However, this is certainly an
oversimplification.

7.2.3 Calcium Buffers

At least 99% of Ca2+ in the cytoplasm is bound to large proteins, called Ca2+ buffers.
Typical buffers are calsequestrin, calbindin, fluorescent dyes, and the plasma mem-
brane itself. A detailed discussion of Ca2+ buffering, and its effect on oscillations and
waves, is given in Section 7.4.
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7.2.4 Calcium Pumps and Exchangers

Calcium ATPases
Early models of the Ca2+ ATPase pump were of the Hill equation type (Section 1.4.4).
For example, data from Lytton et al. (1992) showed that the flux through the ATPase
was approximately a sigmoidal function of c, with Hill coefficient of about 2. Thus, a
common model is

Jserca = Vpc2

K2
p + c2

. (7.6)

Such simple models are known to have a number of serious flaws. For example, this
flux has no dependence on ER Ca2+ concentration and is always of one sign. However,
it is known that with high enough ER Ca2+ concentration, it is possible for the pump
to reverse, generating ATP in the process.

MacLennan et al. (1997) constructed a more detailed model, shown schematically
in Fig. 7.5. The pump can be in one of two basic conformations: E1 and E2. In the E1 con-
formation the pump binds two Ca2+ ions from the cytoplasm, whereupon it exposes a
phosphorylation site. Once phosphorylated, the pump switches to the E2 conformation
in which the Ca2+ binding sites are exposed to the ER lumen and have a much lower
affinity for Ca2+. Thus, Ca2+ is released into the ER, the pump is dephosphorylated,

E1

E2

k1c2

k-1

k2

k-2

k5 k4

k-6k6 k3k-3

E1-C2

E2-P

E1-C2-P

E2-C2-P
k-5

(S1) (S2) (S3)

(T1) (T2) (T3)

k-4ce
 2

Figure 7.5 Schematic diagram of the SERCA model of MacLennan et al. (1997). E1 is the
conformation in which the Ca2+ binding sites are exposed to the cytoplasm, and E2 is the
conformation in which they are exposed to the lumen and have a much lower affinity for Ca2+.
The P denotes that the pump has been phosphorylated; for simplicity ATP and ADP have been
omitted from the diagram. The cotransport of H+ has also been omitted. By assuming fast
equilibrium between the pairs of states in the dashed boxes, a simplified model, shown in Fig.
7.6, can be derived.
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and completes the cycle by switching back to the E1 conformation. For each Ca2+ ion
transported from the cytoplasm to the ER, one proton is cotransported from the ER
to the cytoplasm. This makes the similarity with the Na+–K+ ATPase more apparent.
The rate-limiting step of the transport cycle is the transition from E1-P-C2 to E2-P-C2.

To calculate the flux in this model is relatively straightforward, and is similar to
examples that were amply discussed in Chapter 2, so we leave this calculation as an
exercise for the interested reader. It turns out that

Jserca = c2 − K1K2K3K4K5K6c2
e

α1c2 + α2c2
e + α3c2c2

e + α4
, (7.7)

where the α’s are functions of the rate constants, too long and of too little interest to
include in full detail. As always, Ki = k−i/ki. If the affinity of the Ca2+ binding sites is
high when the pump is in conformation E1, and low when the pump is in conformation
E2, then k−4

k4
� k1

k−1
, so that K1K4 is much less than one. However, it is also reasonable

to assume that k6
k−6
= k−3

k3
and that k2

k−2
= k5

k−5
, in which case K2K3K5K6 = 1. It follows

that K1K2K3K4K5K6 � 1, so that the pump can support a positive flux even when ce is
much greater than c.

Notice that if this were a model of a closed system, the law of detailed balance would
require that K1K2K3K4K5K6 = 1. This is not the case here since the cycle is driven by
phosphorylation of the pump, so the reaction rates depend on the concentrations of
ATP, ADP, and P, and energy is continually consumed (if Jserca > 0) or generated (if
Jserca < 0). For a more detailed discussion, see Section 2.5.1.

In the original description of the model, MacLennan et al. assumed that the binding
and release of Ca2+ occurs quickly. This results in a simpler model with a similar
expression for the steady-state flux. The process of reducing a model in this way using
a fast-equilibrium assumption is important and useful, and is explored in considerable
detail in Chapter 2, and in Exercise 7. However, for convenience, we briefly sketch the
derivation here.

In Fig. 7.5, states S1 and S2 have been grouped together by a box with a dotted
outline, as have states T2 and T3. The assumption of fast equilibrium gives

s1 = K1

c2 s2, (7.8)

with a similar expression for t2 and t3. Here, we denote the fraction of pumps in state S1

by s1, and similarly for the other states. We now define two new variables; s̄1 = s1 + s2

and t̄2 = t2 + t3. From (7.8) it follows that

s̄1 = s1

(
1+ c2

K1

)
= s2

(
1+ K1

c2

)
. (7.9)

Hence, the rate at which S̄1 is converted to S3 is k2s2 = c2k2s̄1
c2+K1

. Similarly, the rate at

which S̄1 is converted to T1 is k−6s1 = K1k−6s̄1
K1+c2 .
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Figure 7.6 Schematic diagram of the simplified ver-
sion of the SERCA model of MacLennan et al. (1997). By
assuming fast equilibrium between the pairs of states
shown grouped in Fig. 7.5 by the dashed boxes, this
diagram, in which there are fewer states, but with Ca2+-
dependent transitions, can be derived. The functions in
the transition rates are φ2 = c2k2/(c

2 + K1), φ−3 =
k−3K4c2

e/(1 + K4c2
e ), φ5 = k5/(1 + K4c2

e ) and φ−6 =
K1k−6/(K1 + c2).

Repetition of this process for each of the transitions results in the simplified model
shown in Fig. 7.6. The form of the functions φ can be understood intuitively. For ex-
ample, as c increases, the equilibrium between S1 and S2 is shifted further toward S2.
This increases the rate at which S3 is formed, but decreases the rate at which S1 is
converted to T1. Thus, the transition from S̄1 to S3 is an increasing function of c, while
the transition from S̄1 to T1 is a decreasing function of c.

From this diagram, the steady-state flux can be calculated in the same way as before.
Not surprisingly, the final result looks much the same, giving

Jserca = c2 − K1K2K3K4K5K6c2
e

β1c2 + β2c2
e + β3c2c2

e + β4
, (7.10)

for constants βi that are limiting values of the constants αi that appeared in (7.7).
The Ca2+ ATPases on the plasma membrane are similar to the SERCA ATPases,

and are modeled in a similar way.

Calcium Exchangers

Another important way in which Ca2+ is removed from the cytoplasm is via the action of
Na+–Ca2+ exchangers, which remove one Ca2+ ion from the cytoplasm at the expense
of the entry of three Na+ ions. They are particularly important for the control of Ca2+
in cardiac cells and are discussed further in Chapter 12 in the context of models of
excitation–contraction coupling.

7.2.5 IP3 Receptors

A basic property of IP3 receptors is that they respond in a time-dependent manner to
step changes of Ca2+ or IP3. Thus, in response to a step increase of IP3 or Ca2+ the
receptor open probability first opens to a peak and then declines to a lower plateau
(see Fig. 7.7). This decline is called adaptation of the receptor, since it adapts to a main-
tained Ca2+ or IP3 concentration. If a further step is applied on top of the first, the
receptor responds with another peak, followed by a decline to a plateau. In this way
the IPR responds to changes in

[
Ca2+] or [IP3], rather than to absolute concentrations.
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µ

Figure 7.7 Experimental data from Marchant and Taylor (1998; Fig. 1a). In response to a
maintained elevation of IP3, the flux through a hepatocyte IPR (measured here as release of
radioactive 45Ca2+) first increases to a peak and then declines to a lower level.

Adaptation is a well-known feature of many physiological systems (see, for example,
Chapters 16 and 19), and is often characterized by a fast activation followed by a
slower inactivation, as seen in the Na+ channel in the Hodgkin–Huxley equations
(Chapter 5).

Adaptation of the IPR is now believed to result, at least in part, from the fact that
Ca2+ not only stimulates its own release, but also inhibits it on a slower time scale.
It is hypothesized that this sequential activation and inactivation of the IP3 receptor
by Ca2+ is one mechanism underlying IP3-dependent Ca2+ oscillations and waves,
and a number of models incorporating this hypothesis have appeared (reviewed by
Sneyd et al., 1995b; Tang et al., 1996; Schuster et al., 2002; Falcke, 2004). However,
as is described below, there are almost certainly other important mechanisms in op-
eration; some of the most recent models have suggested that the IPR kinetics are
of less importance than previously thought, while depletion of the ER might also
play in important role. A detailed review of IPR models is given by Sneyd and Fal-
cke (2005), while Sneyd et al. (2004a) compare a number of models to experimental
data.

An Eight-State IP3 Receptor Model
One of the earliest models of the IPR to incorporate sequential activation and
inactivation by Ca2+ was that of De Young and Keizer (1992).

For this model, it is assumed that the IP3 receptor consists of three equivalent and
independent subunits, all of which must be in a conducting state for there to be Ca2+
flux. Each subunit has an IP3 binding site, an activating Ca2+ binding site, and an
inactivating Ca2+ binding site, each of which can be either occupied or unoccupied,
and thus each subunit can be in one of eight states. Each state of the subunit is labeled
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Figure 7.8 The binding diagram for the IP3 receptor model. Here, c denotes
[
Ca2+], and p

denotes [IP3].

Sijk, where i, j, and k are equal to 0 or 1, with 0 indicating that the binding site is
unoccupied and 1 indicating that it is occupied. The first index refers to the IP3 binding
site, the second to the Ca2+ activation site, and the third to the Ca2+ inactivation
site. This is illustrated in Fig. 7.8. While the model has 24 rate constants, because
of the requirement for detailed balance, these are not all independent. In addition, two
simplifying assumptions are made to reduce the number of independent constants.
First, the rate constants are assumed to be independent of whether activating Ca2+ is
bound or not. Second, the kinetics of Ca2+ activation are assumed to be independent
of IP3 binding and Ca2+ inactivation. This leaves only 10 rate constants, k1, . . . , k5

and k−1, . . . , k−5. Notice that with these simplifying assumptions, detailed balance is
satisfied.

The fraction of subunits in the state Sijk is denoted by xijk. The differential equations
for these are based on mass-action kinetics, and thus, for example,

dx000

dt
= −(V1 + V2 + V3), (7.11)

where

V1 = k1px000 − k−1x100, (7.12)

V2 = k4cx000 − k−4x001, (7.13)

V3 = k5cx000 − k−5x010, (7.14)

where p denotes [IP3] and c denotes
[
Ca2+]. V1 describes the rate at which IP3 binds

to and leaves the IP3 binding site, V2 describes the rate at which Ca2+ binds to and
leaves the inactivating site, and similarly for V3. Since experimental data indicate that
the receptor subunits act in a cooperative fashion, the model assumes that the IP3

receptor passes Ca2+ current only when three subunits are in the state S110 (i.e., with



288 7: Calcium Dynamics

Figure 7.9 The steady-state open probability of the IP3 receptor, as a function of
[
Ca2+].The

symbols are the experimental data of Bezprozvanny et al. (1991), and the smooth curves are
from the receptor model (calculated at four different IP3 concentrations). (DeYoung and Keizer,
1992, Fig. 2A.)

one IP3 and one activating Ca2+ bound), and thus the open probability of the receptor
is x3

110.
In Fig. 7.9 we show the open probability of the IP3 receptor as a function of

[
Ca2+],

which is some of the experimental data on which the model is based. Bezprozvanny et
al. (1991) showed that this open probability is a bell-shaped function of

[
Ca2+]. Thus,

at low
[
Ca2+], an increase in

[
Ca2+] increases the open probability of the receptor,

while at high
[
Ca2+] an increase in

[
Ca2+] decreases the open probability. Parameters

in the model were chosen to obtain agreement with these steady-state data. The kinetic
properties of the IP3 receptor are equally important: the receptor is activated quickly by
Ca2+, but inactivated by Ca2+ on a slower time scale. In the model, this is incorporated
in the magnitude of the rate constants (k5 > k2 and k5 > k4).

Reduction of the Eight-State IP3 Receptor Model
The complexity of the eight-state receptor model (seven differential equations and nu-
merous parameters) provides ample motivation to seek a simpler model that retains its
essential properties. Since IP3 binds quickly to its binding site and Ca2+ binds quickly
to the activating site, we can dispense with the transient details of these binding pro-
cesses and assume instead that the receptor is in quasi-steady state with respect to
IP3 binding and Ca2+ activation (De Young and Keizer, 1992; Keizer and De Young,
1994; Li and Rinzel, 1994; Tang et al., 1996). Notice that this is implied by the param-
eter values for the detailed receptor model shown in Table 7.1, where k1, k3, and k5

are substantially larger than k2 and k4, and k−1, k−3, and k−5 are also larger than k−2

and k−4.
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.Table 7.1 Parameters of the eight-state IPR model (DeYoung and Keizer, 1992).

k1 = 400 μM−1s−1 k−1 = 52 s−1

k2 = 0.2 μM−1s−1 k−2 = 0.21 s−1

k3 = 400 μM−1s−1 k−3 = 377.2 s−1

k4 = 0.2 μM−1s−1 k−4 = 0.029 s−1

k5 = 20 μM−1s−1 k−5 = 1.64 s−1

As shown in Fig. 7.8, we arrange the receptor states into two groups: those without
Ca2+ bound to the inactivating site (S000, S010, S100, and S110, shown in the upper line
of Fig. 7.8; called group I states), and those with Ca2+ bound to the inactivating site
(S001, S011, S101, and S111, shown in the lower line of Fig. 7.8; called group II states).
Because the binding of IP3 and the binding of Ca2+ to the activating site are assumed
to be fast processes, within each group the receptor states are assumed to be at quasi-
steady state. However, the transitions between group I and group II (between top and
bottom in Fig. 7.8), due to binding or unbinding of the inactivating site, are slow, and
so the group I states are not in equilibrium with the group II states.

Following what by now is a standard procedure (see, for instance, Section 2.4.1, or
Section 7.2.4), we set

y = x001 + x011 + x101 + x111 (7.15)

and find that

dy
dt
=
[
(k−4K1K2 + k−2pK4)c

K4K2(p+ K1)

]
(1− y)−

(
k−2p+ k−4K3

p+ K3

)
y. (7.16)

The details are left as an exercise (Exercise 4). Equation (7.16) can be written in the
form

τy(c, p)
dy
dt
= y∞(c, p)− y, (7.17)

which is useful for comparison with other models such as the Hodgkin–Huxley
equations. The open probability is obtained from the equation

x110 = pc(1− y)
(p+ K1)(c+K5)

. (7.18)

Note that 1 − y, which is the proportion of receptors that are not inactivated by
Ca2+, plays the role of an inactivation variable, similar in spirit to the variable h in
the Hodgkin–Huxley equations (Chapter 5). To emphasize this similarity, the reduced
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model can be written in the form

x110 = pc
(p+ K1)(c+ K5)

h, (7.19)

τh(c, p)
dh
dt
= h∞(c, p)− h, (7.20)

where h = 1 − y, and τh and h∞ are readily calculated from the corresponding
differential equation for y.

A Model with Saturating Binding Rates

Recently it has become clear that the eight-state model has some serious flaws. Most
importantly, it has been shown experimentally that the rate of opening of the IPR
varies only over a single order of magnitude, while the concentrations of Ca2+ or IP3

vary over several orders of magnitude. It follows that opening of the IPR cannot be
governed by simple mass action kinetics of Ca2+ or IP3 binding, but must follow some
kinetic scheme that allows for saturation of the binding rate.

Given what we have learned in Section 3.5.4, there is one obvious way to do this.
If, instead of assuming a single-step reaction of Ca2+ or IP3 binding, we separate the
binding step from the opening step, thus using the concepts of affinity and efficacy we
saw in models of agonist-controlled channels, we obtain a reaction that has a saturating
rate as the concentration of the agonist gets high. This approach is also essentially
identical to models of enzyme kinetics, as discussed in Section 1.4. Because of the
saturation of the reaction rate, simple mass action kinetics are not appropriate to model
enzyme reactions, leading to the development of the Michaelis–Menten-type models.

To illustrate the idea, consider the reaction scheme

Ã
k1c
−→←−
k−1

Ā
k2−→←−

k−2

I. (7.21)

If the transitions between Ã and Ā are faster than other reactions, so that these are in
instantaneous equilibrium, then

cÃ = K1Ā, (7.22)

where, as usual, K1 = k−1/k1. Following what by now should be the routine method to
find slow dynamics, we find that

dA
dt
= k−2I − φ(c)A, (7.23)

where A = Ā+ Ã, and

φ(c) = k2c
c+ K1

, (7.24)
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a rate that is saturating in c. In other words, the assumption of fast equilibrium lets us
simplify (7.21) to

A
φ(c)
−→←−
k−2

I. (7.25)

Thus, in this simple way, saturating binding kinetics can be incorporated into a model.
Using saturating binding schemes of this type, Sneyd and Dufour (2002) con-

structed a model of the IPR that was based on the qualitative models of Taylor and
his colleagues, and is consistent with the scheme of Hajnóczky and Thomas (1997). In
addition to the saturating binding rates, the main features of the model are

1. The IPR can be opened by IP3 in the absence of Ca2+, but with a lower conductance.
2. The IPR can be inactivated by Ca2+ in the absence of IP3.
3. Once IP3 is bound, the IPR can spontaneously inactivate (to the shut state, S),

independently of Ca2+.
4. Once IP3 is bound, the IPR can also bind Ca2+ to activate the receptor. Thus,

there is an intrinsic competition between Ca2+-mediated receptor activation and
spontaneous inactivation.

5. Once the IPR is activated by Ca2+ binding, it can be inactivated by binding of
additional Ca2+. (This feature of the model is the principal point of disagreement
with the qualitative models of Taylor, 1998.)

6. Binding of IP3 and Ca2+ is sequential.

Following these assumptions, the model takes the form shown in Fig. 7.10, with
corresponding equations

dR
dt
= φ−2O− φ2pR+ k−1I1 − φ1R, (7.26)

dO
dt
= φ2pR− (φ−2 + φ4 + φ3)O+ φ−4A+ k−3S, (7.27)

dA
dt
= φ4O− φ−4A− φ5A+ k−1I2, (7.28)

dI1

dt
= φ1R− k−1I1, (7.29)

dI2

dt
= φ5A− k−1I2, (7.30)

where R+O+ A+ S+ I1 + I2 = 1, and where

φ1(c) = α1c
β1 + c

, φ3(c) = α3

β3 + c
, φ5(c) = α5c

β5 + c
,

φ2(c) = α2 + β2c
β1 + c

, φ−2(c) = α−2 + β−2c
β3 + c

,

φ4(c) = α4c
β3 + c

, φ−4(c) = α−4

β5 + c
.
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Figure 7.10 Sequential model of the IP3 receptor with saturating binding rates. R — receptor;
O — open; S — shut; A — activated; I1 and I2 — inactivated.

.Table 7.2 Parameters of the IPR model with saturating binding rates.

α1 = 0.3 s−1 β1 = 0.02 μM

α2 = 0.77 s−1 β2 = 1.38 μM−1s−1

α−2 = 76.6 μM s−1 β−2 = 137 s−1

α3 = 6 μM s−1 β3 = 54.7 μM

α4 = 4926 s−1 α−4 = 1.43 s−1

α5 = 1.78 s−1 β5 = 0.12 μM

k−1 = 0.84 s−1 k−3 = 29.8 s−1

The parameters were determined by fitting to experimental data and are shown in
Table 7.2. We assume that the IPR consists of four identical and independent subunits,
and that it allows Ca2+ current when all four subunits are in either the O or the A state.
We also assume that the more subunits in the A state, the greater the conductance. One
simple way to express this is to write the open probability, Po, as

Po = (a1O+ a2A)4, (7.31)
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for some constants a1 and a2. In the original model a1 = 0.1 and a2 = 0.9, but these
values can be changed without appreciably changing the fit or the model’s behavior.

As a side issue, but an important one, note that the simple phrase “the parameters
were determined by fitting to experimental data” covers a multitude of thorny problems.
First, it is usually the case that not all the parameters in a model can be unambiguously
determined from the available experimental data. This is certainly the case in the IPR
model described above, for which, in fact, only a few of the parameters can be pinned
down with any confidence. There is no way of getting around this unpleasant fact except
either to simplify the model or to collect more experimental data of the appropriate
type. Of course, determining which additional experimental data are needed is not a
trivial problem.

Second, the process of determining the parameters from the data is itself com-
plicated. Simple methods such as least-squares fits suffer from serious disadvantages,
while more sophisticated methods such as Bayesian inference and Markov chain Monte
Carlo can be more difficult to implement. A discussion of these issues is far beyond the
scope of this text, and the interested reader is referred to Ball et al. (1999).

7.2.6 Simple Models of Calcium Dynamics

We now have constructed models of most of the fluxes that are important for the control
of Ca2+. To put them together into a model of Ca2+ dynamics is straightforward; simply
choose your favorite model of the IPR (or RyR if appropriate), your favorite models of
the ATPases and the influx, and put them all into (7.3) and (7.4).

To illustrate with a simple model, suppose there are only two fluxes, the IPR and
SERCA fluxes, so that

dc
dt
= (kf PO + Jer)(ce − c)− Jserca. (7.32)

Since the only fluxes are between the ER and the cytoplasm, it follows that

dce

dt
= −γ dc

dt
, (7.33)

so that c + ce
γ
= ct is unchanging. Such a model is called a closed-cell model (Section

7.2.7). Next, we use a Hill function (Chapter 1) to model the SERCA pump, giving

Jserca = Vpc2

K2
p + c2 , (7.34)

and to model the IPR we use the simplified version of the DeYoung–Keizer model (7.18),

PO =
(

pc(1− y)
(p+ K1)(c+K5)

)3

, (7.35)

where y satisfies (7.16).
Note that the flux through the IPR is assumed to be proportional to the concentra-

tion difference between the ER and the cytoplasm. This is appropriate only if there is
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Figure 7.11 Calcium oscillations in the simple model of Ca2+ dynamics described by (7.32)–
(7.35) and (7.16). The parameters are given in Tables 7.3 and 7.1. A: a typical oscillation (for
p = 0.5). B: the phase portrait.

.Table 7.3 Parameter values of the simple model of Ca2+ dynamics described by (7.32)–(7.35)
and (7.16).The parameter values for the IPR model are given inTable 7.1.The value of γ is based
on experimental estimates of the relative volumes of the cytoplasm and the ER, while kf is a
scaling factor that controls the total amount of Ca2+ efflux through the IPR; kf can be loosely
interpreted as the product of the IPR density and the single channel current. Although Jer is
based on estimations of the rate of Ca2+ leak from the ER at steady state, there are no reliable
data for this parameter.

Vp = 0.9 μM s−1 Kp = 0.1 s

kf = 1.11 s−1 γ = 5.5

Jer = 0.02 s−1 ct = 2 μM

no potential difference across the ER membrane. Even though Ca2+ carries a charge,
the flow of Ca2+ does not induce a potential difference because there are counterions
that flow freely, so that the electrical balance is not upset.

Because ct is fixed, this simple model can be reduced to a two-variable model
for which a phase portrait can be constructed. The numerical solution of this model
with p = 0.5 is shown in Fig. 7.11. The phase portrait is identical in structure to
those of several two-variable excitable media models, such as the FitzHugh–Nagumo
equations or the reduced Hodgkin–Huxley equations (Chapter 5). The nullcline for the
inactivation variable y is a monotone increasing function of c, and the nullcline for
c is an N-shaped function of c (although on this scale the N appears very shallow).
There is a single intersection of the two nullclines. The stability of this fixed point is
determined (roughly, but not precisely) by the branch of the c-nullcline on which it lies.
On the leftmost branch, the fixed point is stable; on the middle branch it is unstable.
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If the fixed point is unstable, there is a stable periodic limit cycle, corresponding to
spontaneous Ca2+ oscillations.

A More Complex Example
A slightly more realistic model is as follows: If we

1. ignore RyR and mitochondrial fluxes,
2. use the saturating binding model of the IPR,
3. use a four-state Markov model for the SERCA pump, with the transport of a single

Ca2+ ion for each pump cycle,
4. use a Hill function for the plasma membrane pump, and
5. assume that Ca2+ buffering is fast and linear (see Section 7.4),

then we get

dc
dt
= (kf PO + Jer

)
(ce − c)− Jserca + Jin − Jpm, (7.36)

dce

dt
= γ [Jserca −

(
kf PO + Jer

)
(ce − c)], (7.37)

where

Jserca = c− α1ce

α2 + α3c+ α4ce + α5cce
, (7.38)

PO = (0.1O+ 0.9A)4, (7.39)

Jpm = Vpc2

K2
p + c2

, (7.40)

Jer = constant, (7.41)

Jin = a1 + a2p. (7.42)

The constant Jer represents a constant leak from the ER that is necessary to balance
the ATPase flux at steady state. Equations (7.36) and (7.37) are coupled to (7.26)–(7.30)
which describe the IPR. We have used two different pump models here to emphasize
the fact that it is possible to mix and match the individual models of the various fluxes.
Since there are five parameters describing the SERCA ATPase, and only two parameters
describing the plasma membrane ATPase, it is likely that the SERCA pump is overpa-
rameterized. If we were fitting the pump models to data this would be a concern, since
the data may not contain sufficient information to determine all the parameters unam-
biguously. Here, however, we are content to use some function that can be justified by
a mechanistic model and for which the parameters can be adjusted to give reasonable
agreement with experimental data. The parameter values are given in Table 7.4.

Since p corresponds to the concentration of IP3, and thus, indirectly, the agonist
concentration, we describe the behavior of this model as p varies. The bifurcation
diagram for this model is shown in Fig. 7.12A. As p increases, the steady-state Ca2+
concentration increases also (because Jin increases with p), and oscillations occur for
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.Table 7.4 Parameter values of the model of Ca2+ dynamics (7.36)–(7.42).

α1 = 10−4 α2 = 0.007 s

α3 = 0.06 μM−1s α4 = 0.0014 μM−1s

α5 = 0.007 μM−2s Jer = 0.002 s−1

Vp = 2.8 μM s−1 Kp = 0.425 μM

a1 = 0.003 μM s−1 a2 = 0.02 s−1

kf = 0.96 s−1 γ = 5.4

a range of intermediate values of p. Typical oscillations for two different values of p are
shown in Fig. 7.12B and C. As p increases, the oscillation frequency increases.

Given the variety of models of the IPR, the RyR, the ATPases, and the other fluxes
involved in Ca2+ dynamics, it is important to think about what a model of Ca2+ dynam-
ics can tell us. For example, by appropriate choice of IPR and ATPase models one can
construct a whole-cell model that exhibits Ca2+ oscillations of an enormous variety of
shapes and sizes. The oscillations in Fig. 7.12 give a reasonably accurate description
of Ca2+ oscillations in pancreatic acinar cells (the cell type for which this model was
originally designed); however, the parameters and the flux models could be adjusted,
practically indefinitely, to obtain oscillations that mimic the behavior seen in other cell
types. Hence, the simple fact that the model exhibits Ca2+ oscillations with reasonable
properties tells us very little about the underlying mechanisms. A great deal more work
is needed before we can conclude anything about specific mechanisms in actual cells.
This extra work is beyond the scope of this book; the interested reader is referred to
the extensive literature on modeling Ca2+ dynamics, which can most easily be accessed
through Falcke’s 2004 review.

7.2.7 Open- and Closed-Cell Models

The period of a Ca2+ oscillation is determined by a number of factors, including the
dynamics of the IPR and RyR, the rate of formation and degradation of IP3 (see Section
7.2.8), the rate at which the ER refills after a Ca2+ spike, and the rate of Ca2+ transport
across the cell membrane. One good way to study these latter two effects is to rewrite
the model in a slightly different form, one in which membrane Ca2+ fluxes can readily
be separated from ER fluxes. To do this, we introduce a new variable

ct = c+ ce

γ
. (7.43)

This new variable ct is the total number of moles of Ca2+ in the cell (including both
the cytoplasm and the ER) divided by the cytoplasmic volume, and is thus a measure
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Figure 7.12 A: Simplified bifurcation diagram of the model of Ca2+ dynamics (7.36)–(7.42).
A solid line denotes stability, and a dashed line, instability. HB denotes a Hopf bifurcation.
Although the branch of oscillations shown here appears to begin at the lower Hopf bifurcation
point, such is not the case.The bifurcation diagram is much more complicated in that region
and is not shown in full detail here. B and C: typical oscillations in the model for two different
values of p.

of the total Ca2+ content of the cell. Rewriting (7.36) and (7.37) in terms of ct gives

dct

dt
= δ(Jin − Jpm), (7.44)

dce

dt
= γ [Jserca −

(
kf PO + Jer

)
(ce − (ct − γ ce))], (7.45)

where, for convenience, we have introduced the scale factor δ into the ct equation. This
scale factor makes it easier to modify the ratio of membrane transport to ER transport
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without affecting anything else in the model. We could, of course, equally well have
written the model in terms of ct and c, rather than ct and ce.

If membrane fluxes are much smaller than ER fluxes, δ is small. This is the case
for a number of cell types. When δ = 0, Ca2+ neither enters nor leaves the cell, and
ct remains constant. Such a model is called a closed-cell model, a simple example of
which was discussed in Section 7.2.6. When δ �= 0 we have an open-cell model, in which
the total amount of Ca2+ in the cell can change over time.

In some cell types, ct varies slowly enough that we can gain a reasonable under-
standing of the Ca2+ dynamics by first understanding the behavior of the closed-cell
model. If δ is small enough, the behavior of the open-cell model is similar to that of
the closed-cell model (since ct remains almost constant over short time scales) but is
slowly modulated as ct slowly drifts toward its steady state. Such an analysis relies on
the existence of two time scales; fast changes in c and ce that are modulated by slow
changes in ct. This approach was first introduced by Rinzel (1985) to study a model of
bursting oscillations in pancreatic β-cells, and is discussed in more detail in Chapter 9.

A particularly interesting use of this formulation arises from the ability to control
both δ and ct experimentally (Sneyd et al., 2004b). Application of high concentrations
of La3+ to the outside of a cell blocks both Ca2+ influx and the plasma membrane
ATPase, thus reducing δ effectively to zero. Furthermore, preloading of cells with pho-
toreleasable Ca2+ allows the manipulation of ct by flashing light. Thus, once La3+ has
been applied, ct can be viewed as a control parameter and increased at will (although,
unfortunately, not so easily decreased) and the resultant cellular behavior observed.
This allows for the detailed testing of model predictions.

7.2.8 IP3 Dynamics

In the above models, Ca2+ oscillations occur at a constant concentration of IP3. Thus,
the role of IP3 is to activate the IPR; once the receptor is activated, Ca2+ feedback takes
over, and the period of oscillations is controlled by the kinetics of Ca2+ feedback on
the IPR as well as the interaction of the membrane and ER fluxes.

This is certainly an oversimplification. It is known that the rate of production of IP3

is dependent on Ca2+, and that, in some cell types, oscillations in
[
Ca2+] are accompa-

nied by oscillations in [IP3] (Hirose et al., 1999; Nash et al., 2001; Young et al., 2003).
It is not yet clear whether oscillations in [IP3] are necessary for Ca2+ oscillations, since
the former could merely be a passive follower of the latter. Experimental evidence is
neither consistent nor conclusive.

There are a number of models of Ca2+ dynamics that incorporate the Ca2+ de-
pendence of IP3 production and degradation. Early models were those of Meyer and
Stryer (1988, 1991), Swillens and Mercan (1990), De Young and Keizer (1992), and
Cuthbertson and Chay (1991); more recent models have been constructed by Shen and
Larter (1995), Borghans et al. (1997), Dupont and Erneux (1997), Houart et al. (1999),
and Politi et al. (2006).
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Figure 7.13 Schematic diagram of some of the interactions between Ca2+ and IP3. Calcium
can activate PLC, leading to an increase in the rate of production of IP3, and it can also increase
the rate at which IP3 is phosphorylated by the 3-kinase. The end product of phosphoryla-
tion by the 3-kinase, IP4, acts as a competitive inhibitor of dephosphorylation of IP3 by the
5-phosphatase. Not all of these feedbacks are significant in every cell type.

There are two principal ways in which Ca2+ can influence the concentration of IP3,
and these are sketched in Fig. 7.13. First, activation of PLC by Ca2+ is known to occur
in many cell types; this forms the basis of the models of Meyer and Stryer (1988) and
De Young and Keizer (1992). Second, IP3 is degraded in two principal ways, each of
which is subject to feedback regulation; it is dephosphorylated by IP3 5-phosphatase to
inositol 1,4-bisphosphate (IP2), or phosphorylated by IP3 3-kinase to inositol 1,3,4,5-
tetrakisphosphate (IP4). However, since IP4 is also a substrate for the 5-phosphatase,
IP4 acts as a competitive inhibitor of IP3 dephosphorylation. In addition, Ca2+ (in the
form of a Ca2+-calmodulin complex) can enhance the activity of the 3-kinase.

Intuitively, it seems clear that an intricate array of feedbacks such as this could
easily give rise to interdependent oscillations in [IP3] and Ca2+, and the models men-
tioned above have confirmed that this intuitive expectation is correct. However, few of
those models have been used to make predictions that were tested experimentally. Two
notable exceptions are the models of Dupont et al. (2003) and of Politi et al. (2006).
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In hepatocytes, oscillations of Ca2+ and IP3 occur together. Each Ca2+ spike causes
an increase in the rate of phosphorylation of IP3, and thus a decline in [IP3], with a
consequent decline in

[
Ca2+]. However, although both species oscillate, it is not clear

that oscillations in [IP3] are necessary. Dupont et al. first used a model (Dupont and
Erneux, 1997) in which Ca2+ influences the rate of the 3-kinase. This model predicted
that, if the rate of the 5-phosphatase is increased by a factor of 25, and the rate of
IP3 production also increased, oscillations with the same qualitative properties persist,
with only a slight decrease in frequency. Under these conditions, little IP3 is degraded
by the 3-kinase, and thus Ca2+ feedback on the 3-kinase cannot play a major role. In
other words, these oscillations arise because of the feedback of Ca2+ on the IPR.

Dupont et al. then devised an experimental test of this model prediction. They
increased both the rate of the 5-phosphatase (by direct microinjection of the 5-
phosphatase), and the rate of production of IP3 (by increasing the concentration of
agonist), and observed that the oscillations remained essentially unchanged, with the
predicted decrease in frequency. Thus, under conditions whereby the degradation of
IP3 is principally through the 5-phosphatase pathway (in which case it is not directly
affected by

[
Ca2+]), there is little change in the properties of the oscillations. The con-

clusion is that, in hepatocytes, the oscillations are not a result of the interplay between[
Ca2+] and the IP3 dynamics, but rather a result of Ca2+ feedback on the IPR. This

work illustrates an excellent interplay between modeling and experimentation.
Similar studies have been also been performed in CHO cells (Chinese hamster

ovary cells, which are a cell line). Politi et al. constructed a model incorporating both
positive and negative feedback of Ca2+ on IP3, and then tested the consequences of the
addition of exogenous IP3 buffer. Their analysis is involved and subtle, too much so
to be discussed here in detail. However, their conclusion was that Ca2+ oscillations in
CHO cells are a result of positive feedback of Ca2+ on IP3 production.

It is possible that the response to an exogenous pulse of IP3 can be used to deter-
mine whether IP3 oscillations are a necessary accompaniment to Ca2+ oscillations in
any given cell type (Sneyd et al., 2006). If both IP3 and Ca2+ are dynamic variables,
necessarily oscillating together, then a pulse in IP3 should perturb the solution off the
stable limit cycle, leading to a delay before the oscillations resume. In other words, the
phase response curve should exhibit a phase lag. (A phase advance, although theoret-
ically possible, is rarely observed.) If the Ca2+ oscillations occur at a constant [IP3],
then the pulse of IP3 temporarily increases the frequency of the oscillations. These
predictions have been tested in two cells types; in pancreatic acinar cells, the IP3 pulse
causes a delay before the next oscillation peak, while in airway smooth muscle cells,
the IP3 pulse causes a temporary increase in oscillation frequency. The model thus pre-
dicts that in pancreatic acinar cells the Ca2+ oscillations are necessarily accompanied
by IP3 oscillations, while in airway smooth muscle cells they occur for constant [IP3].
However, since this approach yields inconclusive results in hepatocytes (Harootunian
et al., 1988) and has not been applied widely to other cell types, it is not yet clear how
useful it will prove to be.
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7.2.9 Ryanodine Receptors

The second principal way in which Ca2+ can be released from intracellular stores is
through ryanodine receptors, which are found in a variety of cells, including cardiac
cells, smooth muscle, skeletal muscle, chromaffin cells, pituitary cells, neurons, and
sea urchin eggs. Ryanodine receptors share many structural and functional similari-
ties with IP3 receptors, particularly in their sensitivity to Ca2+. Just as Ca2+ can activate
IP3 receptors and increase the Ca2+ flux, so too can Ca2+ trigger Ca2+-induced Ca2+
release (CICR) from the sarcoplasmic or endoplasmic reticulum through ryanodine
receptors (Endo et al., 1970; Fabiato, 1983). Calcium can also inactivate ryanodine re-
ceptors in vitro, although it is unknown whether such inactivation plays any important
physiological role, or even occurs to any significant extent in vivo.

Ryanodine receptors are so named because of their sensitivity to ryanodine, which
decreases the open probability of the channel. On the other hand, caffeine increases
the open probability of ryanodine receptors.

There are many models of the ryanodine receptor but since they are mostly adapted
for use in models of excitation–contraction coupling, we discuss them in Section 12.2.4.
Here we discuss one of the few models that has been developed for use in other cell
types.

Calcium Oscillations in Bullfrog Sympathetic Neurons

Sympathetic neurons respond to caffeine, or mild depolarization, with robust and re-
producible Ca2+ oscillations. Although these oscillations are dependent on external
Ca2+, they occur at a fixed membrane potential and involve the release of Ca2+ from
the ER via ryanodine receptors, as is indicated by the fact that they are abolished by
ryanodine. Typical oscillations are shown in Fig. 7.14.

A simple model of CICR (Friel, 1995) provides an excellent quantitative description
of the behavior of these oscillations in the bullfrog sympathetic neuron. Despite the

Figure 7.14 Caffeine-induced Ca2+ oscillations in sympathetic neurons, and their depen-
dence on the extracellular Ca2+ concentration. [Ca]0 stands for co . (Friel, 1995, Fig. 5a.)
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Figure 7.15 A: Schematic diagram of
the CICR model of Ca2+ oscillations in
bullfrog sympathetic neurons. B: Typ-
ical oscillation in the model, for co =
1000 μM (i.e. 1 mM), and calculated
using the parameters inTable 7.5.

model’s simplicity (or perhaps because of it), it is a superb example of how theory can
supplement experiment, providing an interpretation of experimental results as well as
quantitative predictions that can subsequently be tested.

A schematic diagram of the model is given in Fig. 7.15A. A single intracellular
Ca2+ store exchanges Ca2+ with the cytoplasm (with fluxes JL2 and JP2), which in turn
exchanges Ca2+ with the external medium (JL1 and JP1). Thus,

dc
dt
= JL1 − JP1 + JL2 − JP2, (7.46)

dce

dt
= γ (−JL2 + JP2), (7.47)

where c denotes
[
Ca2+] in the cytoplasm and ce denotes

[
Ca2+] in the intracellular store

as before. As before, γ is the ratio of the cytoplasmic volume to the ER volume. The
fluxes are chosen in a simple way, as linear functions of the concentrations:

JL1 = k1(co − c), Ca2+entry, (7.48)

JP1 = k2c, Ca2+extrusion, (7.49)
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.Table 7.5 Typical parameters of the model of Ca2+ oscillations in sympathetic neurons.

k1 = 2× 10−5 s−1 κ2 = 0.58 s−1

k2 = 0.13 s−1 Kd = 0.5 μM

k4 = 0.9 s−1 n = 3

κ1 = 0.013 s−1 γ = 4.17

JL2 = k3(ce − c), Ca2+release, (7.50)

JP2 = k4c, Ca2+uptake, (7.51)

where co denotes the external
[
Ca2+], which is assumed to be fixed. (In the experiment

shown in Fig. 7.14, co was fixed at 1, 0.5, and 0.7 mM.) Depolarization induced by the
application of high external K+ is modeled as an increase in k1, the rate of Ca2+ entry
from the outside, while the application of caffeine (which increases the rate of Ca2+
release from the internal store) is modeled by an increase in k3.

We model CICR in a simple way by making k3 an increasing sigmoidal function of
c, i.e.,

k3 = κ1 + κ2cn

Kn
d + cn , (7.52)

and then determine the parameters of the nonlinear model by fitting to the time course
of an oscillation (Table 7.5). A typical result is shown in Fig. 7.15.

Not only does this model provide an excellent quantitative description of the Ca2+
oscillation (with a different parameter set from that shown in Table 7.5), it also predicts
the fluxes that should be observed over the oscillatory cycle. Subsequent measurement
of these fluxes confirmed the model predictions. It therefore appears that CICR (at least
in bullfrog sympathetic neurons) can be well described by a relatively simple model.
It is necessary only for the ryanodine receptors to be activated by Ca2+ to generate
physiological oscillations; inactivation by Ca2+ is not necessary.

7.3 Calcium Waves

In some cell types, Ca2+ oscillations occur practically uniformly across the cell. In
such a situation, measurement of the Ca2+ concentration at any point of the cell gives
the same time course, and a well-mixed model is appropriate. More often, however,
each oscillation takes the form of a wave moving across the cell; these intracellular
“oscillations” are actually periodic intracellular waves. To model and understand such
spatially distributed behavior, inclusion of Ca2+ diffusion is necessary. Furthermore,
to study objects such as spiral waves of Ca2+ (Fig. 7.3), partial differential equation
models are again necessary.
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When attempting to model spatially distributed Ca2+ dynamics, it is tempting to
generalize the whole-cell model by simply adding a diffusion term to (7.3). However,
with a little reflection, one realizes that this cannot be correct for several reasons. First,
most of the flux terms represent movement of Ca2+ across a boundary, whether the
plasma membrane, the ER, or mitochondria; the only exceptions are the fluxes on and
off the buffers. Second, since the cytoplasmic space is highly inhomogeneous, it is not
clear that movement of Ca2+ in this space is governed by a standard diffusive process.

A more proper formulation of the model would be to assume that the cell is a three-
dimensional structure comprised of two interconnected domains, the cytoplasm 	c,
and the ER 	e (ignoring all other subdomains, such as mitochondria, Golgi apparati,
etc, to make the problem simpler). In the cytoplasm and the ER, Ca2+ is assumed to
move by normal diffusion and to react with buffers. Thus,

∂c
∂t
= ∇ · (Dc∇c)− Jon + Joff , in 	c, (7.53)

and

∂ce

∂t
= ∇ · (De∇c)− Jon,e + Joff,e, in 	e. (7.54)

Fluxes across the plasma membrane into the cytoplasm lead to the boundary condition

Dc∇c · n = Jin − Jpm, on ∂	c,m, (7.55)

while fluxes across the ER into the cytoplasm yield

Dc∇c · n = −De∇ce · n = JIPR + JRyR − Jserca, on ∂	e, (7.56)

where ∂	c,m is the cell membrane, ∂	e is the boundary of the ER, and n is the unit out-
ward normal vector to the domain in question. Notice that here we have assumed that
there is no direct communication between the ER and extracellular space (although
this assumption, as with almost everything in biology, is not without controversy).

Because of the intricate geometry of the ER, it is immediately obvious that these
models are far too complicated to make any progress at all, so some simplifying assump-
tions are needed. This is where homogenization comes to the rescue. The fundamental
idea is that since diffusion is rapid over short distances, local variations are smoothed
out quickly and it is only necessary to know the average, or mean field, behavior. Thus,
one derives mean field equations that describe the behavior over larger space scales.
In these descriptions, concentrations c and ce are assumed to coexist at every point in
space, and one finds (see Appendix 7.8)

∂c
∂t
= ∇ · (Deff

c ∇c)+ χc(JIPR + JRyR − Jserca)− Jon + Joff , (7.57)

∂ce

∂t
= ∇ · (Deff

e ∇ce)− χe(JIPR + JRyR − Jserca)− Jon,e + Joff,e, (7.58)
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where Deff
c and Deff

e are effective diffusion coefficients for the cytoplasmic space and the
ER, respectively, and χc and χe are the surface-to-volume ratios of these two comingled
spaces. It is usually assumed that the cellular cytoplasm is isotropic and homogeneous.
Exceptions to the assumption of homogeneity are not uncommon, but exceptions to
the isotropic assumption are rare. It is not known, however, how Ca2+ diffuses in the
ER, or the extent to which the tortuosity of the ER plays a role in determining the
effective diffusion coefficient of ER Ca2+. It is typical to assume either that Ca2+ does
not diffuse in the ER, or that it does so with a restricted diffusion coefficient, Deff

e � Deff
c .

Henceforth we delete the superscript eff.
The surface-to-volume ratios are necessary to get the units correct. In fact, one

should notice that a flux term, for example JIPR, in a whole-cell model is not the same
as in a spatially distributed model; in a whole-cell model the flux must be in units of
concentration per unit time, while in a spatially distributed model the flux must be in
units of moles per unit time per surface area. Multiplication by a surface-to-volume
ratio changes the units to number of moles per volume per unit time. However, it is
typical to scale all fluxes to be in units of moles per unit time per cytoplasmic volume,
in which case (7.57) and (7.57) become (after rescaling)

∂c
∂t
= ∇ · (Dc∇c)+ JIPR + JRyR − Jserca − Jon + Joff (7.59)

and

∂ce

∂t
= ∇ · (De∇ce)− γ (JIPR + JRyR − Jserca)− Jon,e + Joff,e, (7.60)

where γ is the ratio of cytoplasmic to ER volumes.
Additional approximations can be made when one dimension of the cell is very

much smaller than the diffusion length scale of Ca2+. For instance, many cultured cells
are relatively thin, in which case spatial variation in the direction of the cell thickness
can be ignored. However, to derive the correct model equations requires a little care,
as is discussed in detail in Appendix 7.8.

Consider, for example, a long, thin cylindrical cell, with boundary fluxes (on the
cylindrical wall) Jin and Jpm, in units of moles per surface area per time. If the cell radius
is small compared to the diffusion length scale of Ca2+, then Ca2+ is homogeneously
distributed in each cross-section, with the fluxes across the (cylindrical) wall included
as source terms in the governing partial differential equation. In this case, we can
model the cell as a one-dimensional object. For example, for a “one-dimensional” cell
of length L with no Ca2+ flux at the ends, the boundary conditions are ∂c

∂x = 0 at x = L
and x = 0, while at each internal point we have

∂c
∂t
= Dc

∂2c

∂x2
+ JIPR + ρA (Jin − Jpm)+ JRyR − Jserca − Jon + Joff , (7.61)

where ρ is the cell circumference and A is the cell cross-sectional area. Note that the
original boundary fluxes, with units of moles per surface area per time, have been



306 7: Calcium Dynamics

converted to fluxes with units of moles per length per time, which are appropriate for
a one-dimensional model.

There are a number of ways to study reaction–diffusion models of this type, but
the two most common (at least in the study of Ca2+ waves) are numerical simulation
or bifurcation analysis of the traveling wave equations.

7.3.1 Simulation of Spiral Waves in Xenopus

One common experimental procedure for initiating waves in Xenopus oocytes is to
photorelease a bolus of IP3 inside the cell and observe the subsequent Ca2+ activity
(Lechleiter and Clapham, 1992). After sufficient time, Ca2+ wave activity disappears as
IP3 is degraded, but in the short term, the observed Ca2+ activity is the result of Ca2+
diffusion and IP3 diffusion. Another technique is to release IP3S3, a nonhydrolyzable
analogue of IP3, which has a similar effect on IP3 receptors but is not degraded by the
cell. In this case, after sufficient time has passed, the IP3S3 is at a constant concentration
in all parts of the cell.

When a bolus of IP3S3 is released in the middle of the domain, it causes the release
of a large amount of Ca2+ at the site of the bolus. The IP3S3 then diffuses across the
cell, releasing Ca2+ in the process. Activation of IP3 receptors by the released Ca2+
can lead to periodic Ca2+ release from the stores, and the diffusion of Ca2+ between
IP3 receptors serves to stabilize the waves, giving regular periodic traveling waves.
These periodic waves are the spatial analogues of the oscillations seen in the temporal
model, and arise from the underlying oscillatory kinetics. If the steady [IP3S3] is in the
appropriate range (see, for example, Fig. 7.12, which shows that limit cycles exist for
[IP3] in some intermediate range) over the entire cell, every part of the cell cytoplasm is
in an oscillatory state. It follows from the standard theory of reaction–diffusion systems
with oscillatory kinetics (see, for example, Kopell and Howard, 1973; Duffy et al., 1980;
Neu, 1979; Murray, 2002) that periodic and spiral waves can exist for these values of
[IP3S3]. When IP3, rather than IP3S3, is released, the wave activity lasts for only a short
time, which is consistent with the theoretical results. When the wave front is broken, a
spiral wave of Ca2+ often forms (Fig. 7.3A). These results have all been reproduced by
numerical simulation; although Atri et al. (1993) were the first to do so, most models of
Ca2+ waves behave in the same qualitative fashion. Depending on the initial conditions,
these spiral waves can be stable or unstable. In the unstable case, the branches of the
spiral can intersect themselves and cause breakup of the spiral, in which case a region
of complex patterning emerges in which there is no clear spatial structure (McKenzie
and Sneyd, 1998).

A more detailed understanding of the stability of spiral Ca2+ waves has been devel-
oped by Falcke et al. (1999, 2000), who showed that an increased rate of Ca2+ release
from the mitochondria can dramatically change the kinds of waves observed, and that,
in extreme cases, the cytoplasm can be made bistable, with an additional steady state
with a high resting

[
Ca2+]. When this happens, the spiral waves become unstable,

resulting in the emergence of more complex spatiotemporal patterns.
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7.3.2 Traveling Wave Equations and Bifurcation Analysis

The second principal way in which Ca2+ waves are studied is via the traveling wave
equations. This is most useful for the study of waves in one spatial dimension. If we
introduce the traveling wave variable ξ = x+ st, where s is the wave speed (see Chapter
6, Section 6.2), we can write (7.61) as the pair of equations

c′ = d, (7.62)

Dcd′ = sd−
∑

J, (7.63)

where
∑

J denotes all the fluxes on the right-hand side of (7.61), and where a prime
denotes differentiation with respect to ξ . Thus, a single reaction–diffusion equation is
converted to two ordinary differential equations. In general, these two equations are
coupled to the other equations for ce, p, and the states of the various receptors.

Traveling pulses, traveling fronts, and periodic waves correspond to, respectively,
homoclinic orbits, heteroclinic orbits, and limit cycles of the traveling wave equations.
Thus, by studying the bifurcations of the traveling wave equations we can gain consid-
erable insight into what kinds of waves exist in the model, and for which parameter
values. However, such an approach does not give information about the stability of
the wave solutions of the original reaction–diffusion equations. Stability is much more
difficult to determine. Numerical simulation of the reaction–diffusion equations can
begin to address the question of stability.

Here we briefly illustrate the method using the model of Section 7.2.6. Adding
diffusion of c (but not of ce) to that model gives

∂c
∂t
= Dc

∂2c

∂x2
+ (kf PO + Jer

)
(ce − c)− Jserca + Jin − Jpm, (7.64)

∂ce

∂t
= γ [Jserca −

(
kf PO + Jer

)
(ce − c)], (7.65)

and these two equations are coupled, as before, to the five equations of the six-state
IPR model (Section 7.2.5). (Here, Jin and Jpm are scaled to be in units of flux per unit
cellular length.) Rewriting these equations in the traveling wave variable gives

c′ = d, (7.66)

Dcd′ = sd− (kf PO + Jer
)
(ce − c)+ Jserca − Jin + Jpm, (7.67)

sc′e = γ [Jserca −
(
kf PO + Jer

)
(ce − c)], (7.68)

coupled to the five receptor equations. Note that, given the units of the parameters in
Table 7.4, the natural units for the speed s are μm s−1.

The result of a two-parameter numerical bifurcation analysis of these equations
(using AUTO), with s and p as the bifurcation parameters, is shown in Fig. 7.16. The
behavior as s → ∞ is that of the model in the absence of diffusion, as expected from
the general theory (Maginu, 1985). Thus, for large values of s, the behavior mirrors that
seen in Fig. 7.12; there are two Hopf bifurcations, with a branch of periodic solutions for
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Figure 7.16 A: Two-parameter bifurcation diagram of the traveling wave equations of the
model of Ca2+ wave propagation. HC — homoclinic bifurcation; HB — Hopf bifurcation. The
inset shows a blowup of the branch of homoclinic bifurcations. B: bifurcation diagram obtained
by taking a cross-section at s = 10 μms−1, as shown by the dotted line in panel A. Both panels
were computed using the parameter values inTable 7.4, and using Dc = 25 μm2s−1.

intermediate values of p. If we track these Hopf bifurcations in the s, p plane they form a
U-shaped curve (Fig. 7.16A). To find homoclinic bifurcations corresponding to traveling
waves, we take a cross-section of this diagram for a constant value of s = 10 μm s−1,
i.e., for that value of s we plot the bifurcation diagram of c against p (as in Fig. 7.12).
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The result is shown in Fig. 7.16B. The two Hopf bifurcation points correspond to where
the U-shaped curve in panel A intersects the dotted line at s = 10 μm s−1. Tracking the
branch of periodic orbits that emerges from the rightmost Hopf bifurcation gives a
branch that ends in a homoclinic orbit. Tracking this homoclinic orbit in the s, p plane
gives the C-shaped curve of homoclinics shown in the inset to panel A. More precisely,
only branches of large period (10,000 seconds in this case) can be tracked, so the curve
labeled HC in panel A is actually a branch of large-period orbits. However, tracking
the branch of orbits of period 1,000 seconds or of period 30,000 seconds gives a nearly
identical numerical result, so we can be relatively confident that we are tracking a
homoclinic orbit.

This branch of homoclinic orbits is the one that gives stable traveling wave solutions
of the original reaction–diffusion equation (i.e., of the partial differential equation).
This is easily checked numerically by direct simulation; with p = 0.5 fixed, and follow-
ing a large Ca2+ stimulus at one end of the (one-dimensional) domain, the wave that
results travels at approximately speed 15 μm s−1 (consistent with Fig. 7.16A), and has
the same shape as the homoclinic orbit on that C-shaped branch.

The branch of homoclinic orbits predicts traveling waves with speeds of around
10–17 μm s−1, within the physiological range. Furthermore, as p increases, so does the
wave speed, consistent with what has been observed experimentally. The ends of the
C-shaped homoclinic branch are physiologically important, since the upper branch
corresponds to the waves that would be observed as p is slowly increased. At some
point there is a transition from single traveling pulses to periodic waves, but exactly
how that transition occurs is not completely understood (Champneys et al., 2007).

The basic structure of the bifurcation diagram shown in Fig. 7.16, with a C-shaped
branch of homoclinic orbits and a U-shaped branch of Hopf bifurcations, seems to
be generic to models of excitable systems. The FitzHugh–Nagumo equations have the
same basic structure, as do the Hodgkin–Huxley equations. All models of Ca2+ wave
propagation (at least all the ones for which this question has been studied) also have
the same basic C-U structure in the s, p plane.

7.4 Calcium Buffering

Calcium is heavily buffered in all cells, with at least 99% (and often more) of the avail-
able Ca2+ bound to large Ca2+-binding proteins, of which there are about 200 encoded
by the human genome (Carafoli et al., 2001). For example, calsequestrin and calreti-
culin are major Ca2+ buffers in the endoplasmic and sarcoplasmic reticula, while in
the cytoplasm Ca2+ is bound to calbindin, calretinin, and parvalbumin, among many
others. Calcium pumps and exchangers and the plasma membrane itself are also major
Ca2+ buffers. In essence, a free Ca2+ ion in solution in the cytoplasm cannot do much,
or go far, before it is bound to something.
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The basic chemical reaction for Ca2+ buffering can be represented by the reaction

P+ Ca2+
k+−→←−
k−

B, (7.69)

where P is the buffering protein and B is buffered Ca2+. Letting b denote the concentra-
tion of buffer with Ca2+ bound, and c the concentration of free Ca2+, a simple model
of Ca2+ buffering is

∂c
∂t
= Dc∇2c+ f (c)+ k−b− k+c(bt − b), (7.70)

∂b
∂t
= Db∇2b− k−b+ k+c(bt − b), (7.71)

where k− is the rate of Ca2+ release from the buffer, k+ is the rate of Ca2+ uptake by
the buffer, bt is the total buffer concentration, and f (c) denotes all the other reactions
involving free Ca2+ (release from the IP3 receptors, reuptake by pumps, etc.).

7.4.1 Fast Buffers or Excess Buffers

If the buffer has fast kinetics, its effect on the intracellular Ca2+ dynamics can be
analyzed simply (Section 2.2.5). If k− and k+ are large compared to the time constant
of Ca2+ reaction, we take b to be in the quasi-steady state

k−b− k+c(bt − b) = 0, (7.72)

and so

b = btc
K + c

, (7.73)

where K = k−/k+. Adding (7.70) and (7.71), we find the “slow” equation

∂

∂t
(c+ b) = Dc∇2c+Db∇2b+ f (c), (7.74)

which, after using (7.73) to eliminate b, becomes

∂c
∂t
= 1

1+ θ(c)
(
∇2

(
Dcc+Dbbt

c
K + c

)
+ f (c)

)
(7.75)

= Dc +Dbθ(c)
1+ θ(c) ∇

2c− 2Dbθ(c)
(K + c)(1+ θ(c)) |∇c|2 + f (c)

1+ θ(c) , (7.76)

where

θ(c) = btK
(K + c)2

. (7.77)

Note that we assume that bt is a constant, and does not vary in either space or time.
Nonlinear buffering changes the model significantly. In particular, Ca2+ obeys a

nonlinear diffusion–advection equation, where the advection is the result of Ca2+
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transport by a mobile buffer (Wagner and Keizer, 1994). The effective diffusion
coefficient

Deff = Dc +Dbθ(c)
1+ θ(c) (7.78)

is a convex linear combination of the two diffusion coefficients Dc and Db, so lies
somewhere between the two. Since buffers are large molecules, Deff < Dc. If the buffer
is not mobile, i.e., Db = 0, then (7.76) reverts to a reaction–diffusion equation. Also,
when Ca2+ gradients are small, the nonlinear advective term can be ignored (Irving
et al., 1990). Finally, the buffering also affects the qualitative nature of the nonlinear
reaction term, f (c), which is divided by 1 + θ(c). This may change many properties of
the model, including oscillatory behavior and the nature of wave propagation.

If the buffer is not only fast, but also of low affinity, so that K 	 c, it follows that

b = btc
K

, (7.79)

in which case

θ = bt

K
, (7.80)

a constant. Thus, Deff is constant also.
It is commonly assumed that the buffer has fast kinetics, is immobile, and has a

low affinity. With these assumptions we get the simplest possible model of Ca2+ buffers
(short of not including them at all), in which

∂c
∂t
= K

K + bt
(Dc∇2c+ f (c)), (7.81)

wherein both the diffusion coefficient and the fluxes are scaled by the constant factor
K/(K + bt); each flux in the model can then be interpreted as an effective flux, i.e., that
fraction of the flux that contributes to a change in free Ca2+ concentration.

In 1986, Neher observed that if the buffer is present in large excess then bt − b ≈
bt, in which case the buffering reaction becomes linear, the so-called excess buffering
approximation:

∂c
∂t
= Dc∇2c+ f (c)+ k−b− k+cbt, (7.82)

∂b
∂t
= Db∇2b− k−b+ k+cbt. (7.83)

If we now assume the buffers are fast we recover (7.79) and thus (7.81). In other words,
the simple approach to buffering given in (7.81) can be obtained in two ways; either by
assuming a low affinity buffer or by assuming that the buffer is present in excess. It is
intuitively clear why these two approximations lead to the same result—in either case
the binding of Ca2+ does little to change the fraction of unbound buffer.

Typical parameter values for three different buffers are given in Table 7.6. BAPTA
is a fast high-affinity buffer, and EGTA is a slow high-affinity buffer, both of which
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.Table 7.6 Typical parameter values for three different buffers, taken from Smith et al., (2001).
BAPTA and EGTA are commonly used as exogenous buffers in experimental work, while Endog
refers to a typical endogenous buffer.Typically bt = 100 μM for an endogenous buffer.

Buffer Db k+ k− K
μm2 s−1 μM−1s−1 s−1 μM

BAPTA 95 600 100 0.17
EGTA 113 1.5 0.3 0.2
Endog 15 50 500 10

are used as exogenous Ca2+ buffers in experimental work. Parameters for a typical
endogenous buffer are also included.

Many studies of Ca2+ buffering have addressed the problem of the steady-state Ca2+
distribution that arises from the flux of Ca2+ through a single open channel (Naraghi
and Neher, 1997; Stern, 1992; Smith, 1996; Smith et al., 1996, 2001; Falcke, 2003b).
Such studies are motivated by the fact that, when a channel opens, the steady-state
Ca2+ distribution close to the opening of the channel is reached within microseconds.
In that context, Smith et al. (2001) derived both the rapid buffering approximation and
the excess buffering approximation as asymptotic solutions of the original equations.

Despite the complexity of (7.76), it retains the advantage of being a single equation.
However, if the buffer kinetics are not fast relative to the Ca2+ kinetics, the only way to
proceed is with numerical simulations of the complete system, a procedure followed
by a number of groups (Backx et al., 1989; Sala and Hernández-Cruz, 1990; Nowycky
and Pinter, 1993; Falcke, 2003a).

Of particular current interest are recent observations that buffers with different
kinetics have remarkably different effects on the observed Ca2+ responses. For example,
Dargan and Parker (2003) have shown that in oocytes, the addition of EGTA, a slow
buffer with high affinity, “balkanizes” the Ca2+ response so that local regions tend
to respond independently of their neighbors. However, the addition of BAPTA, a fast
buffer, has quite different effects, giving slower Ca2+ responses that occur globally
rather than locally. These results are possibly the result of the different effects that
these two buffers have on the diffusion of Ca2+ between individual release sites (see
Section 7.6). Similar studies in pancreatic acinar cells (Kidd et al., 1999) have shown
that the addition of EGTA increases the frequency, but decreases the amplitude, of
Ca2+ spikes, while addition of BAPTA has the opposite effect, decreasing the frequency
but maintaining a larger spike amplitude. Furthermore, EGTA broke the response into
a number of independent spatially separate release events, as in oocytes. Kidd et al.
concluded that EGTA disrupts long-range Ca2+ diffusion between release sites, thus
decreasing the global coordination of Ca2+ release, while BAPTA is fast enough to
disrupt Ca2+ inactivation of the IPR, thus leading to large Ca2+ spikes with a lower
frequency. However, no detailed modeling studies have yet confirmed these qualitative
explanations.
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7.4.2 The Existence of Buffered Waves

Since the presence of fast Ca2+ buffers changes the nature of the Ca2+ transport equa-
tion, it is of considerable interest to determine how Ca2+ buffering affects the properties
of waves. For example, can the addition of a buffer eliminate wave activity? How much
do buffers affect the speed of traveling waves? Does the addition of exogenous buffer,
such as a fluorescent Ca2+ dye, affect the existence or the speed of the Ca2+ waves?

Tsai and his colleagues (Tsai and Sneyd, 2005, 2007a,b; Guo and Tsai, 2006) have
done a great deal of work on these questions, and their results can be summarized
simply: immobile buffers have no effect on the existence, stability, or uniqueness of
traveling waves in the buffered bistable equation, while mobile buffers can eliminate
traveling waves when present in sufficient quantity. However, when waves exist in the
presence of mobile buffers, they remain unique and stable.

The proofs of these results are too technical to present here. Instead, we discuss
some of the simpler results from earlier work (Sneyd et al., 1998). First, we address the
question of whether buffers can eliminate wave activity.

The form of (7.75) suggests the change of variables

w = Dcc+Dbbt
c

K + c
, (7.84)

so that w is a monotone increasing function of c, since

dw
dc
= Dc +Dbθ(c) (7.85)

is positive. The unique inverse of this function is denoted by

c = φ(w). (7.86)

In terms of w, (7.75) becomes

∂w
∂t
= Dc +Db�

1+�
(
∇2w+ f (φ(w))

)
, (7.87)

where � = btK
(K+φ(w))2 .

Now we assume that f (c) is of bistable form, with three zeros, C1 < C2 < C3,
of which C1 and C3 are stable. It immediately follows that f (φ(w)) has three zeros
W1 < W2 < W3, with W1 and W3 stable. The proof of existence of a one-dimensional
traveling wave solution for (7.87) uses exactly the same arguments as those for the
bistable equation presented in Chapter 6 (Sneyd et al., 1998). It follows that a traveling
wave solution that provides a transition from W1 to W3 exists if and only if

∫ W3

W1

f (φ(w)) dw > 0. (7.88)

(If this inequality is reversed, a traveling wave solution still exists, but it moves “back-
ward”, providing a transition from W3 to W1.) Using (7.85), we write this condition in
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terms of c as
∫ C3

C1

f (c)(Dc +Dbθ(c)) dc > 0. (7.89)

In general, this integral cannot be evaluated explicitly. However, for the simple case
of cubic bistable kinetics f (c) = c(1 − c)(c − a), 0 < a < 1/2, explicit evaluation of the
integral (7.89) shows that traveling waves exist if and only if

a < ac = 1
2

Dc − 12DbbtK[(3K2 + 2K) ln(K+1
K )− (3K + 1

2 )]
Dc + 12DbbtK[(K + 1

2 ) ln(K+1
K )− 1] . (7.90)

One conclusion that can be drawn immediately from (7.89) is that a stationary
buffer (i.e., one with Db = 0) has no effect on the existence of traveling waves in
the bistable equation. For when Db = 0, the condition (7.89) for the existence of the
traveling wave reduces to

∫ 1

0
f (c)dc > 0, (7.91)

which is exactly the condition for the existence of a wave in the absence of a buffer.
Note that ac is a monotonically decreasing function of Dbbt/Dc, and

ac→ ac,min(K) = −1
2

[(3K2 + 2K) ln(K+1
K )− (3K + 1

2 )]
[(K + 1

2 ) ln(K+1
K )− 1] as Db →∞. (7.92)

In Fig. 7.17 we give a plot of ac,min(K) against K. When K is large, the minimum value
of ac is close to 0.5, and thus wave existence is insensitive to Db. However, when K is
small, ac also becomes small as Db increases, and so in this case, a mobile buffer can
easily stop a wave.
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Figure 7.17 Plot of ac,min against K .
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7.5 Discrete Calcium Sources

In all of the models presented so far, Ca2+ release from the ER was assumed to be
homogeneous in space. In fact, this is not the case. In Xenopus oocytes, for example,
IPR are arranged in clusters with a density of about 1 per 30 μm2, with each cluster
containing about 25 IPR. Furthermore, the propagation of Ca2+ waves is saltatory, with
release jumping from one cluster of release sites to another.

To explore the properties of such saltatory waves, and to see the effect of this
discrete structure, we assume that Ca2+ is released from discrete release sites but is
removed continuously. Thus

∂c
∂t
= Dc

∂2c
∂x2 − ksc+ L

∑

n

δ(x− nL)f (c), (7.93)

where the function f is your favorite description of Ca2+ release, and L is the spatial
separation between release sites. Two examples of the release function f (c) that are
useful are

f (c) = Ac2(ce − c) (7.94)

and

f (c) = AH(c− c∗)(ce − c), (7.95)

where H is the usual Heaviside function. Both of these release functions have Ca2+-
dependent release, representing CICR.

The corresponding continuous space model can be found by homogenization (Ex-
ercise 16). It is not difficult to show (and it makes intuitive sense) that in the limit that
L2ks
Dc
� 1, the spatially inhomogeneous problem

∂c
∂t
= Dc

∂2c
∂x2 − ksc+ g(x)f (c), (7.96)

where g(x) is periodic with period L, can be replaced by its average

∂c
∂t
= Dc

∂2c
∂x2
− ksc+Gf (c), (7.97)

where G = 1
L

∫ L
0 g(x) dx.

Since the effective release function F(c) = Gf (c) − ksc is of bistable type, with
three zeros 0 < c1 < c2, one would expect there to be traveling waves of Ca2+ release,
provided the medium is sufficiently excitable, i.e., provided

∫ c2

0
F(c) dc > 0. (7.98)

However, this condition fails to be correct if L2ks
Dc
�= 0.



316 7: Calcium Dynamics

Waves fail to propagate if there is a standing wave solution. Standing waves are
stationary solutions of (7.93), i.e., solutions of

0 = Dc
∂2c
∂x2 − ksc+ L

∑

n

δ(x− nL)f (c). (7.99)

On the intervals nL < x < (n+ 1)L, this becomes

0 = Dc
∂2c
∂x2
− ksc. (7.100)

We find jump conditions at x = nL by integrating from nL− to nL+ to obtain

Dccx|nL+
nL− + Lf (cn) = 0, (7.101)

where cn = c(nL).
Now we solve (7.100) to obtain

c(x) = (cn+1 − cn cosh β)
sinh

( β
L (x− nL)

)

sinh β
+ cn cosh

(
β

L
(x− nL)

)
, (7.102)

for nL < x < (n+ 1)L, where cn = c(nL),β2 = ksL2

Dc
, so that

cx(nL+) = (cn+1 − cn cosh β)
β

L sinh β
. (7.103)

Similarly,

cx(nL−) = −(cn−1 − cn cosh β)
β

L sinh β
. (7.104)

It follows that (7.101) is the difference equation

ks

β sinh β
(cn+1 − 2cncoshβ + cn−1)+ f (cn) = 0, (7.105)

which is a difference equation for cn.
Finding solutions of nonlinear difference equations is nontrivial in general. How-

ever, if f (c) is piecewise linear, as it is with release function (7.95), analytical solutions
can be found. We seek solutions of (7.105) of the form

cn =
{

aμ−n
0 , n ≤ 0,

C− bμn
f , n > 0, (7.106)

where the steady solution C satisfies

ks

β sinh β
(C− 2Ccoshβ + C)+ A(ce − C) = 0, (7.107)

so that

C = ce
Af

2coshβ − 2+ Af
, Af = A

β sinh β
ks

. (7.108)
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The numbers μ0 and μf are both less than one and satisfy the quadratic equations

μj − 2λj + 1
μj
= 0, j = 0, f , (7.109)

where

λ0 = cosh β, λf = cosh β + Af

2
, (7.110)

so that

μj = λj −
√
λ2

j − 1. (7.111)

It is easy to determine that μ0 = exp(−β); the expression for μf is more complicated.
We determine the scalars a and b by examining the difference equation for n = 0,

ks

β sinh β
(c1 − 2c0 cosh β + c−1)+ f (c0) = 0, (7.112)

and for n = 1,

ks

β sinh β
(c2 − 2c1 cosh β + c0)+ f (c1) = 0. (7.113)

Since c0 < c∗ and c1 > c∗ by assumption, f (c0) = 0 and f (c1) = A(ce − C + bμf ). After
some algebraic manipulation we find that

a = C

(
μf − 1

μf − 1
μ0

)
, b = C

(
1− 1

μ0

μf − 1
μ0

)
. (7.114)

The condition for the existence of these standing waves is that

a ≤ c∗, C− bμf ≥ c∗, (7.115)

so a plot of a and C− bμf is revealing. In Fig. 7.18 are shown the two curves a
ce

(lower

curve) and C
ce
− b

ce
μf (upper curve) plotted as functions of β =

√
ksL2

Dc
for A

k = 5. The

interpretation of this plot is that for a fixed value of β, if c∗
ce

lies in the region below the

curve a
ce

, then there is a traveling wave, whereas if c∗
ce

and β lies between the two curves,
there is a standing wave, which precludes the possibility of propagation. Thus, in gen-
eral, the larger is β, the more excitable the release sites must be ( c∗

ce
must be smaller)

for propagation to occur. Said another way, discrete release from clumped receptors
makes propagation less likely than if the same amount of Ca2+ were released in a spa-
tially continuous and homogeneous fashion. Notice also that for fixed c∗

ce
, increasing β

sufficiently always leads to propagation failure. Increasing β corresponds to increasing
the distance between release sites L or the rate of uptake ks, or decreasing the Ca2+
diffusion coefficient Dc.

A similar approach to this problem was explored by Sneyd and Sherratt (1997).
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Figure 7.18 Plot of a
ce

(lower

curve) and C
ce
− b

ce
μf (upper curve)

plotted as functions of β =
√

ksL2

D
for A

ks
= 5.

7.5.1 The Fire–Diffuse–Fire Model

It is difficult to determine when propagation failure occurs, and it is even more difficult
to find the speed of propagation in a discrete release model. One approach, which uses
techniques that are beyond the scope of this text, was used in Keener (2000b). Another
approach is to use a different model. One model that has attracted a lot of attention
is the fire–diffuse–fire model (Pearson and Ponce-Dawson, 1998; Keizer et al., 1998;
Ponce-Dawson et al., 1999; Coombes, 2001; Coombes and Bressloff, 2003; Coombes
and Timofeeva, 2003; Coombes et al., 2004).

In this model, once
[
Ca2+] reaches a threshold value, c∗, at a release site, that

site fires, instantaneously releasing a fixed amount, σ , of Ca2+. Thus, a Ca2+ wave
is propagated by the sequential firing of release sites, each responding to the Ca2+
diffusing from neighboring release sites. Hence the name fire–diffuse–fire.

We assume that Ca2+ obeys the reaction–diffusion equation

∂c
∂t
= Dc

∂2c
∂x2
+ σ

∑

n

δ(x− nL)δ(t− tn), (7.116)

where, as before, L is the spacing between release sites. Although this equation looks
linear, appearances are deceptive. Here, tn is the time at which c first reaches the thresh-
old value c∗ at the nth release site. When this happens, the nth release site releases the
amount σ . Thus, tn depends in a complicated way on c.

The Ca2+ profile resulting from the firing of a single site, site i, say, is

ci(x, t) = σ H(t− ti)√
4πDc(t− ti)

exp

(
− (x− iL)2

4Dc(t− ti)

)
, (7.117)

where H is the Heaviside function. This is the fundamental solution of the diffusion
equation with a delta function input at x = i, t = ti, and can be found in any stan-
dard book on analytical solutions to partial differential equations (see, for example,
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Keener, 1998, or Kevorkian, 2000). If we superimpose the solutions from each site, we
get

c(x, t) =
∑

i

ci(x, t) = σ
∑

i

H(t− ti)√
4πDc(t− ti)

exp

(
− (x− iL)2

4Dc(t− ti)

)
. (7.118)

Notice that because of the instantaneous release, c(x, t) is not a continuous function of
time at any release site.

Now suppose that sites i = N, N− 1, . . . have fired at known times tN > tN−1 > . . . .
The next firing time tN+1 is determined by when c at xN+1 first reaches the threshold,
c∗, that is,

c((N + 1)L, t−N+1) = c∗, ∂

∂t
c((N + 1)L, t−N+1) > 0. (7.119)

Thus, tN+1 must satisfy

c∗ = σ
∑

i≤N

1
√

4πDc(tN+1 − ti)
exp

(
−L2(N + 1− i)2

4Dc(tN+1 − ti)

)
. (7.120)

A steadily propagating wave corresponds to having ti− ti−1 = constant = τ for all i,
i.e., each site fires a fixed time after its leftward neighbor fires. Note that the resulting
wave does not propagate with a constant profile, but has a well-defined wave speed
L/τ . If such a τ exists, then tN+1 − ti = τ(N + 1− i) and τ is a solution of the equation

c∗L
σ
=
∞∑

n=1

1√
4πnη

exp
(
− n

4η

)
≡ g(η), (7.121)

where η = Dcτ

L2 is the dimensionless delay.
To find η we need to invert this equation. A plot of g(η) is shown in Fig. 7.19. It

can be shown that 0 ≤ g(η) ≤ 1 and that g is monotonic with g → 0 as η → 0, and
g→ 1 as η→∞. It follows that a solution to (7.121) exists only if c∗L

σ
< 1. Thus, when

the intercluster distance or the threshold is too large, or the amount of release is too

Figure 7.19 A: Plot of g(η), where g(η) is defined by (7.121). B: Plot of the delay η using (7.121).
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small, there is no propagation. However, when c∗L
σ
< 1, a unique solution of (7.121) is

guaranteed, and thus there is a propagating wave.
It is an easy matter to plot the delay as a function of c∗L

σ
by appropriately reversing

the axes of Fig. 7.19A. Thus, in Fig. 7.19B is plotted the dimensionless delay η as a
function of c∗L

σ
. It is equally easy to plot the dimensionless velocity 1

η
as a function of

c∗L
σ

(not shown). The result is that the velocity is infinitely large as c∗L
σ
→ 0 and is zero

for c∗L
σ
≥ 1.

If a solution of (7.121) exists, then the speed of the wave is proportional to Dc. This
is because the velocity is L

τ
= D

ηL . This result is disconcerting for two reasons. First, the
speed of propagation of waves in spatially homogeneous reaction–diffusion systems
usually scales with the square root of D. It follows from simple scaling arguments
that since the units of the diffusion coefficient, Dc, are (length)2 per time, the distance
variable can be scaled by

√
Dck, where k is a typical time constant, to remove all distance

units, so that the wave speed scales with
√

Dck. Second, this disagrees with the result
of the previous section showing that if Dc is sufficiently small, there is propagation
failure. For the fire–diffuse–fire model, propagation success or failure is independent
of Dc.

This mismatch is explained by the fact that the fire–diffuse–fire model allows
only for release of Ca2+, but no uptake, and thus the Ca2+ transient is unrealistically
monotone increasing.

This deficiency of the fire–diffuse–fire model is easily remedied by adding a linear
uptake term that is homogeneous in space (Coombes, 2001), so that the model becomes

∂c
∂t
= Dc

∂2c

∂x2
− ksc+ σ

∑

n

δ(x− nL)δ(t− tn). (7.122)

The analysis of this modified model is almost identical to the case with ks = 0. The
fundamental solution is modified slightly by ks, with the Ca2+ profile resulting from
the firing at site i given by

ci(x, t) = σ H(t− ti)√
4πDc(t− ti)

exp

(
− (x− iL)2

4Dc(t− ti)
− ks(t− ti)

)
. (7.123)

Following the previous arguments, we learn that a propagating solution exists if there
is a solution of the equation

c∗L
σ
=
∞∑

n=1

1√
4πnη

exp
(
− n

4η
− β2n

)
≡ gβ(η), (7.124)

where η = Dcτ

L2 is the dimensionless delay, and β2 = ksL2

Dc
.

Estimates of the size of β2 can vary substantially. For example, using ks = 143/s
(= 1/α2 from Table 7.4), L2 = 30 μm2, and Dc = 20 μm2/s, we find β2 = 172, whereas
with ks = 3.78/s (= k4 from the Friel model, see Table 7.5), L2 = 4 μm2 (appropriate
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Figure 7.20 Plots of gβ(η) for
three different values of β. Note
that gβ is a decreasing function of
β for all positive values of η.

for Ca2+ release in cardiac cells), and Dc = 25 μm2/s, we find β2 = 0.6. Regardless, the
effect of β is significant. Plots of gβ(η) are shown for several values of β in Fig. 7.20. In
particular, if β �= 0, the function gβ(η) is not monotone increasing, but has a maximal
value, say gmax(β), which is a decreasing function of β. Furthermore, gβ(η) → 0 as
η → 0 and as η → ∞. If c∗L

σ
> gmax(β), then no solution of (7.124) exists; there is

propagation failure. On the other hand, if c∗L
σ
< gmax(β), then there are two solutions

of (7.124); the physically meaningful solution is the smaller of the two, corresponding
to the first time that c(x, t) reaches c∗.

For larger values of β, the curve gmax(β) agrees very well with the exponential func-
tion exp(−β). This provides us with an approximate criterion for propagation failure,

namely, if c∗L
σ

> exp(−β), propagation fails. Recall that β =
√

ksL2

Dc
to see the

√
Dc

dependence in this criterion.
By reversing the axes in Fig. 7.20, one obtains a plot of the dimensionless delay as

a function of c∗L
σ

. Notice the significant qualitative difference when β �= 0 compared to
β = 0. With β �= 0, propagation ceases at a finite, not infinite, delay. This implies that
propagation fails at a positive, not zero, velocity.

7.6 Calcium Puffs and Stochastic Modeling

In all the models discussed above, the release of Ca2+ was modeled as deterministic.
However, it is now well known that this is not always appropriate. In fact, each Ca2+
oscillation or wave is built up from a number of stochastic elementary release events,
called puffs, each of which corresponds to Ca2+ release from a single, or a small group
of, IPR. At low concentrations of IP3, punctate release from single clusters occurs,
while at high [IP3] these local release events are coordinated into global intracellular
waves (Yao et al., 1995; Parker et al., 1996a,b; Parker and Yao, 1996). Detailed studies
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Figure 7.21 Calcium waves and puffs
caused by release of Ca2+ and IP3. Lighter
colors correspond to higher Ca2+ concen-
trations. A: release of Ca2+ by a UV laser
zap results in a single localized Ca2+ re-
sponse. B: photolysis of IP3 across the
entire region causes several Ca2+ puffs
(see, for example, the puff at top center),
followed by an abortive wave about 5 sec-
onds after the release of IP3. C: photolysis
of IP3 followed by release of Ca2+ by a
UV laser zap. A global wave is initiated im-
mediately by the additional Ca2+ release.
(Adapted from Marchant et al., 1999, Fig.
3. We thank Ian Parker for providing the
original figure of this experimental data.)

of puffs have been done principally in Xenopus oocytes (Marchant et al., 1999; Sun et
al., 1998; Callamaras et al., 1998; Marchant and Parker, 2001) and HeLa cells (Thomas
et al., 2000; Bootman et al., 1997a,b).

Some typical experimental results are shown in Fig. 7.21. In the top panel is shown
the release of Ca2+ in response to a single laser pulse. (The cell was first loaded with
a photoreleasable form of Ca2+.) The Ca2+ pulse is localized, and does not spread
to form a global wave. This is because the background IP3 concentration is too low
to support a wave. However, when the background IP3 concentration is raised by the
photorelease of IP3 (panel B), the cytoplasm becomes more excitable, and spontaneous
Ca2+ puffs occur (for instance, the white dot at the top and center of the panel). If, by
chance, the spontaneous release is large enough, a traveling wave will form, spreading
from release site to release site, as shown in the bottom right of the panel. Panel C
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shows the response when the Ca2+ pulse is applied on top of a higher background
IP3 concentration. In this case the medium is excitable enough for the Ca2+ pulse to
initiate a global traveling wave.

These experimental results raise several important modeling questions. First,
when is it appropriate to use deterministic models and when must stochastic be-
havior be incorporated? Second, how should one best model stochastic Ca2+ release
through a small number of IPR, and, finally, how can one model the coordina-
tion of such local release into global events such as intracellular waves? Although
such questions are most obvious from the experimental work in oocytes and HeLa
cells, they are also important for the study of Ca2+ oscillations in other cell types.
As Falcke (2004) has pointed out, stochastic effects appear to be so fundamental
and widespread that they raise questions about the applicability of deterministic
approaches in general.

7.6.1 Stochastic IPR Models

The basic assumption behind the modeling of Ca2+ puffs is that each IPR release event
can be modeled as a stochastic Markov process, while the diffusion of Ca2+, and the
action of the other pumps and Ca2+ fluxes can be modeled deterministically. Given a
Markov state model of the IPR (for example, as shown in Fig. 7.8 or Fig. 7.10), we can
simulate the model by choosing a random number at each time step and using that
random number to determine the change of state for that time step. This is done most
efficiently using the Gillespie method, as described in Section 2.9.3.

In general, each transition rate is a function of c and p, and thus the transition prob-
abilities are continually changing as the concentrations change. It follows that c and p
must be updated at each time step. Such updates are done deterministically, by solving
the reaction–diffusion equations for c and p. When the simulated IPR model is in the
open state, the reaction–diffusion equation for Ca2+ has an additional flux through the
IPR. When the simulated IPR model is in some other state, this flux is absent. Thus,
we obtain a reaction–diffusion equation for c that is driven by a stochastically varying
input.

The first stochastic model of an IPR was due to Swillens et al. (1998). Their model
is an 18-state model in which the IPR can have 0 or 1 IP3 bound, 0, 1, or 2 activating
Ca2+ bound, and 0, 1, or 2 inactivating Ca2+ bound. The receptor is open only when
it has one IP3 bound, two Ca2+ bound to activating sites, and no Ca2+ bound to inac-
tivating sites. The steady-state open probability of the model is constrained to fit the
experimental data of Bezprozvanny et al. (1991), and it is assumed that Ca2+ diffuses
radially away from the mouth of the channel. Calcium can build up to high concen-
trations at the mouth of the channel, and these local concentrations are used in the
stochastic simulation of the IPR model.

Simulations of this model show two things in particular. First, channel openings
occur in bursts, as Ca2+ diffuses away from the mouth of the channel slowly enough to
allow rebinding to an activating site. Second, by comparing to experimentally observed



324 7: Calcium Dynamics

distributions of puff amplitudes, Swillens et al. (1999) showed that a typical cluster
contains approximately 25 receptors, and that within the cluster the IPR are probably
separated by no more than 12 nm.

Because of the intensive computations involved in direct stochastic simulation of
gating schemes for the IPR, Shuai and Jung approximated a stochastic version of the
eight-state model (Section 7.2.5) by a Langevin equation (Shuai and Jung, 2002a,b,
2003), an approach that had already been used to study the Hodgkin–Huxley equations
by Fox and Lu (1994). Although 25 receptors in each cluster makes a Langevin equa-
tion approach less accurate than direct stochastic simulation, the qualitative behavior
agrees well with direct simulation.

Local Concentrations
In any stochastic model of the IPR it is impossible to ignore the local high concentra-
tions that occur at the mouth of the channel. Neglect of this factor results in either an
IPR model that bears no relation to reality, or a model that does not exhibit realistic
Ca2+ oscillations. Thus, for a stochastic model of the IPR to be incorporated into a
whole-cell model of Ca2+ oscillations, it is necessary to somehow relate the Ca2+ con-
centration in the microdomain at the channel mouth to the bulk Ca2+ concentration
in the cytoplasm of the cell. Two approaches to this problem are those of Huertas and
Smith (2007) and Bentele and Falcke (2007).

This problem is similar to the problem of how best to model Ca2+ release in cardiac
cells (Section 12.2.4). There, the ryanodine receptors release Ca2+ into a very restricted
domain, the diadic cleft, and experience Ca2+ concentrations much higher than those
in the remainder of the cytoplasm. Thus, many recent models of Ca2+ dynamics in
cardiac cells do not use a single cytoplasmic Ca2+ domain, but incorporate various
Ca2+ microdomains, with greater or lesser complexity.

7.6.2 Stochastic Models of Calcium Waves

Of all the results from stochastic modeling, the most intriguing are those of Falcke
(2003a,b), who studied the transition from puffs to waves in Xenopus oocytes as [IP3]
is increased. At low [IP3] only puffs are observed; there is not enough Ca2+ released
from each cluster to stimulate Ca2+ release from neighboring clusters, and thus the
responses are purely local. However, as [IP3] increases, both the sensitivity of, and the
amount of Ca2+ released from, each IPR increases. This allows for the development of
global waves that emerge from a nucleation site. However, until [IP3] gets considerably
larger, these global events are rare, and in many cases form only abortive waves that
progress a short distance before dying out. Both the interwave time interval, Tav, and
its standard deviation �Tav, decrease as [IP3] increases. Finally, at high [IP3] global
waves occur regularly with a well-defined period.

Falcke (2003a,b) showed that all these behaviors can be reproduced by a stochas-
tic version of the eight-state model of Section 7.2.5. The long time interval between
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Figure 7.22 Plot of the relative standard deviation �Tav/Tav. The experimental data (open
circles) are from Marchant and Parker (2001), while the simulations are from Falcke (2003a).

successive waves when [IP3] is low is a result almost entirely of the stochastic dynam-
ics. In each time interval there is a chance that one IPR fires, stimulating the firing
of the entire cluster, and thus initiating a global wave, but because of the interclus-
ter separation and the low sensitivity of each IPR, such events are rare. Hence in this
regime both Tav and �Tav are large. Conversely, when [IP3] is large, each IPR is much
more sensitive to Ca2+, and the flux through each receptor is larger. Thus, firing of
a single IPR is nearly always sufficient to stimulate a global wave. In this case, the
interwave period is set, not by stochastic effects, but by the intrinsic dynamics of the
IPR, i.e., the time required for the receptor to reactivate and be ready to propagate
another wave. These results are most easily seen in Fig. 7.22, which shows experi-
mental data from Marchant and Parker (2001) and the corresponding simulations of
Falcke (2003a). The ratio of �Tav/Tav remains approximately constant over a wide
range of Tav.

What is particularly interesting about these results is that in the simulations the pe-
riodic global waves occur for concentrations of IP3 for which the deterministic version
of the model is nonoscillatory. In other words, oscillatory waves are not necessarily the
result of oscillatory kinetics. They can result from a stochastic process that, every so
often, causes a cluster to fire sufficiently strongly that it initiates a global wave. If the
standard deviation of the average time between firings is sufficiently small the resulting
almost-periodic responses can appear to be the result of an underlying limit cycle, even
when no such limit cycle exists. Such results call into serious question the relevance
of deterministic approaches to Ca2+ waves and oscillations that are caused by small
numbers of stochastic IPR. However, the implications have yet to be fully digested
(Keener, 2006).
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7.7 Intercellular Calcium Waves

Not only do Ca2+ waves travel across individual cells, they also travel from cell to
cell to form intercellular waves that can travel across many cells. One of the earliest
examples of such an intercellular wave was discovered by Sanderson et al. (1990, 1994),
who discovered that in epithelial cell cultures, a mechanical stimulus (for example,
poking a single cell with a micropipette) can initiate a wave of increased intracellular
Ca2+ that spreads from cell to cell to form an intercellular wave. Typical experimental
results from airway epithelial cells are shown in Fig. 7.4. The epithelial cell culture
forms a thin layer of cells, connected by gap junctions. When a cell in the middle of the
culture is mechanically stimulated, the Ca2+ in the stimulated cell increases quickly.
After a time delay of a second or so, the neighbors of the stimulated cell also show
an increase in Ca2+, and this increase spreads sequentially through the culture. An
intracellular wave moves across each cell, is delayed at the cell boundary, and then
initiates an intracellular wave in the neighboring cell. The intercellular wave moves via
the sequential propagation of intracellular waves. Of particular interest here is the fact
that in the absence of extracellular Ca2+, the stimulated cell shows no response, but an
intercellular wave still spreads to other cells in the culture. It thus appears that a rise
in Ca2+ in the stimulated cell is not necessary for wave propagation. Neither is a rise in
Ca2+ sufficient to initiate an intercellular wave. For example, epithelial cells in culture
sometimes exhibit spontaneous intracellular Ca2+ oscillations, and these oscillations
do not spread from cell to cell. Nevertheless, a mechanically stimulated intercellular
wave does spread through cells that are spontaneously oscillating.

Intercellular Ca2+ waves in glial cultures were also studied by Charles et al. (1991)
as well as by Cornell-Bell et al. (1990). Over the past few years there has accumulated
an increasing body of evidence to show that such intercellular communication between
glia, or between glia and neurons, plays an important role in information processing
in the brain (Nedergaard, 1994; Charles, 1998; Vesce et al., 1999; Fields and Stevens-
Graham, 2002; Lin and Bergles, 2004).

Just as there is a wide variety of intercellular Ca2+ waves in different cell types, so
is there a corresponding variety in their mechanism of propagation. Nevertheless, two
basic mechanisms are predominant: propagation by the diffusion of an extracellular
messenger, and propagation by the diffusion of an intracellular messenger through gap
junctions. Sometimes both mechanisms operate in combination to drive an intercellu-
lar wave (see, for example, Young and Hession, 1997). Most commonly the intracellular
messenger is IP3 or Ca2+ (or both), but a much larger array of extracellular messengers,
including ATP, ADP, and nitric oxide, has been implicated.

There have been few models of intercellular Ca2+ waves. The earliest were due to
Sneyd et al. (1994, 1995a, 1998) who studied the mechanisms underlying mechanically
induced waves, while another early model was that of Young (1997). More recent ver-
sions of this basic model have been used to study intercellular coupling in hepatocytes
(Höfer, 1999; Höfer et al., 2001, 2002; Dupont et al., 2000) and pancreatic acinar cells
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(Tsaneva-Atanasova et al., 2005), while a different approach was taken by Jung et al.
(1998) and Ullah et al. (2006). There have been even fewer studies of the interactions
between intracellular and extracellular messengers (two recent examples are Bennett
et al., 2005, and Iacobas et al., 2006), and much remains to be discovered about how
such models behave.

7.7.1 Mechanically Stimulated Intercellular Ca2+ Waves

Sanderson and his colleagues (Boitano et al., 1992; Sanderson et al., 1994; Sneyd et al.,
1994, 1995a,b) proposed a model of mechanically stimulated intercellular Ca2+ waves
in epithelial cells (Fig. 7.23). They proposed that mechanical stimulation causes the
production of large amounts of IP3 in the stimulated cell, and this IP3 moves through
the culture by passive diffusion, moving from cell to cell through gap junctions. Since
IP3 releases Ca2+ from the ER, the diffusion of IP3 from cell to cell results in a cor-
responding intercellular Ca2+ wave. Experimental results indicate that the movement
of Ca2+ between cells does not play a major role in wave propagation, and thus the
model assumes that intercellular movement of Ca2+ is negligible. Relaxation of this
assumption makes little difference to the model behavior, as it is the movement of IP3

through gap junctions that determines the intercellular wave properties.

+

IP3

+Ca2+

+

IP3 diffusion

+

Mechanical stimulation

IPR

GJ

ER

Ca2+ Ca2+ Ca2+

Figure 7.23 Schematic diagram of the model of intercellular Ca2+ waves. GJ: gap junction;
ER: endoplasmic reticulum; IPR: IP3 receptor.
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In the model, the epithelial cell culture is modeled as a grid of square cells. It is
assumed that IP3 moves by passive diffusion and is degraded with saturable kinetics.
Thus, if p denotes [IP3], then

∂p
∂t
= Dp∇2p− Vppkp

kp + p
. (7.125)

When p � kp, p decays with time constant 1/Vp. Ca2+ is also assumed to move by
passive diffusion, but it is released from the ER by IP3 and pumped back into the ER
by Ca2+ ATPases. The equations are

∂c
∂t
= Dc∇2c+ JIPR − Jserca + Jin, (7.126)

τh
dh
dt
= k2

2

k2
2 + c2

− h, (7.127)

JIPR = kfμ(p)h
[
b+ (1− b)c

k1 + c

]
, (7.128)

Jserca = γ c2

k2
γ + c2

, (7.129)

Jin = β, (7.130)

μ(p) = p3

k3
μ + p3 . (7.131)

This was an early model of Ca2+ dynamics, which is reflected in its relative simplicity.
The model of the IPR was based on the model of Atri et al. (1993); JIPR is a function
of p, c, and a slow variable h, which denotes the proportion of IP3 receptors that have
not been inactivated by Ca2+. Opening by IP3 is assumed to be instantaneous, as is

activation by Ca2+; hence the term μ(p)
[
b+ (1−b)c

k1+c

]
, that is an increasing function of

both p and c. The inactivation variable, h, has a steady state which is a decreasing
function of Ca2+, and it reaches this steady state with time constant τh. Thus, the
property of fast activation by Ca2+ followed by slower inactivation is built into the
model equations.

As usual, Jserca denotes the removal of Ca2+ from the cytoplasm by Ca2+ ATPases
in the ER membrane, and is modeled as a Hill equation with coefficient 2 (based on
the data of Lytton et al., 1992); Jin is an unspecified leak of Ca2+ into the cytoplasm,
either from outside the cell or from the ER. Values of the model parameters are given
in Table 7.7.

There is one important difference between this model and others discussed earlier
in this chapter; here there is no variable describing the Ca2+ concentration in the ER,
i.e., no ce variable. This is equivalent to assuming that depletion of the ER is negligible,
so that ce is constant.



7.7: Intercellular Calcium Waves 329

.Table 7.7 Parameters of the model of intercellular Ca2+ waves. One important point to note is
the difference between Dp and Dc .The value of Dc used here is the effective diffusion coefficient
of Ca2+. Although IP3 is a much larger molecule than Ca2+, it diffuses faster through the cell
because it is not buffered (Allbritton et al., 1992).

kf = 3 μM s−1 b = 0.11

k1 = 0.7 μM k2 = 0.7 μM

τh = 0.2 s kγ = 0.27 μM

γ = 1 μM s−1 β = 0.15 μM s−1

kμ = 0.01 μM Vp = 0.08 s−1

kp = 1 μM F = 2 μm s−1

Dc = 20 μm2s−1 Dp = 300 μm2s−1

Figure 7.24 Density plot of a two-dimensional intercellular Ca2+ wave, computed
numerically from the intercellular Ca2+ wave model. (Sneyd et al., 1995b, Fig. 4.)

Finally, the internal boundary conditions are given in terms of the flux of IP3 from
cell to cell. If cell n has [IP3] = pn, it is assumed that the flux of IP3 from cell n to cell
n+ 1 is given by F(pn − pn+1) for some constant F, called the permeability.

Initially, a single cell was injected with IP3, which was then allowed to diffuse from
cell to cell, thereby generating an intercellular Ca2+ wave. Figure 7.24 shows a density
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plot of a numerical solution of the model equations in two dimensions. An intercel-
lular wave can be seen expanding across the grid of cells and then retreating as the
IP3 degrades. As expected for a process based on passive diffusion, the intracellular
wave speed (i.e., the speed at which the intercellular wave moves across an individual
cell) decreases with distance from the stimulated cell, and the arrival time and the
intercellular delay increase exponentially with distance from the stimulated cell. For
the values chosen for F, ranging from 1 to 8 μm s−1, the model agrees well with exper-
imental data from epithelial, endothelial, and glial cells (Demer et al., 1993; Charles
et al., 1992). However, the most important model prediction is the value of F needed
to obtain such agreement. If F is lower than about 1 μm s−1, the intercellular wave
moves too slowly to agree with experimental data. Since the value of F is unknown,
this prediction provides a way to test the underlying hypothesis of passive diffusion
of IP3.

7.7.2 Partial Regeneration

One of the major questions raised about the previous model was whether an IP3

molecule is able to diffuse through multiple cells without being degraded. It is unlikely
that an IP3 molecule could survive long enough to cause intercellular waves propa-
gating distances of up to several hundred micrometers. However, if the production of
IP3 is regenerative, for example, by the activation of PLC by increased

[
Ca2+], then

the waves could potentially propagate indefinitely, as do action potentials in the axon
(Chapter 6). Since in most cell types the waves eventually stop, this would seem, at first
sight, to preclude a regenerative mechanism for IP3 production.

This question was resolved by Höfer et al. (2002), who showed that a partially regen-
erative mechanism could propagate intercellular Ca2+ waves much farther than would
be possible by simple diffusion, but not indefinitely; the waves still eventually terminate.
Their model was used to study long-range intercellular Ca2+ waves in astrocytes cul-
tured from rat striatum, a preparation in which it is known that the intercellular waves
propagate principally through gap-junctional diffusion of an intracellular messenger.

The model equations are similar to those in the previous section, with two major
exceptions. First, they include the dynamics of ce, and second, they assume that the
rate of production of IP3 by one of the isoforms of PLC, PLCδ, is an increasing function
of
[
Ca2+]. Thus,

∂p
∂t
= Dp∇2p+ ν7c2

K2
Ca + c2

− k9p, (7.132)

where KCa = 0.3 μM, k9 = 0.08 s−1, and ν7 varies between 0 and 0.08.
Results are shown in Fig. 7.25. When the positive feedback from Ca2+ to IP3 produc-

tion is small (i.e., when the maximal rate of PLCδ activity, ν7, is small), the intercellular
Ca2+ wave behaves as if it resulted from passive diffusion of IP3 from the stimulated
cell, as in the model of mechanically stimulated intercellular Ca2+ waves. Conversely,
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Figure 7.25 Types of intercellular
waves in the partially regenerative
model as a function of the gap
junction permeability of IP3 and
the maximal activity of PLCδ (Höfer
et al., 2002, Fig. 4).The intercellular
permeability to IP3, here called PIP3

,
was called F inTable 7.7.

when ν7 is large the waves become fully regenerative, propagating indefinitely. How-
ever, numerical computations show an intermediate range of ν7 values that give limited
regenerative waves; waves that propagate further than they would have, had they been
governed solely by passive diffusion of IP3, but that eventually terminate and thus are
not fully regenerative.

7.7.3 Coordinated Oscillations in Hepatocytes

Periodic intercellular Ca2+ waves propagate across entire lobules of the liver
(Nathanson et al., 1995; Robb-Gaspers and Thomas, 1995), and this behavior is mir-
rored in smaller clusters (doublets and triplets) of coupled hepatocytes. The mechanism
for the propagation of these waves appears to be quite different from that proposed
for mechanically stimulated waves. First, the waves in hepatocytes propagate only if
each cell is stimulated, i.e., only if each cell has increased IP3. Second, the waves are
time periodic. Despite these differences, it is known that the coordination of the waves
depends on gap-junctional diffusion of an intracellular messenger; in the absence of
gap-junctional coupling no coordinated wave activity appears, with each cell oscillat-
ing independently of its neighbors (Tordjmann et al., 1997). It is also known that there
is an increasing gradient of hormone receptor density as one moves from the peripor-
tal to the perivenous zone of the liver lobule. This gradient is mirrored in triplets of
hepatocytes; when stimulated with noradrenaline, the cells in the triplet respond in
order, with the cell with the highest receptor density responding first. Since each cell
in the triplet responds in synchrony to intracellular photorelease of IP3, it follows that
the different latencies are the result of different rates of production of IP3.

Based on these observations, it has been proposed (Dupont et al., 2000) that the
coordinated waves in hepatocyte clusters are phase waves, in which each cell oscillates
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with a phase slightly different from that of its neighbors. In that model, intercellular
synchronization is provided by the diffusion of IP3 through gap junctions. Since each
cell produces IP3 at a slightly different rate, the intercellular diffusion of IP3 serves to
smooth out the intercellular IP3 gradients, allowing for greater synchronization of the
oscillations and the appearance of phase waves. Such synchronization does not persist
for a long time, since the cells are essentially uncoupled—in the model there are no
oscillations in IP3 driving the Ca2+ oscillations, and thus, in the absence of intercel-
lular Ca2+ diffusion, the cells act as uncoupled oscillators over a longer time scale.
Nevertheless, synchronization persists for long enough to explain experimental obser-
vations. A slightly different model, in which the cells are coupled by the intercellular
diffusion of Ca2+, was proposed by Höfer (1999) and also tested by Dupont and her
colleagues. According to the latter group, a model based on intercellular diffusion of
Ca2+ is insufficient to explain all the experimental data.

Similar studies have been done of intercellular waves in pancreatic acinar cells
(Tsaneva-Atanasova et al., 2005), in which it was concluded that the intercellular dif-
fusion of Ca2+ alone was able to synchronize intercellular phase waves over a long
time period, and that the function of intercellular IP3 diffusion was to minimize the
intercellular IP3 gradients, thus making it easier for Ca2+ diffusion to synchronize the
oscillators.

However, these results are all still attended by considerable controversy. It is not
yet clear how important IP3 oscillations are for driving Ca2+ oscillations in either
hepatocytes or pancreatic acinar cells. Much work remains to be done to elucidate the
detailed mechanisms underlying these intercellular waves and coupled oscillations.

7.8 Appendix: Mean Field Equations

In Section 7.3, we added diffusion to our model equations in order to study Ca2+
dynamics in a spatially distributed system. However, in doing so, we made use of some
very important approximation techniques, which we describe in this appendix.

7.8.1 Microdomains

Suppose that a substance u is diffusing and reacting in a three-dimensional region in
which one or two of the dimensions are small compared to the diffusion length scale. (If
all dimensions are small compared to a typical diffusion length scale, then it is reason-
able to assume that the region is well mixed, and a whole-cell model is appropriate.)
Such a region could be, for example, the region between the junctional SR and the
plasma membrane in cardiac cells (the diadic cleft), a narrow region of the cytoplasm
between two planar sheets of ER, or a narrow region of the cytoplasm between the ER
and the mitochondria. Such microdomains are known to be very important in cardiac
cells and skeletal muscle, and are believed to be important (although the details remain
uncertain) in cells such as the interstitial cells of Cajal, smooth muscle, and neurons.
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In this domain,

∂u
∂t
= D∇2u+ f , (7.133)

with boundary conditions n ·D∇u = J on the boundary of the domain, where n is the
unit outward normal. For this discussion, it is most convenient to assume that (7.133)
is in units of dimensionless time, so that D has units of length squared.

Now suppose, for example, that the domain is a long cylindrical tube with cross-
sectional area A that is small compared to D. Because A is small compared to D, we
expect that the solution should be nearly uniform in each cross-section, varying only
slightly from its average value. Thus, we seek an equation describing the evolution of
the average value, also called a mean field equation.

To exploit the difference in length scales, we split the Laplacian operator into two,
writing

∇2u = uxx + ∇2
y u, (7.134)

where x is the coordinate along the length of the tube, and y represents the coordinates
of the cross-section of the tube. The boundary conditions along the sides of the tube
are also expressed as n · D∇yu = J, using the coordinate system of the cross-section.
Here we ignore the boundary conditions at the ends of the tube.

The quick and dirty derivation of the mean field equation is to define ū as the
average cross-sectional value of u,

ū = 1
A

∫

	

u dA, (7.135)

where 	 is the cross-sectional domain, and then to integrate the governing equation
(7.133) over 	, to find

∂ū
∂t
= Dūxx + D

A

∫

	

∇2
y u dA+ 1

A

∫

	

f dA. (7.136)

Applying the divergence theorem,
∫

	

∇2
y u dA =

∫

∂	

n · ∇yu dS, (7.137)

yields

∂ū
∂t
= Dūxx + S

A
J̄ + f̄ , (7.138)

where

J̄ = 1
S

∫

∂	

J dS, (7.139)

with S the circumference of the cross-section. Equation (7.138) is the equation
governing the behavior of ū.
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While (7.138) gives the correct answer, some of us may wish for a more systematic
derivation. Furthermore, if either J or f depends on u, then it is not clear how to
determine J̄ or f̄ .

To this end we introduce a small parameter ε where ε2 = A
D , and introduce the

scaled coordinate y = √Aξ , in terms of which (7.133) becomes

∂u
∂t
= Duxx + 1

ε2
∇2
ξ u+ f , (7.140)

subject to boundary conditions n ·∇ξu = ε J√
D

. Now we seek a solution of (7.140) of the

form

u = ū+ εw, (7.141)

where w is required to have zero average in each cross-section (i.e.,
∫
	ξ

w dAξ = 0), and
ū is independent of ξ . It is important to note that ū and ω are not independent of ε,
and this is not a power series representation of the solution. Instead, this is a splitting
of the solution by a projection operator, say

Pu =
∫

	ξ

u dAξ , (7.142)

and in this notation ū = Pu and εw = u− Pu.
Now we find equations for ū and w by substituting (7.141) into (7.140) and then

applying the projection operators P and I − P. First, applying P (i.e., integrating over
	ξ ), we find

∂ū
∂t
= Dūxx + 1

ε

Sξ√
D

J̄ + f̄ , (7.143)

where J̄ = 1
Sξ

∫
∂	ξ

J dSξ , and Sξ is the circumference of the tube measured in units of
ξ . Next, applying the operator I − P we find

1
ε
∇2
ξ w = 1

ε

Sξ√
D

J̄ + f̄ − f + ε ∂w
∂t
− εDwxx. (7.144)

The function w must also satisfy the boundary condition n · ∇ξw = J√
D

along the sides

of the tube.
If both J and f are known functions, with no dependence on u, then we are done,

because (7.143) is the exact mean field equation. No further approximation is needed.
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However, if either J or f depends on u, as is typical, then it is necessary to know
more about w. In particular, if w is bounded and of order one, then

J̄ = 1
Sξ

∫

∂	ξ

J(u) dSξ

= 1
Sξ

∫

∂	ξ

J(ū+ εw) dSξ

= 1
Sξ

∫

∂	ξ

(
J(ū)+ εJu(ū)w+O(ε2)

)
dSξ

= J(ū)+O(ε2), (7.145)

and similarly, f̄ = f (ū)+O(ε2). Thus, the mean field equation is

∂ū
∂t
= Dūxx + 1

ε

Sξ√
D

J(ū)+ f (ū)+O(ε), (7.146)

or, in terms of the original parameters,

∂ū
∂t
= Dūxx + S

A
J(ū)+ f (ū)+O

(√
A
D

)
. (7.147)

It remains to establish that w is bounded and of order one. To this end, we seek a
solution w of (7.144) as a power series in ε, with ū fixed (that is, ignoring the implicit
ε dependence of ū),

w = w1 + εw2 +O(ε2). (7.148)

It is immediate that w1 must satisfy

∇2
ξ w1 = Sξ√

D
J̄, (7.149)

subject to the boundary condition n ·∇ξw1 = J(ū)√
D

. Now we let W(ξ) be the fundamental

solution of the boundary value problem

∇2
ξ W = Sξ on 	, (7.150)

subject to the boundary condition n·∇ξW = 1 on ∂	, and the condition
∫
	

W(ξ)dAξ = 0
(which, from the standard theory of Poisson’s equation, is known to exist). It follows
that

w1 = J(ū)√
D

W(ξ). (7.151)

This establishes, at least to our satisfaction, that w is a well-behaved, bounded function
of ε, and we are done.

Suppose that instead of a long thin cylinder, the region of interest lies between two
flat two-dimensional membranes separated by the distance L, where L2 � D. Suppose
also that Duz = −J0 and Duz = J1 on the lower and upper membranes, respectively,
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where z represents the vertical spatial coordinate. In this case, one can show using the
same methodology (Exercise 19) that the mean field equation is

∂ū
∂t
= D∇2ū+ 1

L
(J1(ū)+ J0(ū))+ f (ū)+O

(
L√
D

)
, (7.152)

where ū = 1
L

∫ L
0 u dz, and ∇2 represents the two-dimensional Laplacian operator.

7.8.2 Homogenization; Effective Diffusion Coefficients

As noted in Section 7.3, to take the details of the microstructure of the cytoplasmic
and ER boundaries into account is both impractical and of little use. Instead, there is a
need to find a mean field description of the Ca2+ concentrations that uses an effective
diffusion coefficient. This need to avoid the details of the microstructure is evident
in many other contexts. For example, as is described in Chapter 12, there is a need
for equations of action potential propagation in cardiac tissue that do not rely on the
details of cellular structure and its interconnectedness.

Homogenization is the very powerful technique by which this is accomplished. In
this section we show how homogenization is used to find averaged, or mean field, equa-
tions with an effective diffusion coefficient. This same technique is invoked in Chapter
12 to find effective conductances for cardiac tissue. Finally, this technique allows for
the derivation of the bidomain equations for Ca2+, and the bidomain equations for the
cardiac action potential.

As a warmup problem, suppose a substance is reacting and diffusing along a one-
dimensional region, and that the diffusion coefficient is rapidly varying in space. To be
specific, suppose u is governed by the reaction–diffusion equation

∂u
∂t
= ∂

∂x

(
D
(x
ε

)∂u
∂x

)
+ f (u). (7.153)

Here x is dimensionless, D(x) is a periodic function of period one and of order one, and
ε is small. We expect that u should have some average or mean field behavior with a
characteristic length scale of order one, with small variations from this mean field that
are of order ε.

To explore this possibility, we introduce two variables,

z = x, ξ = x
ε

, (7.154)

which we treat as independent variables. From the chain rule,

∂

∂x
= ∂

∂z
+ 1
ε

∂

∂ξ
, (7.155)

and the original partial differential equation (7.153) becomes

∂u
∂t
= ∂

∂z

(
D(ξ)

(∂u
∂z
+ 1
ε

∂u
∂ξ

))
+ 1
ε

∂

∂ξ

(
D(ξ)

(∂u
∂z
+ ∂u
∂ξ

))
+ f (u). (7.156)
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While this equation is clearly more intricate than (7.134), its structure is essentially
the same. Thus the calculation that follows is the same as that of the previous section.
That is, we seek a solution of (7.156) of the form

u = ū+ εw, (7.157)

where ū is independent of ξ , and w is a periodic function of ξ with zero mean value,∫ 1
0 w dξ = 0. However, rather than applying the projection operators and then finding

power series solutions of these, it is slightly more convenient (and in this case equiva-
lent) to seek power series solutions of (7.156) directly. That is, we set ū = u0+εu1+O(ε2),
and w = w1+ εw2+O(ε2), substitute these into (7.156), collect terms of like powers of
ε, resulting in a hierarchy of equations to be solved,

∂

∂ξ

(
D(ξ)

(∂w1

∂ξ
+ ∂u0

∂z

))
= 0, (7.158)

and

∂

∂ξ

(
D(ξ)

∂w2

∂ξ

)
= ∂u0

∂t
− ∂

∂z

(
D(ξ)

(∂u0

∂z
+ ∂w1

∂ξ

))

− ∂

∂ξ

(
D(ξ)

(∂w1

∂z
+ ∂u1

∂z

))

− f (u0). (7.159)

The first of these is readily solved by direct integration. We define W(ξ) to be the
periodic function with zero mean that satisfies the differential equation

dW
dξ
= R

R̄
− 1, (7.160)

where R = 1
D and R̄ = ∫ 1

0 R dξ . Then

w1 = −W(ξ)
∂u0

∂z
. (7.161)

The function W(ξ) determines the small-scale structure of the solution.
Next, we examine (7.159) and observe that w2 can be periodic only if the right-hand

side of this equation has zero average with respect to ξ . Thus, it must be that

∂u0

∂t
=
∫ 1

0

∂

∂z

(
D(ξ)

(∂u0

∂z
+ ∂w1

∂ξ

))
dξ + f (u0)

= Deff
∂2u0

∂z2 + f (u0), (7.162)

where

Deff = 1

R̄
. (7.163)

Equation (7.162) is the mean field equation we seek, and Deff is the effective diffusion
coefficient.
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Figure 7.26 Two possible ER microscale structures. The more complicated structure in B
results in a nonisotropic effective diffusion tensor.

Homogenization for the full three-dimensional problem follows the same menu. We
suppose that a substance is reacting and diffusing in a subregion of three-dimensional
space that is subdivided into small periodic subunits 	, called the microstructure,
which are each contained in a small rectangular box. The region	 is further subdivided
into a cytoplasmic region, 	c, and an ER region, 	e, as shown in Fig. 7.26A. �m is the
membrane boundary between the ER and the cytoplasm, and �b is the intersection of
the ER with the walls of the box. Because we assume that the microdomain is repeated
periodically, the ER of one box connects, through �b, to the ER of the neighboring
boxes.

We assume that the rectangular box is of length l (although the box need not be a
cube), where l is much less than the natural length scale of the problem, in this case
� = √D, the diffusion length. Thus, there are two natural length scales, l and �, and
so ε = l/�� 1 is a natural small parameter. Since l is small compared to the diffusion
length scale, it is reasonable to assume that the solution is nearly homogeneous in each
microstructural unit, and that the microstructure causes only small perturbations to
the background solution.

Now we suppose that the substance u is diffusing and reacting according to (7.133)
in	c, and that the flux across �m is n ·D∇u = J. Another variable, v say, will be reacting
and diffusing inside the region 	e, but it is unnecessary to carry the analysis through
for both variables. Again, it is convenient to assume that these equations are in units
of dimensionless time, so that D has units of length2. We further assume that J is
proportional to l. Notice that the total flux across �m is proportional to the surface
area, so that the total flux per unit volume is proportional to J/l. In order that this
remain bounded in the limit that ε → 0, we assume that J = lj.
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The standard procedure is to introduce two variables

z = x
�

, ξ = z
ε

, (7.164)

so that ξ denotes the space variable on the microscale, and z denotes the space variable
on the original, or long, scale. Treating z and ξ as independent variables, we write

∇x = 1
�

(
1
ε
∇ξ + ∇z

)
, (7.165)

where the subscript denotes the space variable with which the gradient derivatives are
taken. In these variables, (7.133) becomes

∂u
∂t
= ∇2

z u+ 2
ε
∇ξ∇zu+ 1

ε2
∇2
ξ u+ f , (7.166)

subject to the boundary condition

n ·
(
∇zu+ 1

ε
∇ξu

)
= εj on �m. (7.167)

Notice that n is a dimensionless quantity, containing only directional information about
the normal to the boundary and so does not change with changes in space scale.

Once again we have a partial differential equation with the same structure as
(7.134). Thus, as before, we look for a solution of (7.166) in the form

u = ū(z, t, ε)+ εw(ξ , z, t, ε), (7.168)

where ū is the background, or mean field, solution, varying only on the large space
scale and independent of ξ , while εw is a correction term periodic in ξ and having zero
average value in the variable ξ . Next, we seek power series representations for ū and w
of the form

ū = u0 + εu1 +O(ε2), w = w1 + εw2 +O(ε2). (7.169)

Substituting these into (7.166) and (7.167), and equating coefficients of powers of ε,
gives a hierarchy of equations to be solved sequentially. The leading-order equation is

∇2
ξ w1 = 0 in 	c, (7.170)

subject to boundary conditions

n · (∇zu0 + ∇ξw1) = 0 on �m, (7.171)

and the next equation in the hierarchy is

∂u0

∂t
= ∇2

z u0 + 2∇ξ∇zw1 + ∇2
ξ w2 + f , in 	c, (7.172)

with boundary conditions

n · (∇zw1 + ∇ξw2) = j on �m. (7.173)
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The first of these equations can be solved in the way derived by Bensoussan et al.
(1978) by letting

w1 = W(ξ) · ∇zu0, (7.174)

where W(ξ) is a fundamental solution satisfying the vector differential equation

∇2
ξ W = 0 in 	c, (7.175)

n · (∇ξW + I) = 0 on �m. (7.176)

In addition, to specify W(ξ) uniquely, we require that
∫

	c

W(ξ)dVξ = 0. (7.177)

The mean-field equation for u0 can be found by integrating (7.172) over 	c, which
gives

Vc
∂u0

∂t
=
∫

	c

∇z · (∇zu0 + ∇ξw1)dVξ +
∫

	c

∇ξ · (∇zw1 + ∇ξw2)dVξ +
∫

	c

f dVξ

=
∫

	c

∇z · (∇zu0 + ∇ξW∇zu0) dVξ +
∫

∂	c

n · (∇ξw2 + ∇zw1) dSξ +
∫

	c

f dVξ

= ∇z ·
[∫

	c

(I + ∇ξW)

]
∇zu0 dVξ +

∫

�m

j(u0) dSξ + V	c f (u0). (7.178)

Note that the integral over ∂	c reduces to the integral over �m because we require w1

and w2 to be periodic in ξ .
Equation (7.178) is a consistency condition that is required in order that w2 exist.

In other words, (7.172) is a differential equation for w2 that, if w2 is to be periodic, can
be solved only if a solvability or consistency condition holds (this is an application of
the Fredholm alternative). The required consistency condition is found by integrating
(7.172) over 	c to give (7.178).

It thus follows that

∂u0

∂t
= ∇z ·Deff∇zu0 + Sc

Vc
j(u0)+ f (u0), (7.179)

where Vc and Sc denote the (dimensionless) volume and surface area of	c, respectively,
and Deff , the (dimensionless) effective diffusion tensor, is given by

Deff = 1
Vc

∫

	c

(I + ∇ξW) dVξ . (7.180)

Hence, for any given periodic geometry, the effective diffusion tensor (7.180) can be
calculated by solving (7.175) and (7.176). Goel et al. (2006) calculated effective diffusion
coefficients for a variety of possible ER microstructures. For the regular structure of
Fig. 7.26A, the effective diffusion coefficient of Ca2+ in the cytoplasm decreases by
60% as the volume fraction of the ER increases from 0 to 0.9. The more complicated
structure of Fig. 7.26B gives nonisotropic diffusion, with the diffusion coefficient in
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the vertical direction about 50% larger than the diffusion coefficient in the other two
directions.

7.8.3 Bidomain Equations

The homogenization technique described here can be applied to any spatial domain
with a periodic microstructure. Thus, for example, it can be applied to intertwined
intracellular and extracellular spaces, or to intertwined cytoplasmic and ER spaces.
In each case, one finds descriptions of the mean fields that are defined everywhere in
space, so that the two spaces are effectively comingled, hence viewed as a bidomain.
The only (slight) complication is that fluxes across common boundaries must be equal
in amplitude and opposite in direction. Thus, a flux into the intracellular space is a flux
out of the extracellular space, or a flux into the cytoplasm is also a flux out of the ER.
Furthermore, even though the domains share a common interface, their volumes are
complementary so that the surface-to-volume ratios for the two spaces differ.

7.9 Exercises
1. Show that in a general model of intracellular Ca2+ dynamics in a well-mixed cell, the resting

cytoplasmic Ca2+ concentration is independent of Ca2+ exchange rates with the internal
pools.

2. Murray (2002) discusses a simple model of CICR that has been used by a number of mod-
elers (Cheer et al., 1987; Lane et al., 1987). In the model, Ca2+ release from the ER is an
increasing sigmoidal function of Ca2+, and Ca2+ is removed from the cytoplasm with linear
kinetics. Thus,

dc
dt
= L+ k1c2

K + c2
− k2c,

where L is a constant leak of Ca2+ from the ER into the cytoplasm.

(a) Nondimensionalize this equation. How many nondimensional parameters are there?

(b) Show that when L = 0 and k1 > 2k2, there are two positive steady states and determine
their stability. For the remainder of this problem assume that k1 > 2k2.

(c) How does the nullcline dc/dt = 0 vary as the leak from the internal store increases?
Show that there is a critical value of L, say Lc, such that when L > Lc, only one positive
solution exists.

(d) Fix L < Lc and suppose the solution is initially at the lowest steady state. How does
c behave when small perturbations are applied to c? How does c behave when large
perturbations are applied? How does c behave when L is raised above Lc and then
decreased back to zero? Plot the bifurcation diagram in the L, c phase plane, indicating
the stability or instability of the branches. Is there hysteresis in this model?

3. One of the earliest models of Ca2+ oscillations was the two-pool model of Goldbeter,
Dupont, and Berridge (1990). They assumed that IP3 causes an influx, r, of Ca2+ into the cell
and that this influx causes additional release of Ca2+ from the ER via an IP3-independent
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.Table 7.8 Typical parameter values for the two-pool model of Ca2+ oscillations (Goldbeter
et al., 1990).

k = 10 s−1 K1 = 1 μM
K2 = 2 μM K3 = 0.9 μM
V1 = 65 μM s−1 V2 = 500 μM s−1

kf = 1 s−1 m = 2
n = 2 p = 4

mechanism. Thus,

dc
dt
= r − kc− f (c, ce), (7.181)

dce

dt
= f (c, ce), (7.182)

f (c, ce) = Juptake − Jrelease − kf ce, (7.183)

where

Juptake =
V1cn

Kn
1 + cn , (7.184)

Jrelease =
(

V2cm
e

Km
2 + cm

e

)(
cp

Kp
3 + cp

)
. (7.185)

Here, kf ce is a leak from the ER into the cytoplasm. Typical parameter values are given in
Table 7.8. (All the concentrations in this model are with respect to the total cell volume,
and thus there is no need for the correction factor γ (cf. Equation 7.4) to take into account
the difference in the ER and cytoplasmic volumes.)

(a) Nondimensionalize these equations. How many nondimensional parameters are there?

(b) Show that in a closed cell (i.e., one without any interaction with the extracellular
environment) the two-pool model cannot exhibit oscillations.

(c) How does the steady-state solution depend on influx?

(d) Use a bifurcation tracking program such as AUTO to plot the bifurcation diagram of
this model, using r as the bifurcation parameter. Find the Hopf bifurcation points and
locate the branch of stable limit cycle solutions. Plot some typical limit cycle solutions
for different values of r.

4. Complete the details of the reduction of the IP3 receptor model (Section 7.2.5).

5. Write down the equations for the reduced IP3 receptor model (Section 7.2.5) when k4 = k2
and k−4 = k−2. Let h = 1− y. What is the differential equation for h? Write it in the form

τh
dh
dt
= h∞ − h. (7.186)

Derive this simplified model directly from the state diagram in Fig. 7.8.
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6. Write down a reaction scheme like that of Fig. 7.8, but assuming that two Ca2+ ions
inactivate the receptor in a cooperative fashion. Assume a simple model of cooperativity,

Sij0

k2c2

−→←−
k−2

Sij1, (7.187)

for i, j = 0 or 1, and assume that the group I and group II states are each in quasi-steady
state. Derive the model equations.

7. Starting with a basic scheme like that of Fig. 7.5 one can construct a large number of
variants, each of which has a similar steady-state flux. The purpose of this exercise is to
investigate two simple variants of the basic model, and show that the flux is similar for
each. To distinguish between these models on the basis of experimental data is, in general,
quite difficult.

(a) First, calculate the expressions for α1 to α4 in (7.7) and for β1 to β4 in (7.7). (Use of a
symbolic manipulation program such as Maple is, as usual, recommended.)

(b) Extend the ATPase model of Section 7.2.4 by assuming that the two Ca2+ ions bind
sequentially, not simultaneously, and calculate the flux.

(c) Modify the model still further by assuming that the binding of the second Ca2+ ion is
much faster than binding of the first, and calculate the flux.

(d) Compare these three different expressions for the steady-state flux. Are experimental
data of the steady-state flux sufficient to distinguish between these models?

8. Does the binding diagram in Fig. 7.8 satisfy the principle of detailed balance (Section 1.3)?

9. In 2006 Domijan et al. constructed a model of Ca2+ oscillations that uses a simple model
of the IPR (based on an earlier model of Atri et al., 1993):

dc
dt
= Jrelease − Jserca + δ(Jin − Jpm), (7.188)

dce

dt
= γ (Jserca − Jrelease) (7.189)

τn
dn
dt
= k2

2

k2
2 + c2

− n, (7.190)

dp
dt
= ν

(
c+ (1− α)k4

c+ k4

)
− βp, (7.191)

where

Jrelease =
[
kflux

(
μ0 + μ1p

kμ + p

)
n
(

b+ V1c
k1 + c

)]
(ce − c), (7.192)

Jserca = Vec
ke + c

, (7.193)

Jpm = Vpc2

k2
p + c2

, (7.194)

Jin = α1 + α2
ν

β
. (7.195)
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.Table 7.9 Parameters of the model of Ca2+ oscillations in Exercise 9.

δ = 0.01 k1 = 1.1 μM
γ = 5.405 k2 = 0.7 μM s−1

kflux = 6.0 μM s−1 kμ = 4 μM
Vp = 24 μM s−1 μ0 = 0.567
kp = 0.4 μM μ1 = 0.433
Ve = 20 μM s−1 b = 0.111
ke = 0.06 μM s−1 V1 = 0.889
α1 = 1 μM s−1 α2 = 0.2 s−1

β = 0.08 s−1 k4 = 1.1 μM

Typical parameter values are given in Table 7.9.

(a) Explain the physiological basis of each term in the model.

(b) What does the parameter ν represent?

(c) The model takes quite different forms when α = 0 or α = 1. What are the physiological
assumptions behind each of these forms?

(d) Using AUTO, plot the bifurcation diagram of the model using ν as the bifurcation
parameter. How are the bifurcation diagrams different for α = 0 and α = 1? (Do not
plot every detail of the bifurcation diagrams, but try to find the main branches.)

(e) How would you model a pulse of IP3 applied by the experimentalist?

(f) How does the model respond to an external pulse of IP3? What is the difference between
the responses when α = 0 and α = 1?

10. Suppose that a model of Ca2+ oscillations has two variables, c and n. Suppose further that
the bifurcation diagram of this model has the structure shown in Fig. 7.27, as a function of
some parameter, μ. (This basic structure is common to many models of Ca2+ dynamics.)
Sketch the phase planes for μ below, at, and above each bifurcation point.

11. (a) Plot the nullclines of the model of CICR in bullfrog sympathetic neurons (Section 7.2.9)
and show that they are both N-shaped curves.

(b) Rewrite the model in terms of c and ct = c + ce
γ and draw the phase portrait and

nullclines of the model in these new variables.

(c) Plot the bifurcation diagram of the model of CICR in bullfrog sympathetic neurons
(Section 7.2.9) using the external Ca2+ concentration co as the bifurcation parameter.
Verify the behavior shown in Fig. 7.14, that the period but not the amplitude of the
oscillations is sensitive to co.

12. Generalize (7.76) to the case of multiple buffers, both mobile and immobile.

13. Prove that (7.87) has a traveling wave solution that is a transition between W1 and W3 if
and only if

∫ W3

W1

f (φ(w)) dw > 0. (7.196)
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c

m

HB

SN

SN

HC

HC

HB

Figure 7.27 Typical bifurcation diagram of the model of Ca2+ oscillations in Exercise 10 (not
drawn to scale). HB denotes a Hopf bifurcation, SN denotes a saddle-node bifurcation, HC
denotes a homoclinic bifurcation.

14. By looking for solutions to (7.70) and (7.71) of the form c = A exp(ξ/λ), b = B exp(ξ/λ),
where λ is the space constant of the wave front and ξ = x + st, show that the speed of the
wave s is related to the space constant of the wave front by

s = Dc

λ
+ λ

[
f ′(0)− k+bt(λs−Db)

λ2k− + λs−Db

]
. (7.197)

What is the equation in the limit k+, k− → ∞, with k−/k+ = K? Hence show that for the
generalized bistable equation,

λs < Deff . (7.198)

15. Repeat the analysis of Section 7.4.1, without assuming that bt is constant. Under what
conditions may we assume that bt is constant?

16. Develop a formal asymptotic expansion (following the method used in the appendix) to
homogenize the equation

∂c
∂t
= Dc

∂2c

∂x2
− kc+ g

( x
L

)
f (c), (7.199)

where g(y) is periodic with period 1, in the limit that L2k
Dc
� 1. Show that the averaged

equation is

∂c
∂t
= Dc

∂2c

∂x2
− kc+Gf (c), (7.200)

where G = 1
L
∫ L
0 g(x)dx.
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17. (a) Find conditions on A guaranteeing that there are traveling waves of Ca2+ release in
the spatially homogenized equation (7.97) with the cubic release function (7.94).

(b) Find conditions on A guaranteeing that there are traveling waves of Ca2+ release in
the spatially homogenized equation (7.97) with the piecewise-linear release function
(7.95).

18. Find the solution of (7.150) for a circular domain of radius 1. In other words, solve the
boundary value problem

∇2W = 2, (7.201)

on a circle of radius 1, subject to the boundary condition n · ∇W = 1, and requiring W to
have zero average value. (Why is 2 the correct right-hand side for this partial differential
equation?)

19. Suppose that a substance u reacts and diffuses in a region between two flat two-dimensional
membranes separated by the distance L, where L2 � D (where D is in units of length2).
Suppose also that Duz = −J0 and Duz = J1 on the lower and upper membranes, respectively,
where z represents the vertical spatial coordinate. Derive the mean field equation for the
evolution of u (7.152), and find the leading-order correction to the mean field.
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Intercellular Communication

For multicellular organisms to form and operate, cellular behavior must be vastly more
complex than what is seen at the single-cell level. Not only must cells regulate their own
growth and behavior, they must also communicate and interact with their neighbors
to ensure the correct behavior of the entire organism. Intercellular communication
occurs in a variety of ways, ranging from hormonal communication on the level of the
entire body to localized interactions between individual cells. The discussion in this
chapter is limited to cellular communication processes that occur between cells or over
a region of a small number of cells. Other forms of communication and control, such
as hormone feedback systems, are described in other chapters.

There are two primary ways that cells communicate with neighbors. Many cells
(muscle and cardiac cells for example) are connected to their immediate neighbors by
gap junctions in the cell membrane that form a relatively nonselective, low-resistance
pore through which electrical current or chemical species can flow. Hence, a gap junc-
tion is also called an electrical synapse. The second means of communication is through
a chemical synapse, in which the message is mediated by the release of a chemical from
one cell and detected by receptors on its neighbor. Electrically active cells such as neu-
rons typically communicate via chemical synapses, which are thus a crucial feature of
the nervous system. Chemical synapses are considerably more complex than electrical
synapses, and as a result, most of this chapter is devoted to them.
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Figure 8.1 Schematic diagram of a chemical synapse. The inset shows vesicles of
neurotransmitter being released into the synaptic cleft. (Davis et al., 1985, Fig. 8-11, p. 135.)

8.1 Chemical Synapses

At a chemical synapse (Fig. 8.1) the nerve axon and the postsynaptic cell are in close
apposition, being separated by the synaptic cleft, which is about 500 angstroms wide.
When an action potential reaches the presynaptic nerve terminal, it opens voltage-
gated Ca2+ channels, leading to an influx of Ca2+ into the nerve terminal. Increased[
Ca2+] causes the release of a neurotransmitter, which diffuses across the synaptic

cleft, binds to receptors on the postsynaptic cell, and initiates changes in its membrane
potential. The neurotransmitter is then removed from the synaptic cleft by diffusion
and hydrolysis.

There are over 40 different types of synaptic transmitters, with differing effects on
the postsynaptic membrane. For example, acetylcholine (ACh) binds to ACh receptors,
which in skeletal muscle act as cation channels. Thus, when they open, the flow of
the cation causes a change in the membrane potential, either depolarizing or hyperpo-
larizing the membrane. If the channel is a Na+ channel, then the flow is inward and
depolarizing, whereas if the channel is a K+ channel, then the flow is outward and
hyperpolarizing. Other receptors, such as those for γ -aminobutyric acid (GABA), open
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anion channels (mainly chloride), thus hyperpolarizing the postsynaptic membrane,
rendering it less excitable. Synapses are classified as excitatory or inhibitory according
to whether they depolarize or hyperpolarize the postsynaptic membrane. Other impor-
tant neurotransmitters include adrenaline (often called epinephrine), noradrenaline
(often called norepinephrine), dopamine, glycine, glutamate, and serotonin. Of these,
dopamine, glycine, and GABA are usually inhibitory, while glutamate and ACh are
usually, but not always, excitatory.

Many of these neurotransmitters work by gating an ion channel directly, as de-
scribed for ACh above. Such channels are called agonist-controlled or ligand-gated ion
channels, and a simple model of an agonist-controlled channel is described in Section
3.5.4. However, not all neurotransmitters work only in this way. For example, recep-
tors for glutamate, the principal excitatory neurotransmitter in the brain, come in two
types—ionotropic receptors, which are agonist-controlled, and metabotropic receptors,
which are linked to G-proteins, and act via the production of the second messenger inos-
itol trisphosphate and the subsequent release of Ca2+ from the endoplasmic reticulum
(as described in Chapter 7).

The loss of specific neurotransmitter function corresponds to certain diseases. For
example, Huntington’s disease, a hereditary disease characterized by flicking move-
ments at individual joints progressing to severe distortional movements of the entire
body, is associated with the loss of certain GABA-secreting neurons in the brain. The
resulting loss of inhibition is believed to allow spontaneous outbursts of neural activity
leading to distorted movements.

Similarly, Parkinson’s disease results from widespread destruction of dopamine-
secreting neurons in the basal ganglia. The disease is associated with rigidity of much
of the musculature of the body, involuntary tremor of involved areas, and a serious
difficulty in initiating movement. Although the causes of these abnormal motor effects
are uncertain, the loss of dopamine inhibition could lead to overexcitation of many
muscles, hence rigidity, or to lack of inhibitory control of feedback circuits with high
feedback gain, leading to oscillations, i.e., muscular tremor.

8.1.1 Quantal Nature of Synaptic Transmission

Chemical synapses are typically small and inaccessible, crowded together in very large
numbers in the brain. However, neurons also make synapses with skeletal muscle cells,
and these are usually much easier to isolate and study. For this reason, a great deal of
the early experimental and theoretical work on synaptic transmission was performed
on the neuromuscular junction, where the axon of a motorneuron forms a chemical
synapse with a skeletal muscle fiber. The response of the muscle cell to a neuronal
stimulus is called an end-plate potential, or epp.

In 1952 Fatt and Katz discovered that when the concentration of Ca2+ in the synap-
tic cleft was very low, an action potential stimulated only a small end-plate potential
(Fig. 8.2). Further, these miniature end-plate potentials appeared to consist of multiples
of an underlying minimum epp of the same amplitude as an epp arising spontaneously,
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Figure 8.2 Miniature end-plate potentials (epp’s) in the frog neuromuscular junction. Each
epp has an amplitude of around 1 mV and results from the independent release of a single
quantum of ACh. (Kuffler et al., 1984, p. 251, reproducing a figure of Fatt and Katz, 1952.)

i.e., due to random activity other than an action potential. Their findings suggested that
an epp is made up of a large number of identical building blocks each of which is of
small amplitude.

It is now known that quantal synaptic transmission results from the packaging of
ACh into discrete vesicles. Each nerve terminal contains a large number of synaptic
vesicles that contain ACh. Upon stimulation, these vesicles fuse with the cell membrane,
releasing their contents into the synaptic cleft. Even in the absence of stimulation,
background random activity can cause vesicles to fuse with the cell membrane and
release their contents. The epp seen in spontaneous activity results from the release of
the contents of a single vesicle, while the miniature epp’s result from the fusion of a
small integer number of vesicles, and thus appear in multiples of the spontaneous epp.

Based on their observations in frog muscle, del Castillo and Katz (1954) proposed
a probabilistic model of ACh release. Their model was later applied to mammalian
neuromuscular junctions by Boyd and Martin (1956). The model is based on the as-
sumption that the synaptic terminal of the neuron consists of a large number, say n,
of releasing units, each of which releases a fixed amount of ACh with probability p. If
each releasing site operates independently, then the number of quanta of ACh that is
released by an action potential is binomially distributed. The probability that k releas-
ing sites fire (i.e., release a quantum of ACh) is the probability that k sites fire and the
remaining sites do not, and so is given by pk(1−p)n−k. Since k sites can be chosen from
n total sites in n!/[(k!(n− k)!)] ways, it follows that

Probability k sites fire = P(k) = n!
k!(n− k)!p

k(1− p)n−k. (8.1)

Under normal conditions, p is large (and furthermore, the assumption of independent
release sites is probably inaccurate). However, under conditions of low external Ca2+
and high Mg2+, p is small. This is because Ca2+ entry into the synapse is required for
the release of a quantum of ACh. If only a small amount of Ca2+ is able to enter (because
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the external Ca2+ concentration is low), the probability of transmitter release is small.
If n is correspondingly large, while np = m remains fixed, the binomial distribution
can be approximated by a Poisson distribution. That is,

lim
n→∞P(k) = lim

n→∞

[
n!

k!(n− k)!
(m

n

)k (
1− m

n

)n−k
]

= mk

k! lim
n→∞

[
n!

nk(n− k)!
(
1− m

n

)n−k
]

= mk

k! lim
n→∞

(
1− m

n

)n

= e−mmk

k! , (8.2)

which is the Poisson distribution with mean, or expected value, m.
There are two ways to estimate m. First, notice that P(0) = e−m, so that

e−m = number of action potentials with no epp′s
total number of action potentials

. (8.3)

Second, according to the assumptions of the model, a spontaneous epp results from the
release of a single quantum of ACh, and a miniature epp is a linear sum of spontaneous
epp’s. Thus, m can be calculated by dividing the mean amplitude of a miniature epp
response by the mean amplitude of a spontaneous epp, giving the mean number of
quanta in a miniature epp, which should be m. As del Castillo and Katz showed, these
two estimates of m agree well, which confirms the model hypotheses.

The spontaneous epp’s are not of constant amplitude, because the amounts of ACh
released from each vesicle are not identical. In the inset to Fig. 8.4 is shown the am-
plitude distribution of spontaneous epp’s. To a good approximation, the amplitudes of
single-unit release, denoted by A1(x), are normally distributed (i.e., a Gaussian distribu-
tion), with mean μ and variance σ 2. From this it is possible to calculate the amplitude
distribution of the miniature epp’s, as follows. If k vesicles are released, the amplitude
distribution, denoted by Ak(x), will be normally distributed with mean kμ and variance
kσ 2, being the sum of k independent, normal distributions each of mean μ and vari-
ance σ 2 (Fig. 8.3). Summing the distributions for k = 1, 2, 3, . . . , and noting that the
probability of Ak(x) is P(k), gives the amplitude distribution

A(x) =
∞∑

k=1

P(k)Ak(x)

= 1√
2πσ2

∞∑

k=1

e−mmk

k!√k
exp

[
−(x− kμ)2

2kσ 2

]
, (8.4)

which is graphed in Fig. 8.4. There are clear peaks corresponding to 1, 2, or 3 released
quanta, but these peaks are smeared out and flattened by the normal distribution of
amplitudes. There is excellent agreement between the theoretical prediction and the
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Figure 8.3 Theoretical distributions for epp’s consisting of integer multiples of the sponta-
neous epp, which is the basic building block, or quantum, of the epp. Summation of these curves
for all integral numbers of quanta gives the theoretical prediction for the overall amplitude
distribution, (8.4), which is plotted in the next figure. (Boyd and Martin, 1956, Fig. 9.)

experimental observations, lending further support to the quantal model of synaptic
transmission (del Castillo and Katz, 1954; Boyd and Martin, 1956).

8.1.2 Presynaptic Voltage-Gated Calcium Channels

Chemical synaptic transmission begins when an action potential reaches the nerve
terminal and opens voltage-gated Ca2+ channels, leading to an influx of Ca2+ and
consequent neurotransmitter release. Based on voltage-clamp data from the squid giant
synapse, Llinás et al. (1976) constructed a model of the Ca2+ current and its relation
to synaptic transmission.

When the presynaptic voltage is stepped up and clamped at a constant level, the
presynaptic Ca2+ current ICa increases in a sigmoidal fashion. To model these data,
we assume that the voltage-gated Ca2+ channel consists of n identical, independent
subunits, each of which can be in one of two states, S and O. Only when all subunits
are in the state O does the channel admit Ca2+ current. Hence

S
k1−→←−
k2

O, (8.5)

and the probability that a channel is open is proportional to on where o is the probability
that a subunit is in the open state. To incorporate the voltage dependence of the channel,
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Figure 8.4 Amplitude distribution of miniature epp’s.The histogram gives the frequency of
the miniature epp as a function of its amplitude, as measured experimentally. The smooth
curve is a fit of the theoretical prediction (8.4). The inset shows the amplitude distribution of
spontaneous epp’s: the smooth curve is a fit of the normal distribution to the data. (Boyd and
Martin, 1956, Fig. 8.)

the opening and closing rate constants k1 and k2 are assumed to be functions of voltage
of the form

k1 = k0
1 exp

(
qz1V
kT

)
, k2 = k0

2 exp
(

qz2V
kT

)
, (8.6)

where k is Boltzmann’s constant, T is the absolute temperature, V is the membrane
potential, q is the positive elementary electric charge, z1 and z2 are the number of
charges that move across the width of the membrane as S→ O and O→ S respectively,
and k0

1 and k0
2 are constants. This is the same type of expression as that for the rate

constant seen in Chapter 3 (for example, (3.44) and (3.45)). In Chapter 3, z referred
to the number of charges on each ion crossing the membrane by passing through a
channel. In this model, z1 and z2 denote charges that cross the membrane as a result
of a change in the conformation of the channel as it opens or closes. In either case,
the result of z charges crossing the membrane is the same, and we have a simple and
plausible way to incorporate voltage dependence into the rate constants.

From (8.5) it follows that

do
dt
= k1(V)(1− o)− k2(V)o. (8.7)
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We denote the steady state of o by ô,

ô(V) = k1(V)
k1(V)+ k2(V)

, (8.8)

and assume that the membrane potential jumps instantaneously from V0 to V1 at time
t = 0. We also set o(t = 0) = ô(V0). Then the solution of (8.7) is

o(t) = k1

k1 + k2
(1− exp[−(k1 + k2)t])+ ô(V1) exp[−(k1 + k2)t], (8.9)

where k1 and k2 are evaluated at V0. Now we assume that the single-channel current
for an open Ca2+ channel, i, is given by the Goldman–Hodgkin–Katz current equation
(2.123). Then

i = PCa · 4F2

RT
· V · ci − ce exp(−2FV

RT )

1− exp(−2FV
RT )

, (8.10)

where ci and ce are the internal and external Ca2+ concentrations respectively, and
PCa is the permeability of the Ca2+ channel. Note that an inward flux of Ca2+ gives a
negative current. Finally, ICa is the product of the number of open channels with the
single-channel current, and so

ICa = s0ion, (8.11)

where s0 is the total number of channels.
By fitting such curves to experimental data, Llinás et al. determined that the best-

fit values for the unknowns are n = 5, k0
1 = 2 ms−1, k0

2 = 1 ms−1, z1 = 1, and z2 = 0.
Hence, the best-fit parameters imply that the Ca2+ channel consists of 5 independent
subunits, that the conversion of O to S is independent of voltage (z2 = 0), but that the
conversion of S to O involves the movement of a single charge across the membrane
(z1 = 1) and is thus dependent on the membrane potential.

Typical responses are shown in Fig. 8.5. To plot the curves shown here we used the
fixed parameters ci = 0.1 μM, ce = 40 mM, s0 = 20, PCa = 10 μm s−1, V0 = −70 mV.
(The internal Ca2+ concentration is much smaller than the external concentration, so
that the exact number used makes no essential difference to the result. See Exercise 1.)
Note that the responses speed up as the voltage step increases, but the plateau level
reaches a maximum (in absolute value) and then declines as the size of the voltage step
is increased further. This is because of two competing effects that are discussed below.

Because the conversion of a closed subunit to an open subunit involves the move-
ment of a charge across the cell membrane, there must be a current associated with
channel opening, i.e., a gating current. This is generally the case when the rate con-
stants for conformational changes of a channel protein are voltage-dependent, and
these gating currents have been measured experimentally. We do not discuss gating
currents any further; the interested reader is referred to Hille (2001) and Armstrong
and Bezanilla (1973, 1974, 1977).
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Figure 8.5 Presynaptic Ca2+ currents in response to presynaptic voltage steps in a model of
squid stellate ganglion.

Synaptic Suppression

At steady state, the percentage of open channels is

(o(t = ∞))5 =
(

k1

k1 + k2

)5

, (8.12)

which is an increasing function of V . However, the single-channel current (8.10) is
a decreasing function of V . Thus, the steady-state ICa, being a product of these two
functions, is a bell-shaped function of V , as illustrated in Fig. 8.6. There are two time
scales in the model; the single channel current depends instantaneously on the volt-
age, while the number of open channels is controlled by the voltage on a slower time
scale. When the voltage is stepped up, the single-channel current decreases instanta-
neously. However, since there are so few channels open, the instantaneous decrease
in the single-channel current has little effect on the total current. On a longer time
scale, the channels gradually open in response to the increase in voltage, and this
results in the slow monotonic responses to a positive step seen in Fig. 8.5. Of course,
if the single-channel current is reduced to zero, no increase in the current is seen as
the channels begin to open.

In response to a step decrease in voltage, the single-channel Ca2+ current increases
instantaneously, but in contrast to the previous case where there were few channels
open before the stimulus, there are now many open channels. Hence, the instantaneous
increase in the single-channel current results in a large and fast increase in the total
current. Over a longer time scale, the decrease in the voltage leads to a slow decrease
in the number of open channels, and thus a slow decrease in the total current.

These responses are illustrated in Fig. 8.7. When a small positive step is turned on
and then off, the Ca2+ current ICa responds with a monotonic increase followed by
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Figure 8.6 Steady-state ICa, i and ô as functions of V . Note that the scale for ICa, and i are
shown on the left while the scale for ô is shown on the right. ô increases with V while the
magnitude of i decreases, their product (the steady-state Ca2+ current) is a bell-shaped curve.
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Figure 8.7 Synaptic suppression of the Ca2+ current.These curves are not calculated from
the model in the text (they are reproduced from Llinás et al., 1976, Fig. 2D) and are used merely
to demonstrate the qualitative behavior. Note that here the Ca2+ current is plotted as positive,
rather than negative as in Fig. 8.5. Numerical solution of the model in the text (8.7) is left for
Exercise 2.

a monotonic decrease (curve a). When the step is increased to 70 mV, the increase is
still monotonic, but the decrease is preceded by a small bump as the current initially
increases slightly (curve b). For a large step of 150 mV, the initial response is suppressed
completely as the single-channel current is essentially zero, but when this suppression
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Figure 8.8 Theoretical responses to an action potential. Using the experimentally measured
action potential (the leftmost curve in the figure) as input, the model can be used to predict the
time courses of (a) the proportion of open channels, (b) the Ca2+ current, (c) the postsynaptic
current, and (d) the postsynaptic potential. Details of how curve d is calculated are given in the
text. Curve c is obtained by assuming that it has the same form as curve b, delayed by 200 ms
and amplified. (Llinás et al., 1976, Fig. 2C.)

is released, a large voltage response is seen, which finally decreases to the resting state
(curve c). This phenomenon is called synaptic suppression.

Response to an Action Potential
So far we have analytically calculated the response of the model to a voltage step.
This was possible because under voltage clamp conditions, the voltage is piecewise
constant. However, a more realistic stimulus would be a time-varying voltage corre-
sponding to an action potential at the nerve terminal. It is easiest to find the solution
of (8.7) numerically, and this is shown in Fig. 8.8. Given an input V(t) that looks like
an action potential, the number of open channels (curve a) and the presynaptic Ca2+
current (curve b) can be calculated. Figure 8.8 also includes theoretical predictions
of the postsynaptic current (curve c) and the postsynaptic membrane potential (curve
d). The postsynaptic current is obtained by assuming that it has the same form as
the presynaptic current, delayed by 200 ms and amplified appropriately, assumptions
that are justified by experimental evidence not discussed here. The postsynaptic mem-
brane potential is obtained by using the postsynaptic current as an input into a model
electrical circuit that is described later.

Although the Llinás model provides a detailed description of the initial stages
of synaptic transmission and the voltage-gated Ca2+ channels, its picture of the
postsynaptic response is oversimplified. There are a number of steps between the
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presynaptic Ca2+ current and the postsynaptic current that in this model are assumed
to be linearly related. Thus, a decrease in the postsynaptic current is the direct result of
a decrease in the presynaptic Ca2+ current, leading to a decrease in the concentration
of neurotransmitter in the synaptic cleft. However, more detailed models of neuro-
transmitter kinetics show that, at least at the neuromuscular junction, this is not an
accurate description.

8.1.3 Presynaptic Calcium Dynamics and Facilitation

One of the fundamental assumptions of the above model (and of the others in this
chapter) is that neurotransmitter release is caused by the entry of Ca2+ through voltage-
sensitive channels into the presynaptic neuron. However, although there is much
evidence in favor of this hypothesis, there is also evidence that cannot be easily recon-
ciled with this model. This has led to considerable controversy; some favor the calcium
hypothesis, in which transmitter release is the direct result of the influx of Ca2+ and
the only role of voltage is to cause Ca2+ influx (Fogelson and Zucker, 1985; Zucker and
Fogelson, 1986; Zucker and Landò, 1986; Yamada and Zucker, 1992). Others favor the
calcium–voltage hypothesis, in which transmitter release can be triggered directly by
the presynaptic membrane potential, with Ca2+ playing a regulatory role (Parnas and
Segel, 1980; Parnas et al., 1989; Aharon et al., 1994).

The calcium/voltage controversy is particularly interesting because of the role
mathematical models have played. In 1985, Fogelson and Zucker proposed a model
in which the diffusion of Ca2+ from an array of single channels was used to explain the
duration of transmitter release and the decay of facilitation. This model was later used
as the basis for a large number of other modeling studies, some showing that Ca2+
diffusion could not by itself explain all the experimental data, others showing how var-
ious refinements of the basic model could result in better agreement with experiment.
Experimental and theoretical groups alike used the model as a basis for discussion,
and thus, irrespective of the final verdict concerning its accuracy, the Fogelson–Zucker
model is an excellent example of the value and use of modeling.

The controversy has shown no signs of abating (Parnas et al., 2002; Felmy et al.,
2003), and mathematical models are playing an increasingly important role in the
study of the presynaptic terminal. Two Nobel Laureates, Erwin Neher and Bert Sak-
mann, have both been actively involved in the construction and study of mathematical
models of Ca2+ entry, binding and diffusion in the presynaptic cell (see, for example,
Meinrenken et al., 2003, and Neher, 1998a,b), and current models are now both highly
detailed and closely based on experimental data.

Facilitation

One of the major challenges presented by presynaptic Ca2+ dynamics is the phe-
nomenon of facilitation, which occurs when the amount of neurotransmitter release
caused by an action potential is increased by an earlier action potential, provided
that the time interval between the action potentials is not too great. There is a lot of
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evidence that facilitation is primarily a presynaptic mechanism, and thus quantitative
explanations have focused on the presynaptic terminal.

One of the earliest hypotheses (Katz and Miledi, 1968) was that facilitation is caused
by the buildup of Ca2+ in the presynaptic terminal, since the Ca2+ introduced by one
action potential is not completely removed before the next one comes along, and this
hypothesis, in its general form, is still widely accepted.

However, although there is general agreement that buildup of Ca2+ is, one way or
another, responsible for facilitation, the devil is in the details; there is still no agree-
ment as to where, or in what form, the Ca2+ is building up. The residual free calcium
hypothesis claims that it is an increase in free presynaptic Ca2+ that underlies facilita-
tion, and there is considerable evidence in support of this claim (Zucker and Regehr,
2002). For example, Kamiya and Zucker (1994) tested how facilitation responds to a
rapid increase of the concentration of Ca2+ buffer in the cytoplasm. This rapid increase
was accomplished by the photorelease of a Ca2+ buffer, diazo-2. They found that the
fast release of diazo-2 into the presynaptic terminal causes a decrease of the synaptic
response within milliseconds. Since, on this time scale, the main effect of the added
buffers should be to decrease the free Ca2+ concentration, it implies that it is the resting
free Ca2+ concentration that is responsible for facilitation.

Mathematical models of the residual free Ca2+ hypothesis (Tang et al., 2000;
Matveev et al., 2002; Bennett et al., 2004, 2007) have shown that this hypothesis is
capable of explaining many experimental results. These models require that the Ca2+
facilitation binding site (to the vesicle release machinery) be situated at least 150 nm
away from the release binding site, for if this were not so, then every action potential
would saturate the facilitation binding site, leading to no increase in neurotransmitter
release for subsequent action potentials. In addition, these models require low diffu-
sion coefficients of Ca2+ close to the Ca2+ channel, and low diffusion coefficients of
the exogenous buffer.

A similar hypothesis is that facilitation is caused by the local saturation of Ca2+
buffers close to the mouth of the Ca2+ channel, leading to the accumulation of cytoplas-
mic Ca2+ during a train of action potentials, and thus facilitation (Klingauf and Neher,
1997). Although a mathematical model of this buffer saturation hypothesis (Matveev
et al., 2004) can explain many experimental results (at least from the crayfish neuro-
muscular junction), some questions remain. Thus, although there is strong evidence
that buffer saturation plays a major role in some experimental preparations (Blatow et
al., 2003), in other situations the evidence is inconclusive.

The third hypothesis discussed here was, historically, the first to be proposed. In
1968, Katz and Miledi proposed that facilitation was the result of residual Ca2+ bound
to the vesicle release site; i.e., if the action potentials followed upon one another too
closely there would be not enough time for Ca2+ to unbind, making it easier for the
subsequent action potential to release neurotransmitter. Although this residual bound
calcium hypothesis has fallen somewhat out of favor in recent years, due principally to
the experiments described briefly above, in which the application of an exogenous
buffer was shown to decrease the synaptic response quickly, more recent detailed
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models have shown that it is, after all, consistent with this experiment (Matveev et al.,
2006). Indeed, the residual bound Ca2+ hypothesis is superior in some ways, as it does
not suffer from the necessity of somewhat artificial requirements, such as the 150 nm
separation between the release and the facilitation binding sites, or the small diffusion
coefficients around the mouth of the Ca2+ channel.

Nevertheless, the question of what causes facilitation is still far from completely
resolved. As is often the case, the most likely explanation is a combination of all the
above three hypotheses, each acting with different strengths depending on the exact
situation.

A Model of the Residual Bound Calcium Hypothesis
A simple model of the residual bound Ca2+ hypothesis does not include any spatial
information, but is based entirely on the kinetics of Ca2+ binding to the vesicle bind-
ing sites (Bertram et al., 1996). This simplification is justified by experimental results
showing that the minimum latency between Ca2+ influx and the onset of transmitter
release can be as short as 200 μs. Since the Ca2+ binding site must thus be close to
the Ca2+ channel, in a simple model we can neglect Ca2+ diffusion and assume that
Ca2+ entering through the channel is immediately available for binding to the vesicle
binding site.

It is also assumed that transmitter release is the result of Ca2+ entering through
a single channel, the so-called Ca2+-domain hypothesis. If the Ca2+ channels are far
enough apart, or if only few open during each action potential, the Ca2+ domains of
individual channels are independent.

Our principal goal here is to provide a plausible explanation for the intriguing
experimental observation that facilitation increases in a steplike fashion as a function
of the frequency of the conditioning action potential train.

We assume that Ca2+ entering through the Ca2+ channel is immediately available
to bind to the transmitter release site, which itself consists of four independent, but not
identical, gates, denoted by S1 through S4. Gate Sj can be either closed (with probability
Cj) or open (with probability Oj), and thus

Ca2+ + Cj

kj−→←−
k−j

Oj. (8.13)

Hence,

dOj

dt
= kjc− Oj

τj(c)
, (8.14)

where τj(c) = 1/(kjc + k−j), and c is the Ca2+ concentration. Finally, the probability R
that the release site is activated is

R = O1O2O3O4. (8.15)

The rate constants were chosen to give good agreement with experimental data and are
shown in Table 8.1. Note that the rates of closure of S3 and S4 are much greater than
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.Table 8.1 Parameter values for the binding model of synaptic facilitation (Bertram et al.,
1996).

k1 = 3.75× 10−3 ms−1μM−1 k−1 = 4× 10−4 ms−1

k2 = 2.5× 10−3 ms−1μM−1 k−2 = 1× 10−3 ms−1

k3 = 5× 10−4 ms−1μM−1 k−3 = 0.1 ms−1

k4 = 7.5× 10−3 ms−1μM−1 k−4 = 10 ms−1

for S1 and S2, and thus Ca2+ remains bound to S1 and S2 for a relatively long time,
providing the possibility of facilitation.

To demonstrate how facilitation works in this model, we suppose that a train of
square pulses of Ca2+ (each of width tp and amplitude cp) arrives at the synapse. We
want to calculate the level of activation at the end of each pulse and show that this is
an increasing function of time. The reason for this increase is clear from the governing
differential equation, (8.14). If a population of gates is initially closed, then a Ca2+
pulse begins to open them, but when Ca2+ is absent, the gates close. If the interval
between pulses is sufficiently short and the decay time constant sufficiently large, then
when the next pulse arrives, some gates are already open, so the new pulse activates a
larger fraction of transmitter release sites than the first, and so on.

To quantify this observation we define tn to be the time at the end of the nth pulse,

tn = tp + (n− 1)T, (8.16)

where T = tp+tI is the period and tI is the interpulse interval. For any gate (temporarily
omitting the subscript j) with O(0) = 0, the open probability at the end of the first
pulse is

O(t1) = O∞(1− e−tp/τp), (8.17)

where O∞ = kcpτp is the steady-state probability corresponding to a steady con-
centration of Ca2+, cp, and τp = τ(cp) = 1/(kcp + k−).

Suppose that O(tn−1) is the open probability at the end of the (n− 1)st Ca2+ pulse.
During the interpulse period, O decays with rate constant τ(0). Thus, at the start of the
nth pulse,

O(tn−1 + tI) = O(tn−1)e
−tI/τ(0), (8.18)

and so at the end of the nth pulse,

O(tn) = O(tn−1)e
−tI/τ(0)e−tp/τp +O∞(1− e−tp/τp)

= αO(tn−1)+O(t1), (8.19)

where α = exp(−(tI/τ(0) + tp/τp)) = exp(−k−(T + tp
cp
K )) and K = k−/k+. This is a

simple difference equation for O(tn), which can be solved by setting O(tn) = Aαn + B
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and substituting into (8.19), from which we find that

O(tn)
O(t1)

= 1− αn

1− α . (8.20)

Notice that as the interpulse interval gets large (tI →∞), we have α→ 0, so that O(tn)
is independent of n. On the other hand, α increases if the Ca2+ pulses are shortened (tp
is decreased).

Now we define facilitation as the ratio

Fn = R(tn)
R(t1)

, (8.21)

and find that

Fn =
(

1− αn
1

1− α1

)(
1− αn

2

1− α2

)(
1− αn

3

1− α3

)(
1− αn

4

1− α4

)
, (8.22)

where αj is the α corresponding to gate j. For the numbers shown in Table 8.1, α4

is nearly zero in the physiologically relevant range of frequencies, so it can be safely
ignored. A plot of Fn against the pulse train frequency shows a steplike function, as is
observed experimentally. In Fig. 8.9 is shown the maximal facilitation,

Fmax = lim
n→∞Fn =

(
1

1− α1

)(
1

1− α2

)(
1

1− α3

)
, (8.23)

which also has a steplike appearance.

7

6

5

4

3

2

1

F
ac

ili
ta

tio
n

0.1 1 10 100

Stimulus frequency (Hz)

Fmax

Figure 8.9 Facilitation as a function of stimulus frequency in the binding model of synap-
tic facilitation, calculated using tpcp = 200 μM ms. Here Fmax = limn→∞ Fn is the maximal
facilitation produced by a pulse train.
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A More Complex Version
A more complex model of the residual bound Ca2+ hypothesis takes into account dif-
fusion of Ca2+ from the channel to the binding site and the presence of Ca2+ buffers
(Matveev et al., 2006).

We assume that each of n Ca2+ channels is located at a discrete position rj, j =
1, . . . , n, and that there are two Ca2+ buffers, one with slower kinetics. Thus, following
the discussion of buffers and discrete Ca2+ release in Chapter 7, we get

∂c
∂t
= Dc∇2c+

2∑

i=1

k−,ibi − k+,ic(bt,i − bi)+ 1
2F

ICa

n∑

j=1

δ(r − rj), (8.24)

∂bi

∂t
= Db∇2bi +

2∑

i=1

k−,ibi − k+,ic(bt,i − bi). (8.25)

These equations are solved numerically on the domain illustrated in Fig. 8.10. Cal-
cium channels are clustered into active zones, with 16 channels per zone, and the
symmetry of the domain around each active zone is used to reduce the problem to one
on the quarter box bordered by the dashed lines. In each quarter box there is a single
Ca2+ binding domain, denoted by the filled circle, which contains multiple Ca2+ bind-
ing sites, all colocalized. Calcium is pumped out only on the top and bottom surfaces
(shaded), while the other surfaces have no-flux boundary conditions, which assumes a
regular array of active sites. Calcium pumping is assumed to be by a simple saturating
mechanism, with Hill coefficient 1, and is balanced by a constant leak into the cell.

1 mm

1.6 mm

Active zone

calcium
channels

binding
domain

Figure 8.10 Schematic diagram of a presynaptic active zone, the Ca2+ channels, and the
Ca2+ binding site (adapted from Matveev et al., 2006, Fig. 1).The binding domain is situated
130 nm away from the center of the active zone, and about 55 nm from the nearest Ca2+
channel.
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Thus, on the shaded boundaries,

∇c · n = Jleak −
Vpc

Kp + c
, (8.26)

where n is the normal to the boundary.
The binding domain is assumed to contain two different types of binding sites, one

faster (type X), one slower (type Y). The X binding site can bind two Ca2+ ions, and
thus

X
2ckx
−→←−
k−x

CaX
ckx
−→←−
2k−x

Ca2X, (8.27)

while binding sites Y1 and Y2 can bind one Ca2+ ion each, and thus

Y1

ck1−→←−
k−1

CaY1, (8.28)

Y2

ck2−→←−
k−2

CaY2. (8.29)

If R denotes the rate of release neurotransmitter, then the rate of increase of R is
assumed to be proportional to [Ca2X][CaY1][CaY2]:

dR
dt
= kR[Ca2X][CaY1][CaY2] − kIR. (8.30)

Typical model simulations are shown in Fig. 8.11. Significantly, these results show
that, in the model, the release of an exogenous buffer by a UV flash does indeed de-
crease the synaptic response within milliseconds (Fig. 8.11, panels C and D). Thus, the
experimental results of Kamiya and Zucker (1994), which have often been taken as
evidence that the residual bound Ca2+ hypothesis is incorrect, show no such thing. Al-
though we cannot conclude that the residual bound Ca2+ hypothesis is correct, neither
can it be rejected on the basis of such experiments.

8.1.4 Neurotransmitter Kinetics

When the end-plate voltage is clamped and the nerve stimulated (so that the end-
plate receives a stimulus of ACh, of undetermined form), the end-plate current first
rises to a peak and then decays exponentially, with a decay time constant that is an
exponential function of the voltage. Magleby and Stevens (1972) constructed a detailed
model of end-plate currents in the frog neuromuscular junction that gives a mechanistic
explanation of this observation and shows how a simple model of the receptor kinetics
can quantitatively reproduce the observed end-plate currents.

First, Magleby and Stevens showed that the instantaneous end-plate current–
voltage relationship is linear, and thus, for a fixed voltage, the end-plate current is
proportional to the end-plate conductance. Because of this, it is sufficient to study the
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μ

Figure 8.11 Comparison of the residual bound Ca2+ model to experimental data. A and B:
Facilitation as a function of pulse number, in the presence and absence of exogenous buffer.
Panel A shows the experimental results ofTang et al. (2000), while panel B shows model simu-
lations. In both the experimental data and the model, facilitation increases with pulse number,
and has an increasing slope. Addition of exogenous buffer decreases facilitation. C and D; time
dependence of facilitation after the fast release of exogenous buffer by a UV flash. Panel C
is the experimental data of Kamiya and Zucker (1994), while panel D are model simulations.
Adapted from Matveev et al., (2006), Figs. 3 and 4.

end-plate conductance rather than the end-plate current. Since the end-plate conduc-
tance is a function of the concentration of ACh, we restrict our attention to the kinetics
of ACh in the synaptic cleft.

We assume that ACh reacts with its receptor, R, in enzymatic fashion,

ACh + R
k1−→←−
k2

ACh · R
β

−→←−
α

ACh · R∗, (8.31)

and that the ACh-receptor complex passes current only when it is in the open state
ACh · R∗. We let c = [ACh], y = [ACh · R], and x = [ACh · R∗], and then it follows from
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the law of mass action that

dx
dt
= −αx+ βy, (8.32)

dy
dt
= αx+ k1c(N − x− y)− (β + k2)y, (8.33)

dc
dt
= f (t)− kec− k1c(N − x− y)+ k2y, (8.34)

where N is the total concentration of ACh receptor, which is assumed to be conserved,
and ACh decays by a simple first-order process at rate ke. The postsynaptic conductance
is assumed to be proportional to x, and the rate of formation of ACh is some given
function f (t). One option for f (t) is to use the output of the single-domain/bound-
calcium model described in the previous section (Exercise 8).

The model equations, as given, are too complicated to solve analytically, and so we
proceed by making some simplifying assumptions. First, we assume that the kinetics
of ACh binding to its receptor are much faster than the other reactions in the scheme,
so that y is in instantaneous equilibrium with c. To formalize this assumption, we
introduce dimensionless variables X = x/N, Y = y/N, C = k1c/k2, and τ = αt, in terms
of which (8.33) becomes

ε
dY
dτ
= εX + C(1− X − Y )−

(
ε
β

α
+ 1

)
Y , (8.35)

where ε = α/k2 	 1. Upon setting ε to zero, we find the quasi-steady approximation

Y = C(1− X)
1+ C

, (8.36)

or in dimensioned variables,

y = c(N − x)
K + c

, (8.37)

where K = k2/k1. Now we can eliminate y from (8.32) to obtain

dx
dt
= −αx+ β c(N − x)

K + c
. (8.38)

Next we observe that

dx
dt
+ dy

dt
+ dc

dt
= f (t)− kec. (8.39)

In dimensionless variables this becomes

N
K

(
dX
dτ
+ dY

dτ

)
+ dC

dτ
= F(τ )− KeC, (8.40)

where F(τ ) = f (t)
αK and Ke = ke/α are assumed to be of order one. If we suppose that

N 	 K, then setting N/K to zero in (8.40), we find (in dimensioned variables)

dc
dt
= f (t)− kec. (8.41)
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One further simplification is possible if we assume that β 	 α. Notice from (8.38)
that

dx
dt
< −αx+ β(N − x), (8.42)

so that

x(t) ≤ x(0)e−(α+β)t + βN
α + β (1− e−(α+β)t). (8.43)

Once this process has been running for some time, so that effects of initial data can be
ignored, x is of order βN

α+β . If β 	 α, then x	 N, and (8.38) simplifies to

dx
dt
= −αx+ β cN

K + c
. (8.44)

For any given input f (t), (8.41) can be solved for c(t), and then (8.44) can be solved
to give x(t), the postsynaptic conductance.

As mentioned above, the decay of the postsynaptic current has a time constant
that depends on the voltage. This could happen in two principal ways. First, if the
conformational changes of the receptor were much faster than the decay of ACh in the
synaptic cleft, x would be in quasi-equilibrium, and we would have

x = βc(t)N
α[K + c(t)] . (8.45)

Thus, if c is small, x would be approximately proportional to c. In this case an exponen-
tial decrease of c caused by the decay term −kec would cause an exponential decrease
in the postsynaptic conductance. An alternative possibility is that ACh degrades quickly
in the synaptic cleft, so that c quickly approaches zero, but that the decay of the end-
plate current is due to conformational changes of the ACh receptor. According to this
hypothesis, the release of ACh into the cleft would cause an increase in x, which then
would decay according to

dx
dt
= −αx, (8.46)

(since c is nearly zero). In this case, the exponential decrease of end-plate current would
be governed by the term −αx.

Magleby and Stevens argued that the latter hypothesis is preferable. Assuming
therefore that the rate-limiting step in the decay of the end-plate current is the decay
of x, α can be estimated directly from experimental measurements of end-plate current
decay to be

α(V) = BeAV , (8.47)

where A = 0.008 mV−1 and B = 1.43 ms−1.
To calculate the complete time course of the end-plate current from (8.44), it re-

mains to determine c(t). In general this is not known, as it is not possible to measure
synaptic cleft concentrations of ACh accurately.



368 8: Intercellular Communication

A method to determine c(t) from the experimental data was proposed by Magleby
and Stevens. First, suppose that β is also a function of V , as is expected, since α is a
function of V . Then (8.44) can be written as

dx
dt
= −α(V)x+ β(V)W(t), (8.48)

where W(t) = Nc(t)/[K + c(t)]. Since for any fixed voltage the time course of x can be
measured experimentally (recall that the experiments were done under voltage clamp
conditions), it follows that β(V)W(t) can be determined from

β(V)W(t) = dx
dt
+ α(V)x. (8.49)

Although this requires numerical differentiation (which is notoriously unstable), the
experimental records are smooth enough to permit a reasonable determination of W
from the time course of x. Since W is assumed to be independent of V , it can be
determined (up to an arbitrary scale factor) from a time course of x obtained for any
fixed voltage. Further, if the model is valid, then we expect the same result no matter
what voltage is used to obtain W. A typical result for W, shown in Fig. 8.12, rises and
falls in a way reminiscent of the responses calculated from the Llinás model described
above (Fig. 8.8).

The final unknown is β(V), the scale factor in the determination of W. Relative
values of β can be obtained by comparing time courses taken at different voltages. If
β(V1)W(t) and β(V2)W(t) are time courses obtained from (8.49) at two different volt-
ages, the ratio β(V1)/β(V2) is obtained from the ratio of the time courses. However,
because of experimental variability or invalid model assumptions, this ratio may not
be constant as a function of time, in which case the ratio cannot be determined unam-
biguously. Magleby and Stevens used the ratio of the maximum amplitudes of the time
courses, in which case β(V1)/β(V2) can be obtained uniquely. They determined that β,
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Figure 8.12 W(t ) calculated from the time course of x using (8.49). (Magleby and Stevens,
1972, Fig. 4.)
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Figure 8.13 End-plate currents from the Magleby–Stevens model. Equation (8.48) was solved
numerically, using as input the function plotted in Fig. 8.12. The functions α(V ) and β(V ) are
given in the text. The corresponding values for V are, from top to bottom, 32, 20, −30, −56,
−82, −106 and −161 mV.The wavy lines are the experimental data; the smooth curves are the
model fit. (Magleby and Stevens, 1972, Fig. 6.)

like α, is an exponential function of V ,

β(V) = beaV , (8.50)

where a = 0.00315 mV−1 and b is an arbitrary scaling factor.
Equation (8.48) can now be solved numerically to determine the time course of the

end-plate current for various voltages. Typical results are shown in Fig. 8.13. Although
the model construction guarantees the correct peak response (because that is how β

was determined) and also guarantees the correct time course at one particular voltage
(because that is how W was determined), the model responses agree well with the exper-
imental records over all times and voltages. This confirms the underlying assumption
that W is independent of voltage.

Although the approach of Magleby and Stevens of determining W(t) directly from
the data leads to excellent agreement with the experimental data, it suffers from the
disadvantage that no mechanistic rationale is given for the function W. It would be
preferable to have a derivation of the behavior of W from fundamental assumptions
about the kinetics of ACh release and degradation in the synaptic cleft, but such is not
presently available.

Neurotransmitter Diffusion
A different style of model is that of Smart and McCammon (1998) or Tai et al. (2003).
These groups constructed highly detailed finite element models of the neuromuscu-
lar junction, with the model of Tai et al. based directly on anatomical structural
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information (Stiles and Bartol, 2000). In this region they solved a simple diffusion
equation for ACh, with degradation of ACh on selected parts of the boundary. These
detailed structural models are still somewhat preliminary, as most of the efforts to date
have been in the development of the necessary computational techniques; the models
have provided, as yet, little additional physiological insight. However, they are ideally
placed to provide insight into the comparative behavior of different neuromuscular
junctions, and are likely to be a highly important style of model in the future.

8.1.5 The Postsynaptic Membrane Potential

Acetylcholine acts by opening ionic channels in the postsynaptic membrane that are
permeable to Na+ and K+ ions. A schematic diagram of the electrical circuit model
of the postsynaptic membrane is given in Fig. 8.14. This model is based on the usual
assumptions (see, for example, Chapter 2) that the membrane channels can be modeled
as ohmic resistors and that the membrane acts like a capacitor, with capacitance Cm.

The ACh-sensitive channels have a reversal potential Vs of about −15 mV and a
conductance that depends on the concentration of ACh. The effects of all the other
ionic channels in the membrane are summarized by a resting conductance, gr and a
resting potential Vr of about −70 mV. In the usual way, the equation for the membrane
potential V is

Cm
dV
dt
+ gr(V − Vr)+ gs(V − Vs) = 0. (8.51)

In general, gs is a function of the number of ACh receptors with ACh bound, i.e., in
the notation of the previous section, gs = gs(x). Since x is a function of time, gs is also
a function of time. Hence,

Cm
dV
dt
+ [gr + gs(t)]V = grVr + gs(t)Vs. (8.52)

gr
C

VrVs

gs(x)

Inside

Outside

m

Figure 8.14 Electrical circuit model of the postsynaptic
membrane.



8.1: Chemical Synapses 371

This equation can be reduced to quadratures by using the integrating factor I =
exp( 1

Cm

∫
(gr + gs) dt), so in principle, the response of the postsynaptic membrane can

be calculated from knowledge of the time course of x. However, since gs(t) is time-
dependent, the quadratures can essentially never be evaluated explicitly, so exact
formulas are effectively useless.

Suppose, however, that gs(t) is small compared to gr. We set V1 = V − Vr so that

Cm

gr

dV1

dt
+ V1 = −gs

gr
(V1 + Vr − Vs). (8.53)

Now we expect V1 to be on the order of gs
gr

, so that the term gs
gr

V1 can be ignored, and
we are left with the equation

Cm

gr

dV1

dt
+ V1 = −gs

gr
(Vr − Vs), (8.54)

which can be solved exactly.
For example, a simple solution is obtained when gs is taken to be proportional to x

and the input f (t) to the Magleby and Stevens model is assumed to be γ δ(t) for γ
K small.

In this case,

gs(t) = x(t) = γβN
K(α − ke)

(
e−ket − e−αt

)
, (8.55)

as derived in Exercise 5. The solution of (8.54) is now readily found using standard
solution techniques (Exercise 7).

8.1.6 Agonist-Controlled Ion Channels

The acetylcholine receptor/channel is an example of an agonist-controlled channel, a
simple model for which was discussed in Section 3.5.4. In Section 8.1.5 above, we
described an even simpler model of the ACh receptor/channel. There are many other
more complex models of the postsynaptic agonist-controlled ion channels. A useful
review is that of Destexhe et al. (1998), which briefly discusses a number of the major
models of AMPA, NMDA, and GABA receptors.

A typical example is the Markov model of the AMPA receptor (Patneau and Mayer,
1991) shown in Fig. 8.15. This model has three closed states, two desensitized states,
and one open state. The receptor can open only from the closed state with two trans-
mitter molecules bound, C2. The response of this model to a delta function input (i.e.,
if T(t) = δ(t)) is shown in Fig. 8.16.

This multistate Markov model of the AMPA receptor can be simplified to a two-
state model, without changing the qualitative properties of the impulse response. The
two-state model

C+ T
α

−→←−
β

O (8.56)



372 8: Intercellular Communication

C0 C1 C2 O

D2D1

rbT rbT ro

rd rr rd rr

ru2 rcru1

Figure 8.15 Markov model of the AMPA receptor (Patneau and Mayer, 1991). T is the
concentration of transmitter.

Figure 8.16 Response of the AMPA receptor model to a delta function input.The solid line is
from the model shown in Fig. 8.15, with parameter values rb = 13×106 M−1s−1, ru1 = 5.9 s−1,
ru2 = 8.6 × 104 s−1, rd = 900 s−1, rr = 64 s−1, ro = 2.7 × 103 s−1, rc = 200 s−1. The dotted
line is from the simplified version of the model, (8.56), with parameters α = 1.35 M−1s−1,
β = 200 s−1.The initial condition for both simulations is c0 = 1.

responds to an impulse in much the same as the full model, as can be seen from the
dotted line in Fig. 8.16.

Clearly, the Markov model shown in Fig. 8.15 is not well determined by its impulse
response, a fact that, given the discussion in Section 3.6, should come as no surprise.
It is, however, a fact that should inspire caution. In order to determine the rate con-
stants unambiguously we would need to use, at the very least, single-channel data; even
then, the task, for such a complex model, would not be trivial, and might not even be
possible.
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8.1.7 Drugs and Toxins

The foregoing models are sufficient to piece together a crude model of synaptic trans-
mission. However, many features were ignored, and there are many situations that can
change the behavior of this system. Primary among these are drugs and toxins that
affect specific events in the neurotransmission process. For example, the influx of Ca2+
is reduced by divalent metal ions, such as Pb2+, Cd2+, Hg2+, and Co2+. By reducing
the influx of Ca2+, these cations depress or abolish the action-potential-evoked trans-
mitter release. Certain toxins, including tetanus and clostridial botulinus, are potent
inhibitors of transmitter exocytosis, an action that is essentially irreversible. Botulinus
neurotoxin is selective for cholinergic synapses and is one of the most potent neu-
roparalytic agents known. Tetanus toxin is taken up by spinal motor nerve terminals
and transported retrogradely to the spinal cord, where it blocks release of glycine at in-
hibitory synapses. Spread of the toxin throughout the brain and spinal cord can lead to
severe convulsions and death. The venom from black widow spider contains a toxin (α-
latrotoxin) that causes massive transmitter exocytosis and depletion of synaptic vesicles
from presynaptic nerve terminals.

Agents that compete with the transmitter for receptor binding sites, thereby
preventing receptor activation, are called receptor antagonists. An example of an an-
tagonist of the ACh receptors of the skeletal neuromuscular junction is curare. By
inhibiting ACh binding at receptor sites, curare causes progressive decrease in am-
plitude and shortening of epp’s. In severe curare poisoning, transmission is blocked.
Selective antagonists exist for most transmitter receptors. For example, bicuculline is
an antagonist of GABA receptors, and is a well-known convulsant.

Agents that mimic the action of natural transmitters are known as receptor ago-
nists. A well-known agonist of ACh receptors in neuromuscular junction is nicotine.
Nicotine binds to the ACh receptor and activates it in the same manner as ACh. How-
ever, nicotine causes persistent receptor activation because it is not degraded, as is ACh,
by ACh-esterase. On the other hand, diisopropylphosphofluoridate (commonly known
as nerve gas) is an example of an anticholinesterase, because it inhibits the activity of
ACh-esterase, so that ACh persists in the synaptic cleft. Similarly, one effect of cocaine
is to prolong the activity of dopamine, by blocking the uptake of dopamine from the
synaptic cleft.

Other agents interfere with receptor-gated permeabilities by interfering with
the channel itself. Thus, picrotoxin, which blocks GABA-activated Cl− channels,
and strychnine, which blocks glycine-activated Cl− channels, are potent blockers of
inhibitory synapses and known convulsants.

8.2 Gap Junctions

Gap junctions are small nonselective channels (with diameters of about 1.2 nm) that
form direct intercellular connections through which ions or other small molecules can
flow. They are formed by the joining of two connexons, hexagonal arrays of connexin
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Figure 8.17 Diagram of a region of membrane containing gap junctions, based on electron
microscope images and X-ray diffraction data. Each connexon is composed of six gap-junction
proteins, called connexins, arranged hexagonally. Connexons in apposed membranes meet in
the intercellular space to form the gap junction. (Alberts et al., 1994, Fig. 19-15.)

protein molecules (Fig. 8.17). Despite being called electrical synapses, in this chapter we
concentrate on models in which membrane potential plays no role, focusing instead on
the interaction between intracellular diffusion and intercellular permeability. Electrical
aspects of gap junctions are important for the function of cardiac cells and are discussed
in that context in Chapter 12. An example of how gap junctions are used for intercellular
signaling via second messengers is described in Chapter 7, where we discuss a model
of intercellular Ca2+ wave propagation.

8.2.1 Effective Diffusion Coefficients

We first consider a one-dimensional situation where a species u diffuses along a line
of cells which are connected by gap junctions. Because of their relatively high resis-
tance to flow (compared to cytoplasm), the gap junctions decrease the rate at which u
diffuses along the line. Since this is a one-dimensional problem, we assume that each
intercellular membrane acts like a single resistive pore with a given permeability F.
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The effect of gap-junction distribution within the intercellular membrane is discussed
later in this chapter.

We assume that Fick’s law holds and thus the flux, J, of u is proportional to the
gradient of u; i.e.,

J = −D
∂u
∂x

, (8.57)

where D is the diffusion coefficient for the intracellular space. From the conservation
of u it follows that in the interior of each cell,

∂u
∂t
= D

∂2u
∂x2

. (8.58)

However, u need not be continuous across the intercellular boundary. In fact, if there is
a cell boundary at x = xb, the flux through the boundary is assumed to be proportional
to the concentration difference across the boundary. Then, conservation of u across
the boundary implies that

−D
∂u(x−b , t)

∂x
= −D

∂u(x+b , t)

∂x
= F[u(x−b , t)− u(x+b , t)], (8.59)

for some constant F, called the permeability coefficient, with units of distance/time. The
+ and− superscripts indicate that the function values are calculated as limits from the
right and left, respectively.

When the cells through which u diffuses are short compared to the total distance
that u moves, the movement of u can be described by an effective diffusion coefficient.
The effective diffusion coefficient is defined and is measurable experimentally by as-
suming that the analogue of Ohm’s law holds. Thus, in a preparation of N cells, each of
length L, with u = U0 at x = 0 and u = U1 at x = NL, the effective diffusion coefficient
De is defined by

J = De

NL
(U0 −U1), (8.60)

where J is the steady-state flux of u.
To calculate De, we look for a function u(x) that satisfies uxx = 0 when x �= (j+ 1

2 )L
and satisfies (8.59) at x = (j+1

2 )L, j = 0, . . . , N−1. Further, we require that u(0) = U0, and
u(NL) = U1. Note that we are assuming that the cell boundaries occur at L/2, 3L/2, . . . ,
and thus the boundary conditions at x = 0 and x = NL occur halfway through a cell.

A typical solution u that satisfies these conditions must be linear within each cell,
and piecewise continuous with jumps at the cell boundaries. Suppose that the slope of
u within each cell is −λ, and that the jump in u between cells is u(x+b ) − u(x−b ) = −�.
Then, since there are N−1 whole cells, two half cells (at the boundaries), and N interior
cell boundaries, we have

(N − 1)λL+ 2λ
(

L
2

)
+N� = U0 −U1. (8.61)
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Furthermore, it follows from (8.59) that

Dλ = F�. (8.62)

We find from (8.60) and (8.61) that

Dλ = −D
∂u
∂x
= J = De

NL
(U0 −U1) (8.63)

= De

L
(Lλ+�) (8.64)

= λDe

(
1+ D

FL

)
, (8.65)

from which it follows that
1

De
= 1

D
+ 1

LF
. (8.66)

8.2.2 Homogenization

The above calculation of the effective diffusion coefficient can be formalized by the pro-
cess of homogenization. Homogenization is an important technique that was described
in the Appendix to Chapter 7 and which is seen again in Chapter 12. Homogenization
is useful when there are two spatial scales, a microscopic and a macroscopic scale in
determining the behavior of the solution on the macroscopic scale while accounting
for influences from the microscopic scale, without calculating the full details of the
solution on the microscopic scale.

The basic assumption here is that Fick’s law holds, but that the diffusion coefficient
D is a periodic, rapidly varying function, so that the flux is

J = −D
(x
ε

) ∂u
∂x

. (8.67)

The dimensionless parameter ε is small, indicating that the variations of D are rapid
compared to other spatial scales of the problem, in particular, the diffusion length.
Thus, cells are assumed to be short compared to the diffusion length scale.

In Section 7.8.2 we calculated that the effective diffusion coefficient is the inverse
of the average resistance

De = 1

R̄
. (8.68)

where

R̄ =
∫ 1

0
R(s) ds =

∫ 1

0

1
D(s)

ds (8.69)

is the average resistance.
To apply this result to the specific problem of gap junctions, we take R(x) = rc +

rg
∑

k δ(x − kL) to reflect the periodic occurrence of gap junctions with resistance rg

evenly spaced at the ends of cells of length L. Notice that D = 1/rc is the diffusion
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coefficient for the intracellular space, while F = 1/rg is the intercellular permeability.
It follows easily that

R̄ = rc + rg

L
, (8.70)

which is the same as (8.66).

8.2.3 Measurement of Permeabilities

Although an effective diffusion coefficient is useful when the species of interest diffuses
through a large number of cells, in some experimental situations one is interested in
how a dye molecule (or a second messenger such as IP3) diffuses through a relatively
small number of cells. In this case the effective diffusion coefficient approximation
cannot always be used, and it is necessary to solve the equations with internal boundary
conditions (Brink and Ramanan, 1985; Ramanan and Brink, 1990). By calculating exact
solutions to the linear diffusion equation with internal boundary conditions (using
transform methods, for example) and fitting them to experimental measurements on
the movement of fluorescent probes, it is possible to obtain estimates of the intracellular
diffusion coefficient as well as the permeability of the intercellular membrane.

The analytic solutions of Brink and Ramanan are useful only when the underlying
equations are linear. In many cases, however, the species of interest are also reacting in
a nonlinear way. This results in a system of nonlinear diffusion equations coupled by
jump conditions at the gap junctions, a system that can only be solved numerically. Two
groups have used numerical methods to study problems of this kind. Christ et al. (1994)
studied the problem of diffusion through gap junctions, assuming that the diffusing
species u decreases the permeability of the gap junction in a nonlinear fashion. A similar
model was used by Sneyd et al. (1995a) to study the spread of a Ca2+ wave through a
layer of cells coupled by gap junctions, and this model is described in Chapter 7.

8.2.4 The Role of Gap-Junction Distribution

It is not always appreciated that the intercellular permeability is strongly influenced
by the distribution of gap junctions in the intercellular membrane, although it is a
common observation in introductory biology texts that there is a similar relationship
between the distribution of stomata on leaves and the rate of evaporation of water
through the leaf surface. Individual gap junctions are usually found in aggregates
forming larger junctional plaques, as individual gap-junction particles are not eas-
ily distinguished from other nonjunctional particles. However, numerical simulations
show that the permeability of the intercellular membrane decreases as the gap junc-
tion particles aggregate in larger groupings. This raises the intriguing possibility that
intercellular permeability may be lowest when the gap-junctional plaques are easiest
to see. This in turn provides a possible explanation for the fact that it has been difficult
to establish a direct link between the number of recognizable gap junctions and the
intercellular permeability.
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Chen and Meng (1995) constructed a cubic lattice model of a two-cell system with
a common border. A number of gap-junction particles, with varying degrees of aggre-
gation, were placed on the border lattice points. Marker particles were placed in one
of the cubes and followed a random walk over the lattice points of the cube. When
they encountered a gap-junction lattice point on the boundary, there was an assigned
probability that the marker particle would move across to the other cell. By measur-
ing the time required for a certain percentage of marker particles to cross from one
cell to the other, Chen and Meng obtained a quantitative estimate of the efficiency
of intercellular transport as a function of gap-junction aggregation. Their results are
summarized in Fig. 8.18. When the gap junctions are clumped together into a single
junctional plaque, 10,000 time steps were required for the transfer of about 10% of the
marker particles. However, when the gap-junction particles were randomly scattered,
only 1,000 time steps were required for the same transfer. The magnitude of this dis-
crepancy emphasizes the fact that gap junction distribution can have a huge effect on
the rate of intercellular transport.

This result makes intuitive sense. The transfer rate is related to the time it takes
for a molecule undergoing a random walk to find an exit. It stands to reason that it is
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Figure 8.18 Simulation results of the cubic-lattice gap-junction model on a 50× 50× 50 lat-
tice with 1000 signal molecules in the source cell at time 0. In A, 100 gap-junction particles are
arranged in a compact junctional plaque, while in B they are scattered randomly on the inter-
cellular interface.The random scattering of gap-junction particles results in a greatly increased
intercellular transfer rate (note the different scales for the two panels). (Chen and Meng, 1995,
Fig. 1.)
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Figure 8.19 A: Sketch of a single rectangular cell with gap-junctional openings in the end
faces. B: Sketch of cell array, reduced by symmetry to a single half-channel.

easier to find an exit if there are many of them scattered around as opposed to having
all of them clumped together in one place.

To get a more analytical understanding of how the distribution of gap junctions af-
fects the diffusion coefficient, we solve a model problem, similar to the one-dimensional
problem solved in Section 8.2.1. We consider cells to be two-dimensional rectangles,
with a portion of their ends open for diffusive transport (the gap junctions) and the re-
mainder closed (Fig. 8.19A). The dashed lines in this figure are lines of symmetry across
which there is no flux in a steady-state problem, so we can reduce the cell configuration
to that shown in Fig. 8.19B.

To study diffusion in the x-coordinate direction, we assume that the vertical walls
are separated by length L and have regularly spaced openings of width 2δ with centers
separated by length 2l. The fraction of the vertical separator that is open between
cells is � = δ/l. To study how the distribution of gap junctions affects the diffusion
coefficient, we hold � fixed while varying l. When l is small, the gap junctions are
small and uniformly distributed, while when l is large, the gap junctions are clumped
together into larger aggregates; in either case the same fraction (�) of the intercellular
membrane is occupied by gap junctions.

Suppose that there are a large number of cells (say N) each of length L connected
end to end. We impose a fixed concentration gradient across the array and use the
definition (8.60) to define the effective diffusion coefficient for this array.

To find the flux, we solve Laplace’s equation subject to no-flux boundary conditions
on the horizontal lines y = 0 and y = l and on the vertical lines δ < y < l, x = pL, p =
0, . . . , N. We further divide this region into two subregions, one for y ≥ δ and one for
y ≤ δ.

Consider first the solution on the upper region. The solution for a single cell 0 ≤
x ≤ L can be found by separation of variables to be

u(x, y) =
∞∑

n=0

an cos
(nπx

L

)
cosh

(
nπ(y− l)

L

)
. (8.71)
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This solution satisfies no-flux boundary conditions at y = l and at x = 0, L. Notice also
that this solution is periodic, so it is a contender for the solution for any cell.

Now recall that in the one-dimensional case, the solution is piecewise linear, with
jumps at the cell boundaries, and that the slope of the solution within each cell is
the same (Section 8.2.1). This suggests that the derivative of the solution in the two-
dimensional case should be the same in each cell, or equivalently, the solution in each
cell should be the same up to an additive constant. Thus,

u(x, y) =
∞∑

n=1

An
cosh(nπ(y− l)/L)
cosh(nπ(δ − l)/L)

cos
(nπ

L
(x− pL)

)
+ αp, (8.72)

for pL < x < (p + 1)L, δ < y < l, and p = 0, . . . , N − 1. We have scaled the unknown
constants, An, by cosh(nπ(δ − l)/L) for convenience.

On the lower region, a similar argument gives

u(x, t) = (U1 −U0)
x

NL
+U0 +

∞∑

n=1

cosh(2nπy/L)
cosh(2nπδ/L)

(
Cn sin

2nπx
L

)
, (8.73)

for 0 < x < NL, 0 < y < δ. Notice that this solution satisfies a no-flux boundary
condition at y = 0 and has the correct overall concentration gradient.

Now, to make these into a smooth solution of Laplace’s equation we require that
u(x, y) and uy(x, y) be continuous at y = δ. This gives two conditions,

∞∑

n=1

An cos
(nπ

L
(x− pL)

)
=
∞∑

n=1

(
Cn sin

2nπx
L

)
+ (U1 −U0)

x
nL
+U0 − αp, (8.74)

and

∞∑

n=1

nAn tanh
(nπ

L
(δ − l)

)
cos

(nπ
L
(x− pL)

)
=
∞∑

n=1

2n tanh
2nπδ

L
Cn sin

2nπx
L

, (8.75)

on the interval pL < x < (p+ 1)L.
We determine αp by averaging (8.74) over cell p. Integrating (8.74) from x = (p−1)L

to x = pL gives

αp = 1
L

∫ pL

(p−1)L
(U1 −U0)

x
NL

dx+U0, (8.76)

since all the trigonometric terms integrate to zero. Hence,

αp = U0 − (U0 −U1)
p− 1/2

N
. (8.77)

Finally, for convenience, we choose U0 = N/2 and U1 = −N/2, which gives αp =
p+ (1+N)/2. Since this is a linear problem, the values chosen for U0 and U1 have no
effect on the effective diffusion coefficient.
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To obtain equations for the coefficients, we project each of these onto cos kπx
L by

multiplying by cos kπx
L and integrating from 0 to L. We find that

Ak
L
2
= Fk +

∞∑

n=1

CnI2n,k, (8.78)

and

kAk tanh
(

kπ
L
(δ − l)

)
L
2
=
∞∑

n=1

2n tanh
2nπδ

L

(
CnI2n,k

)
, (8.79)

where

Fk =
∫ L

0

(
x
L
− 1

2

)
cos

kπx
L

dx = L
n2π2

((−1)k − 1), (8.80)

In,k =
∫ L

0
sin

nπx
L

cos
kπx

L
dx = Ln

π

(
1− (−1)n+k

n2 − k2

)
. (8.81)

There is an immediate simplification possible. Notice that I2n,k = 0 and Fk = 0
when k is even. Thus, Ak = 0 for all even k. Now we eliminate the coefficients Ak from
(8.78) and (8.79) to obtain

∞∑

n=1

Cn

(
2n
k

tanh 2nπ l
L �

tanh kπ l
L (1−�) + 1

)
n

4n2 − k2
= 1

2πk2
, (8.82)

for all odd k, with � = δ/l. Since k can take on any odd positive integer value, (8.82) is
an infinite set of equations for the coefficients Cn. Since the solution of the differential
equation converges, we can truncate this system of equations and solve the resulting
finite linear system numerically.

In terms of this solution, the average flux is

J = D
l

∫ δ

0

∂u
∂x

∣∣∣∣
x=0

dy = D

(
�

L
+ 1

l

∞∑

n=1

Cn tanh
2nπ l�

L

)
, (8.83)

and the effective diffusion coefficient is

De = D

(
L
l

∞∑

n=1

Cn tanh
2nπ l�

L
+�

)
. (8.84)

Typical results are shown in Fig. 8.20A, where the ratio De/D is shown plotted as a
function of l/L for different values of fixed � = δ/l, and in Fig. 8.20B, where De/D is
shown plotted as a function of � for fixed l/L.

There are a number of important observations that can be made. First, notice that
in the limit �→ 1, or l/L→∞, L

l Cn tanh 2nπ l�
L → 0. Thus,

lim
�→1

De = D, (8.85)
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Figure 8.20 A: Effective diffusion ratio De/D as a function of the distribution ratio l/L for
fixed gap-junction fraction�. B: Effective diffusion ratio De/D as a function of the gap-junction
fraction � for fixed distribution ratio l/L.

and

lim
l
L→∞

De = D�. (8.86)

Finally, from the numerical solution, it can be seen that De is a decreasing function
of l/L. Thus, clumping of gap junctions lowers the effective diffusion coefficient com-
pared with spreading them out uniformly, in agreement with numerical experiments
described above.

From Fig. 8.20B we see that when gap junctions are small but uniformly spread,
there is little decrease in the effective diffusion coefficient, unless� is quite small. Thus,
for example, with� = 0.01 (so that gap junctions comprise 1% of the membrane surface
area) and l = 0, the effective diffusion coefficient is about 86% of the cytoplasmic
diffusion. On the other hand, with only one large gap junction with � = 0.01 in the
end membrane of a square cell (l = 0.5), the effective diffusion coefficient is reduced
to about 27% of the original.

It is interesting to relate these results to the one-dimensional solution (8.66). This
two-dimensional problem becomes effectively one-dimensional in the limit l

L → 0,
with a piecewise-linear profile in the interior of the cells and small boundary or corner
layers at the end faces. In this limit, the effective diffusion coefficient satisfies

D
De
= 1+ μ1−�

�
, (8.87)

with μ = 0.0016. This formula was found by plotting the curve �( D
De
− 1) against

�, which, remarkably, is numerically indistinguishable from the straight line μ(1−�).
Comparing this with the one-dimensional result, we find that the end-face permeability,
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F, can be related to the fraction of gap junctions � through

F = D
L

�

μ(1−�) . (8.88)

8.3 Exercises
1. Use that ci is small compared to ce to simplify the Llinás model of presynaptic Ca2+ channels

(Peskin, 1991). Show that this simplification gives little difference to the behavior of the
full model shown in Figs. 8.5 and 8.6.

2. (a) The model of the presynaptic Ca2+ current discussed in the text cannot give the curves
shown in Fig. 8.7 in response to a voltage jump. Why not?

(b) Calculate and plot the solution to (8.7) if V = V0 + (V1−V0)(H(t)−H(t− 4)), where H
is the Heaviside function.

3. Calculate the analytic solution to (8.7) when V is a given function of t.

4. (a) In Fig. 8.13, why are some of the curves positive and some negative?

(b) Construct a simple function F(t) with the same qualitative shape as the function W(t)
used in the Magleby and Stevens model of end-plate currents (Fig. 8.12).

(c) Calculate the analytic solution to (8.48) for this function F. Compare to the curves
shown in Fig. 8.13.

5. In the Magleby and Stevens model of end-plate currents, a simple choice for the release
function f (t) results in end-plate conductances with considerable qualitative similarity with
those in Fig. 8.13. Suppose there is an instantaneous release of ACh into the synaptic cleft
at time t = 0. Take f (t) = γ δ(t), where δ is the Dirac delta function and find the conductance
x which is the solution of (8.44), to leading order in γ

K in the limit that γ
K is small. Show

that x(t) is always positive. Plot x(t).

6. Peskin (1991) presented a more complex version of the Magleby and Stevens model. His
model is based on the reaction scheme

−→ ACh, rate rT per unit volume, (8.89)

ACh + R
k1−→←−
k2

ACh · R
β

−→←−
α

ACh ·R∗, (8.90)

ACh + E
k3−→←−
k4

ACh · E
γ

−→ E, (8.91)

where E is some enzyme that degrades ACh in the synaptic cleft. (The Peskin model dif-
fers from the Magleby and Stevens model in two ways, with the assumption of enzymatic
degradation of ACh and the assumption that the amount of ACh bound to its receptor is
not negligible.)

(a) Write down the equations for the 6 dependent variables. Use conservation laws to
eliminate two of the equations.

(b) Assume that the reactions involving ACh with R, and ACh with E (with reaction rates
ki, i = 1, 4), are fast to obtain expressions for [R] and [E] in terms of the other variables.
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Substitute these expressions into the differential equations for [ACh ·R∗] and [ACh] −
[R] − [E] to find two differential equations for [ACh · R∗] and [ACh].

(c) Solve these equations when the stimulus is a small sudden release of ACh (i.e., assume
that rT = εδ(t) where ε is small - small compared to what?). Compare this solution
with that of Exercise 5.
Remark: After appropriate rescaling and approximation, the equations are of the form

dx
dt
= a1y− αx (8.92)

dx
dt
+ a2

dy
dt
= δ(t)− a3y, (8.93)

for some constants a1, a2 and a3.

7. Solve (8.54) with gs(t) = x(t) as found in Exercise 5 and plot the solution. Compare to x(t)
found in Exercise 5 (i.e., (8.55)).

8. The purpose of this exercise is to link together the models of this chapter to construct a
unified model of the synaptic cleft that connects the presynaptic action potential to the
postsynaptic voltage via the concentration of ACh in the synaptic cleft.

(a) First, use the FitzHugh–Nagumo equations (Section 5.2) to construct an action po-
tential that serves as the input to the overall model. Remark: if we let V1 denote the
presynaptic membrane potential, and let v = V1 − Vr , the equations

dv
dt
= 0.01v(70− v)(v− 7)− 100w, (8.94)

dw
dt
= 0.25(v− 5w), (8.95)

do a reasonable job. What is Vr? What value should be chosen for Vr? Solve these
equations and plot the presynaptic action potential.

(b) Link this presynaptic voltage to the presynaptic Ca2+ concentration by constructing a
differential equation for the Ca2+ concentration. (Hint: Take the inward Ca2+ current
given by the Llinás model of Section 8.1.2 PCa = 0.03μms−1 and a linear Ca2+ removal
with time constant 1 ms works well. Be careful with the units.) Plot the Ca2+ transient
that results from the presynaptic action potential calculated in part (a) above.

(c) Link to the model of Ca2+-mediated release of neurotransmitter (Section 8.1.3). Plot,
as a function of time, the probability that the release site is activated.

(d) Next, link to the model of neurotransmitter kinetics in the synaptic cleft (Section 8.1.4).
(Hint: The rate of release of neurotransmitter into the cleft should be proportional to
the number of activated release sites. Choose this constant of proportionality to be
3 × 106.) Then link this to the model of the postsynaptic membrane potential, V2,
by letting gs(t) = x(t). Plot the concentration of ACh and the concentration of open
ACh-sensitive channels as functions of time.

(e) Finally, plot V1 and V2 on the same graph to compare the input and output voltages of
the model.

9. Incorporate the effects of nicotine into a model of ACh activation of receptors.
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Neuroendocrine Cells

There are many hormones that circulate through the body, controlling a diverse array
of functions, from appetite to body temperature to blood pH. These hormones are se-
creted from specialized cells in various glands, such as the hypothalamus and pituitary,
the pancreas, or the thyroid. Models of hormone physiology at the level of the entire
body are discussed in Chapter 16. Here, we consider models of the cells that secrete
the hormones, the neuroendocrine cells. They are called neuroendocrine (or sometimes
neurosecretory) as they have many of the hallmarks of neurons, such as membrane ex-
citability, but are specialized, not to secrete neurotransmitter into a synaptic cleft, but
to secrete hormones into the blood. However, not only is there a fine line between
hormones and neurotransmitters, there is also little qualitative difference between se-
cretion into a synaptic cleft, and secretion into the bloodstream. Thus it does not pay
to draw too rigid a distinction between neurons and neuroendocrine cells.

Although, unsurprisingly, there is a great variety of neuroendocrine cells, they have
certain characteristics that serve to unify their study. First, they are excitable and there-
fore have action potentials. Second, the electrical activity usually is not a simple action
potential, or periodic train of action potentials (Chapter 5). Instead, the action poten-
tials are characterized by bursts of rapid oscillatory activity interspersed with quiescent
periods during which the membrane potential changes only slowly. This behavior is
called bursting. Third, bursting is often closely regulated by the intracellular Ca2+ con-
centration (Chapter 7). Thus, models of neurosecretory cells typically combine models
of membrane electrical excitability and Ca2+ excitability, leading to a fascinating array
of dynamic behaviors.

Other factors can also influence bursting; for example, as is described later in this
chapter, recent models of bursting in the pancreatic β cell include models of the gly-
colytic pathway, thus leading to models that incorporate, in a single cell, many of the
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complexities described in Chapters 1, 5 and 7. Neuroendocrine cells are thus won-
derful examples of how multiple oscillatory mechanisms can interact, and provide an
enormous range of interesting behaviors to explore.

9.1 Pancreatic β Cells

In response to glucose, β cells of the pancreatic islet secrete insulin, which causes the
increased use or uptake of glucose in target tissues such as muscle, liver, and adipose
tissue. When blood levels of glucose decline, insulin secretion stops, and the tissues
begin to use their energy stores instead. Interruption of this control system results in
diabetes, a disease that, if left uncontrolled, can result in kidney failure, heart disease,
and death. It is believed that bursting, a typical example of which is shown in Fig. 9.1,
plays an important (but not exclusive) role in the release of insulin from β cells.

9.1.1 Bursting in the Pancreatic β Cell

Bursting in the pancreatic β cell occurs with a wide variety of periods, ranging from
a few seconds to a few minutes. Typically, these are divided into three groups; fast
bursting, with periods of around 2 to 5 s; medium bursting, with periods of around 10
to 60 s; and slow bursting, with periods of around 2 to 4 minutes.

Although bursting has been studied extensively for many years, most mathematical
studies are based on the pioneering work of Rinzel (1985, 1987), which was in turn
based on one of the first biophysical models of a pancreatic β cell (Chay and Keizer,
1983). Rinzel’s interpretation of bursting in terms of nonlinear dynamics provides an
excellent example of how mathematics can be used to understand complex biological
dynamical systems.

Figure 9.1 Bursting oscillations in the pancreatic β cell. Provided by Les Satin, Min Zhang
and Richard Bertram.
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Models of bursting in pancreatic β cells can be divided into two major groups (well
summarized by de Vries, 1995). Earlier models were generally based on the assumption
that bursting was caused by an underlying slow oscillation in the intracellular Ca2+
concentration (Chay, 1986, 1987; Chay and Cook, 1988; Chay and Kang, 1987; Himmel
and Chay, 1987; Keizer and Magnus, 1989). In light of more recent experimental ev-
idence showing that Ca2+ is not the slow variable underlying bursting, more recent
models have modified this assumption, relying on alternative mechanisms to produce
the underlying slow oscillation (Keizer and Smolen, 1991; Smolen and Keizer, 1992;
Bertram and Sherman, 2004a,b; Nunemaker et al., 2006).

One of the first models of bursting was proposed by Atwater et al. (1980).
It was based on extensive experimental data, incorporating the important cellular
mechanisms that were thought to underlie bursting, and was later developed into a
mathematical model by Chay and Keizer (1983). Although the mathematical model
includes only those processes believed to be essential to the bursting process and thus
omits many features of the cell, it is able to reproduce many of the basic properties of
bursting. The ionic currents in the model are:

1. A Ca2+-activated K+ channel with conductance an increasing function of c =[
Ca2+] of the form

gK,Ca = ḡK,Ca
c

Kd + c
, (9.1)

for some constant ḡK,Ca.
2. A voltage-gated K+ channel modeled in the same way as in the Hodgkin–Huxley

equations, with

gK = ḡKn4, (9.2)

where n obeys the same differential equation as in the Hodgkin–Huxley equations
(Chapter 5), except that the voltage is shifted by V∗, so that V in (5.28) and (5.29)
is replaced by V + V∗. For example, βn(V) = 0.125 exp[(−V − V∗)/80].

3. A voltage-gated Ca2+ channel, with conductance

gCa = ḡCam3h, (9.3)

where m and h satisfy Hodgkin–Huxley differential equations for Na+ gating,
shifted along the voltage axis by V ′. That is, the inward Ca2+ current is modeled
by the Na+ current of the Hodgkin–Huxley equations.

Combining these ionic currents and adding a leak current gives

Cm
dV
dt
= −(gK,Ca + gK)(V − VK)− 2gCa(V − VCa)− gL(V − VL), (9.4)

where Cm is the membrane capacitance.
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To complete the model, there is an equation for the regulation of intracellular Ca2+,

dc
dt
= f (−k1ICa − kcc), (9.5)

where the Ca2+ current is ICa = ḡCam3h(V − VCa) and where k1 and kc are constants.
The constant f is a scale factor relating total changes in

[
Ca2+] to the changes in free[

Ca2+] (as discussed in the section on Ca2+ buffering in Chapter 7) and is usually a
small number, while kc is the rate at which Ca2+ is removed from the cytoplasm by the
membrane ATPase pump.

For this model it is assumed that glucose regulates the rate of removal of Ca2+
from the cytoplasm. Thus, kc is assumed to be an (unspecified) increasing function of
glucose concentration. However, the concentration of glucose is not a dynamic variable
of the model, so that kc can be regarded as fixed, and the behavior of the model can be
studied for a range of values of kc.

A numerically computed solution of this model, shown in Fig. 9.2, exhibits bursts
that bear a qualitative resemblance to those seen experimentally. It is also readily seen
that there is a slow oscillation in c underlying the bursts, with bursting occurring during
the peak of the Ca2+ oscillation. The fact that Ca2+ oscillations occur on a slower time
scale is built into the Ca2+ equation (9.5) explicitly by means of the parameter f . As f
becomes smaller, the Ca2+ equation evolves more slowly, and thus the relative speeds of

(m
M

)

Figure 9.2 Bursting oscillations in the Chay–Keizer β cell model, calculated using the
parameter values inTable 9.1.
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.Table 9.1 Parameters of the model of electrical bursting in pancreatic β cells.

Cm = 1 μF/cm2 ḡK,Ca = 0.02 mS/cm2

ḡK = 3 mS/cm2 ḡCa = 3.2 mS/cm2

ḡL = 0.012 mS/cm2 VK = −75 mV

VCa = 100 mV VL = −40 mV

V ∗ = 30 mV V ′ = 50 mV

Kd = 1 μM f = 0.007

k1 = 0.0275 μM cm2/nC kc = 0.02 ms−1

the voltage and Ca2+ equations are directly controlled. It therefore appears that there
are two oscillatory processes interacting to give bursting, with a fast oscillation in V
superimposed on a slower oscillation in c. This is the basis of the phase-plane analysis
that we describe next.

Phase-Plane Analysis
The β cell model can be simplified by ignoring the dynamics of m and h, thus removing
the time dependence (but not the voltage dependence) of the Ca2+ current (Rinzel and
Lee, 1986). The simplified model equations are

Cm
dV
dt
= −ICa(V)−

(
ḡKn4 + ḡK,Cac

Kd + c

)
(V − VK)− ḡL(V − VL), (9.6)

τn(V)
dn
dt
= n∞(V)− n, (9.7)

dc
dt
= f (−k1ICa(V)− kcc), (9.8)

where ICa = ḡCam3∞(V)h∞(V)(V − VCa).
Since f is small, this β cell model separates into a fast subsystem (the V and n

equations) and a slow equation for c. The fast subsystem can be studied using phase-
plane methods, and then the behavior of the full system can be understood as slow
variations of the fast phase plane system.

We first consider the structure of the fast subsystem as a function of c, treating c
as a fixed parameter.

When c is low, the Ca2+-activated K+ channel is not activated, and the fast subsys-
tem has a unique fixed point with V high. Conversely, when c is high, the Ca2+-activated
K+ channel is fully activated, and the fast subsystem has a unique fixed point with V
low, as the high conductance of the Ca2+-activated K+ channels pulls the membrane
potential closer to the K+ Nernst potential, about −75 mV. However, for intermediate
values of c there are three fixed points, and the phase plane is much more intricate.
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n

V

n

V

A B

Figure 9.3 Phase planes of the fast subsystem of the Chay–Keizer β cell model, for two
different values of c, both in the intermediate range.The phase planes are sketched, not drawn
to scale. Nullclines are denoted by dashed lines, and the intersections of the nullclines show
the positions of the fixed points. For both values of c there are three fixed points, of which the
middle one is a saddle point. However, in A (with chb < c < chc; see Fig. 9.4) the unstable node
is surrounded by a stable limit cycle, while in B (corresponding to c > chc) the limit cycle has
disappeared via a homoclinic bifurcation.

Phase planes of the V , n subsystem for two different intermediate values of c are shown
in Fig. 9.3.

In both cases, the lower fixed point is stable, the middle fixed point is a saddle
point, and the upper fixed point is unstable. For some values of c the upper fixed point
is surrounded by a stable limit cycle, which in turn is surrounded by the stable manifold
of the saddle point (Fig. 9.3A). However, as c increases (still in the intermediate range),
the limit cycle “hits” the saddle point and forms a homoclinic connection (a homoclinic
bifurcation). Increasing c further breaks the homoclinic connection, and the stable
manifold of the saddle point forms a heteroclinic connection with the upper, unstable,
critical point (Fig. 9.3B). There is now no limit cycle.

This sequence of bifurcations can be summarized in a bifurcation diagram, with V
plotted against the control parameter c (Fig. 9.4A). The Z-shaped curve is the curve of
fixed points, and as usual, the stable oscillation around the upper steady state is depicted
by the maximum and minimum of V through one cycle. As c increases, oscillations
appear via a Hopf bifurcation (chb) and disappear again via a homoclinic bifurcation
(chc). For a range of values of c the fast subsystem is bistable, with a lower stable fixed
point and an upper stable periodic orbit. This bistability is crucial to the appearance
of bursting.

We now couple the dynamics of the fast subsystem to the slower dynamics of c.
Included in Fig. 9.4A is the curve defined by dc/dt = 0, i.e., the c nullcline. When
V is above the c nullcline, dc/dt > 0, and so c increases, but when V is below the c
nullcline, c decreases. Now suppose V starts on the lower fixed point for a value of
c that is greater than chc. Since V is below the c nullcline, c starts to decrease, and
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A

B

c

V

dc/dt = 0

HC

SN

chc

HB

Vss

max Vosc

min Vosc

chb

c

V

dc/dt = 0

Vss

Figure 9.4 A: Sketch of the bi-
furcation diagram of the simplified
Chay–Keizer β cell model, with c as
the bifurcation parameter. Vss denotes
the curve of steady states of V as a
function of c. A solid line indicates
a stable steady state; a dashed line
indicates an unstable steady state.
The two branches of Vosc denote the
maximum and minimum of V over
one oscillatory cycle. HB denotes a
Hopf bifurcation, HC denotes a ho-
moclinic bifurcation, and SN denotes
a saddle-node bifurcation. B: A burst
cycle projected on the (V , c) plane.
(Adapted from Rinzel and Lee, 1986,
Fig. 3.)

V follows the lower branch of fixed points. However, when c becomes too small, this
lower branch of fixed points disappears in a saddle-node bifurcation (SN), and so V
must switch to the upper branch of the Z-shaped curve. Since this upper branch is
unstable and surrounded by a stable limit cycle, V begins to oscillate. However, since
V now lies entirely above the c nullcline, c begins to increase. Eventually, c increases
enough to cross the homoclinic bifurcation at chc, the stable limit cycles disappear,
and V switches back to the lower branch, completing the cycle. Repetition of this
process causes bursting. The quiescent phase of the bursting cycle is when V is on the
lower branch of the Z-shaped curve, and during this phase V increases slowly. A burst
of oscillations occurs when V switches to the upper branch, and disappears again
after passage through the homoclinic bifurcation. Clearly, in this scenario, bursting
relies on the coexistence of both a stable fixed point and a stable limit cycle, and the
bursting cycle is a hysteresis loop that switches between branches of the Z-shaped
curve. Bursting also relies on the c nullcline intersecting the Z-shaped curve in the
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right location. For example, if the c nullcline intersects the Z-shaped curve on its lower
branch, there is a unique stable fixed point for the whole system, and bursting does not
occur. A projection of the bursting cycle on the (V , c) phase plane is shown in Fig. 9.4B.
The periods of the oscillations in the burst increase through the burst, as the limit
cycles get closer to the homoclinic trajectory, which has infinite period.

The relationship between bursting patterns and glucose concentration can also be
deduced from Fig. 9.4. Notice that the dc

dt = 0 nullcline, given by c = − k1
kc

ICa(V), is

inversely proportional to kc. Increasing kc moves the dc
dt = 0 nullcline to the left while

decreasing kc moves it to the right. Thus, when kc is sufficiently small, the nullcline
intersects the lower branch of the V nullcline. On the other hand, if kc is extremely
large, the c nullcline intersects the upper branch of the V nullcline, possibly to the left
of chb. At intermediate values of c, the c nullclines intersects the middle branch of the
V nullcline.

Under the assumption that kc is monotonically related to the glucose concentration,
when the glucose concentration is low, the system is at a stable rest point on the lower
V nullcline; there is no bursting. If glucose is increased so that the c nullcline intersects
the middle V nullcline with c < chc, there is bursting. However, the length of the
bursting phase increases and the length of the resting phase decreases with increasing
glucose, because Ca2+ increases at a slower rate and decreases at a faster rate when
kc is increased. For large enough kc the bursting is sustained with no rest phase, as c
becomes stalled below chc. Finally, at extremely high kc values, bursting is replaced by
a permanent high membrane potential, with c < chb. This dependence of the bursting
phase on glucose is confirmed by experiments.

9.1.2 ER Calcium as a Slow Controlling Variable

There are two major problems with the above model. First, it does not reproduce the
wide variety of periods and bursting patterns actually seen in bursting pancreatic β
cells, being limited to a narrow range of fast bursting frequencies.

Second, more recent experimental evidence has shown that Ca2+ oscillates much
too fast to be viewed as a slow control variable. This is illustrated in Fig. 9.5, which
shows simultaneous Ca2+ and voltage measurements. The bursting oscillations in the
voltage are mirrored by bursting oscillations in the cytoplasmic Ca2+ concentration,
and the rise in Ca2+ concentration is almost as fast as the rise in voltage.

So the question arises of what controls the length of bursting. One possibility is
that the ER Ca2+ concentration varies much more slowly than the cytoplasmic Ca2+
and could provide the necessary control mechanism. This would be the case if most
of the Ca2+ during active bursting were coming from the extracellular space through
transmembrane ion channels, and only a small amount of Ca2+ flowed between the
cytoplasm and the ER. If this were the case, ER Ca2+ would act like a low pass filter
for cytoplasmic Ca2+, and therefore could be used to detect and regulate the length of
bursting activity. The possible usefulness of a low-pass filter is seen in the Ca2+ traces
shown in Fig. 9.5, where, during a burst, Ca2+ concentration oscillates rapidly around
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Figure 9.5 Simultaneous Ca2+ and voltage measurements from a bursting pancreatic β cell.
(Adapted from Zhang et al., 2003, Fig. 4.)

a raised baseline. A low-pass filter would measure the length of time that the Ca2+
baseline is elevated, but filter out the rapid oscillations.

Thus, it was proposed by Chay (1996a,b, 1997) that slow variations in ER Ca2+
could be an important control mechanism, and could, in addition, generate a wider
range of bursting periods. This proposal was analyzed in detail by Bertram and
Sherman (2004a) who showed that the interaction of a (not very slow) cytoplasmic
Ca2+ variable, with a (much slower) ER Ca2+ variable, could lead to bursting with a
wide range of periods. They named this a phantom bursting model, as it can lead to
bursting with a period intermediate between that of the slow variables.

The Membrane Voltage Submodel

The electrical part of the phantom bursting model is similar to the Chay–Keizer model,
but with slight differences, so we present it in full here. As before, the current is the sum
of a Ca2+ current, a K+ current, and a Ca2+-sensitive K+ current, with an additional
ATP-sensitive K+ current, which is important below. The only current not assumed to
be at pseudo-steady state is the K+ current. Thus,

Cm
dV
dt
= −ICa − IK − IK,Ca − IK,ATP, (9.9)

τn
dn
dt
= n∞(V)− n, (9.10)

ICa = gCam∞(V)(V − VCa), (9.11)

IK = gKn(V − VK), (9.12)

IK,Ca = gK,Caω(c)(V − VK), (9.13)

IK,ATP = gK,ATP(V − VK), (9.14)
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where c denotes the free cytoplasmic Ca2+ concentration. The functions m∞ and n∞
are given by

m∞(V) = 1
1+ e(vm−V)/sm)

, (9.15)

n∞(V) = 1
1+ e(vn−V)/sn)

. (9.16)

The variable ω is the fraction of open Ca2+-sensitive K+ channels, and is close to a step
function,

ω(c) = c5

c5 + k5
D

. (9.17)

The Calcium Submodel
These equations for the electrical properties of the membrane must be coupled to
equations that model the cytoplasmic and ER Ca2+ concentrations. The Ca2+ model is
chosen to be relatively simple; more complex models of Ca2+ dynamics are discussed
in Chapter 7.

As usual, let c and ce denote the free concentrations of Ca2+ in the cytoplasm and
ER respectively. The equations for c and ce are simple balances of fluxes.

1. ICa, the transmembrane Ca2+ current as discussed above.
2. Pumping of Ca2+ across the plasma and ER membranes, denoted by Jpm and Jserca

respectively. Both of these fluxes are assumed to be linear functions of Ca2+, and
thus

Jserca = ksercac, (9.18)

Jpm = kpmc. (9.19)

3. Jleak, a leak from the ER. This is assumed to be proportional to the difference
between the ER and cytoplasmic concentrations, and thus

Jleak = kleak(ce − c). (9.20)

Because of Ca2+ buffering, only a small fraction of each flux contributes to a change
in the free Ca2+ concentration. If we assume that buffering is fast and unsaturated,
then we need only multiply each flux by a scaling factor to get the change in free Ca2+
concentration (Section 7.4).

We put all these fluxes together to get

dc
dt
= fcyt(−αICa − Jpm + Jleak − Jserca), (9.21)

dce

dt
= −γ fer(Jleak − Jserca). (9.22)

Here, γ is the ratio of the cytoplasmic volume to the ER volume, while fcyt and fer are
the buffering scaling factors for the cytoplasm and the ER.
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.Table 9.2 Parameters of the phantom bursting model.The values of gK,Ca and gK,ATP used
for each simulation are given in the figure captions.

gCa = 1200 pS gK = 3000 pS

VCa = 25 mV VK = −75 mV

Cm = 5300 fF α = 4.5× 10−6μM fA−1 ms−1

τn = 16 ms fcyt = 0.01

kpm = 0.2 ms−1 kD = 0.3 μM

vn = −16 mV sn = 5 mV

vm = −20 mV sm = 12 mV

kserca = 0.4 ms−1 fer = 0.01

γ = 5 pleak = 0.0005 ms−1

The parameter values for this model are given in Table 9.2.

Fast Bursting
When the Ca2+-sensitive K+ conductance is high (900 pS), the model exhibits fast
bursting, as shown in Fig. 9.6. The ER Ca2+ concentration varies little over the course
of a burst, and indeed, if ce is set to be a constant, the solution is nearly identical. As
can be seen from the middle panel of Fig. 9.6, although c is slightly slower than V , it
changes a lot faster than ce, and is not obviously a slow variable.

A full analysis of this model requires examining a three-dimensional phase space,
a difficult exercise. However, even though it is only an approximate analysis, it is useful
to analyze this model in the same way as Rinzel’s analysis of the Chay–Keizer model, as
discussed previously. To do so, we pretend that c is a bifurcation parameter, and draw
the bifurcation diagram of V against c (Fig. 9.7). This gives a diagram qualitatively
similar to that shown in Fig. 9.4. A Z-shaped curve of steady-state solutions becomes
unstable at a Hopf bifurcation, and the branch of stable limit cycles intersects the Z-
shaped curve of steady states in a homoclinic bifurcation. This gives rise to bistability,
where a stable steady state and a stable limit cycle exist simultaneously.

Bursting occurs in the same manner as the Chay–Keizer model. Above the dc/dt = 0
nullcline the solution trajectory moves to the right, and lives (approximately) on the
branch of stable limit cycles, giving the active phase of the burst. When it moves far
enough to the right, it falls off the branch of limit cycles and heads to the lower branch
of stable steady states. Since this branch is below the c nullcline, the solution then
moves to the left, eventually falling off the saddle-node to repeat the cycle. This way
of interpreting the solution is only an approximate one, as it can be seen from Fig. 9.7
that the actual solution follows accurately neither the branch of periodic orbits nor
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Figure 9.6 Fast bursting oscillations in the phantom bursting model.These solutions were
computed with gK,Ca = 900 pS and gK,ATP = 227.5 pS. Note that the ER Ca2+ varies only
slightly.

the lower branch of steady states. The upper turning point of the burst is close to
oscmax, but the lower turning point is not close at all to oscmin. Similarly, when the
solution falls off the branch of periodic orbits, it does so well before the homoclinic
bifurcation, and then does not follow the lower branch of steady states closely. This
happens because c is not really a slow parameter after all. In the limit as c becomes
infinitely slow, the solution would track much more closely the bifurcation diagram of
the fast subsystem. Despite these quantitative disagreements, the phase plane of the
fast subsystem is nonetheless a useful way to interpret and understand the solutions
of the full system.

However, there is one important difference between this model and the Chay–
Keizer model. In this model there is a second slow variable, ce, and thus the dc/dt = 0
nullcline moves as ce varies (the Z-shaped curve, however, is independent of ce). From
(9.21) we see that the dc/dt = 0 nullcline is given by

c = pleakce − αICa

kpm + pleak + kserca
, (9.23)
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m

Figure 9.7 Fast bursting in the phantom bursting model (computed with gK,Ca = 900 pS and
gK,ATP = 227.5 pS) superimposed on the bifurcation diagram of the fast subsystem, treating
c as the bifurcation parameter. HB — Hopf bifurcation; HC — homoclinic bifurcation; SN —
saddle-node bifurcation.

and thus, as ce increases, the nullcline moves to the right. For the fast bursting shown in
Fig. 9.6 the changes in ce are so small that this movement of the nullcline has no effect
on the bursting. However, for different parameter values, more interesting behaviors
emerge.

Medium Bursting
One way to get a longer burst period would be to stretch the Z-shaped curve horizontally,
so that the homoclinic bifurcation and the saddle-node are further apart. This can be
accomplished by decreasing gK,Ca. However, if the c nullcline remains unchanged, for
small enough gK,Ca it intersects the Z-shaped curve on its upper branch, inside the
branch of stable limit cycles. In this case, the limit cycle is a stable solution of the full
system, and the solution remains stuck in the active phase.

Now the slow dynamics of ce come into play. During the active phase ce increases
(see Exercise 4), gradually moving the c nullcline to the right; the oscillations chase the
c nullcline to the right, as shown in Fig. 9.8. When the c nullcline is moved far enough
to the right, the solution falls off the limit cycles (i.e., leaves the active phase), moves
toward the lower branch of steady-state solutions (thus starting the silent phase), and
moves to the left toward the saddle-node. However, movement along this lower branch
is very slow, as the c nullcline intersects the Z-shaped curve on its lower branch, giving
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Figure 9.8 Medium bursting in the phantom bursting model (computed with gK,Ca = 700 pS
and gK,ATP = 300 pS) superimposed on the bifurcation diagram of the fast subsystem, treating
c as the bifurcation parameter. HC — homoclinic bifurcation; SN — saddle-node bifurcation.
The Hopf bifurcation occurs at a negative value of c and so does not appear here.Two dc/dt = 0
nullclines are shown, for the maximum and minimum values of ce over a burst.

a stable quasi-steady state. The solution is thus forced to move at the same speed as the
slow variable ce, tracking the quasi-steady state as it moves to the left. Eventually, the
c nullcline moves sufficiently far to the left that the quasi-steady state disappears, the
solution leaves the lower branch of the Z-shaped curve, and the burst cycle repeats.

Thus, in medium bursting the burst cycle relies on the slow movement of the c
nullcline, which is caused by the slow increase of ce during the active phase of the
burst, and the slow decrease of ce during the silent phase. Because the c nullcline
moves slowly, this results in medium bursting with a longer period. Both the active
and silent phases are longer than for fast bursting, giving a much longer burst period,
and the ER Ca2+ varies much more over a cycle. Typical solutions are shown in Fig. 9.9.

The Effect of Agonists

Pancreatic β cells are also regulated by the nervous system. Secretion of acetylcholine
from parasympathetic nerves increases the rate of insulin secretion, an effect due partly
to changes in the electrical activity and Ca2+ dynamics of individual β cells. Since the
action of acetylcholine is via the production of inositol trisphosphate (IP3; see Chapter
7), and consequent release of Ca2+ from the ER, it can be modeled by including an
additional term for a Ca2+ flux through IP3 receptors (Exercise 3). When [IP3] is raised
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Figure 9.9 Medium bursting oscillations in the phantom bursting model. These solutions
were computed with gK,Ca = 700 pS and gK,ATP = 300 pS.The active phase is not completely
regular due to inadequate numerical resolution of the timestep.

from 0 to 0.3 μM the burst pattern changes from medium to fast, a change which is
observed experimentally.

9.1.3 Slow Bursting and Glycolysis

Bursting in pancreatic β cells is highly sensitive to the level of glucose; as the concentra-
tion of glucose increases, so does the active fraction of the burst cycle. During the active
fraction of the burst cycle the Ca2+ concentration is raised, and this in turn causes the
secretion of insulin. Thus, the rate of insulin secretion is an increasing function of
glucose concentration.

This effect of glucose is believed to be mediated by the ATP-sensitive K+ channel,
which is activated by ADP and inhibited by ATP. At low glucose concentrations the
ATP/ADP ratio is low, the K+ channel is open, hyperpolarizing the cell and thus pre-
venting bursting. As glucose increases, so does the ATP/ADP ratio; this decreases the
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conductance of the ATP-sensitive K+ channels, thus depolarizing the cell and allowing
bursting to occur.

There are two important features of bursting and insulin secretion that we have
not, as yet, addressed. First, bursting often occurs with a much longer period than that
so far reproduced by the models above, and second, such slow bursting can take a
more complex form than that shown in Figs. 9.6 and 9.9. In particular, slow bursting
can occur as “compound” bursting, or bursts of bursts, in which each active phase itself
consists of alternating active and silent subphases.

One hypothesis is that compound bursting and a long burst period arise from a
slow oscillation in the glycolytic pathway (Chapter 1), which causes slow oscillations
in the ATP/ADP ratio. One of the earliest quantitative models of this hypothesis was
that of Wierschem and Bertram (2004), who showed that, by linking the Goldbeter–
Lefever model of glycolytic oscillations (Chapter 1) to a simple bursting model, the
burst pattern could be modulated on a long time scale, to obtain both compound and
slow bursting. This initial model, more a proof of principle than a quantitative model,
was quickly followed by much more detailed realizations, first using the Smolen model
of glycolytic oscillations (Smolen, 1995; Bertram et al., 2004; Nunemaker et al., 2006),
and then linking the Smolen model to the Magnus–Keizer model of mitochondrial
metabolism (Magnus and Keizer, 1997, 1998a, 1998b; Bertram et al., 2006a, 2007a,b).

The later models being too complex to present in full here, we instead examine
briefly the original model of Wierschem and Bertram (2004), as it contains most of the
essentials of the more complex models.

The Glycolysis, Electrical and Calcium Submodels
To model glycolytic oscillations in a simple way we use the reduced Goldbeter–Lefever
model discussed in Section 1.6. Thus,

τc
d[ATP]

dt
= v1 − F([ATP], [ADP]), (9.24)

τc
d[ADP]

dt
= F([ATP], [ADP])− v2[ADP], (9.25)

where (as in (1.125))

F([ATP], [ADP]) = [ATP](1+ kADP[ADP])2. (9.26)

The only change introduced to this version of the glycolytic model is the time constant,
τc, which is convenient for changing the period of the glycolytic oscillations.

The electrical submodel is almost the same as the models discussed previously in
this chapter. The currents are described by (9.9)–(9.14) and (9.15), the only difference
being that, instead of (9.17), we take

ω(c) = c
c+ kD

. (9.27)
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.Table 9.3 Parameters of the compound bursting model.

gCa = 1200 pS gK = 3000 pS

gK,Ca = 300 pS gK,ATP = 350 pS

VCa = 25 mV VK = −75 mV

Cm = 5300 fF α = 2.25× 10−6μM fA−1 ms−1

τn = 16 ms f = 0.001

kc = 0.1 ms−1 kD = 0.3 μM

vn = −16 mV sn = 5.6 mV

vm = −20 mV sm = 12 mV

τc = 1.2× 10−6 ms v1 = 10 mM

v2 = 185 kADP = 20 mM−1

Finally, the Ca2+ submodel is the same as that of the Chay–Keizer model. We thus
ignore ER Ca2+ to get a single equation for c (as in (9.5)),

dc
dt
= −f (αICa + kcc). (9.28)

All the parameters of the compound bursting model are given in Table 9.3.

Compound Bursting
A typical example of compound bursting in this model is shown in Fig. 9.10. The
bursting occurs in clusters, with the duration of the active phase increasing and then
decreasing through each cluster. As can be seen from the dotted curve, [ATP] is os-
cillating also; here these oscillations are independent of c and V , although this is not
necessarily so in more complex models.

The reason for the compound bursting can be seen if we consider the fast–slow
bifurcation structure of the electrical submodel, for various fixed values of [ATP]. As
for the Chay–Keizer model, we treat c as a slow variable and construct the bifurcation
diagrams using c as a bifurcation parameter.

At all values of [ATP], the curve of steady states (labeled ss in Fig. 9.10) is Z-shaped.
The unstable branches of this Z-shaped curve are shown as a dashed line. For low values
of c the steady state becomes unstable in a Hopf bifurcation, from which emerges a
branch of stable periodic solutions (the dot-dash curve, labeled oscmax and oscmin in
Fig. 9.10, panel a).

As [ATP] increases, the Z-shaped curve moves to the right, but the dc/dt = 0 null-
cline remains unchanged. Thus, when [ATP] is low, the dc/dt = 0 nullcline intersects
the Z-shaped curve on the lower, stable, branch, a situation that gives no bursting at all
(panel a). Conversely, when [ATP] is high, the dc/dt = 0 nullcline intersects the branch
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Figure 9.10 Compound bursting in the model with glycolytic oscillations. The upper panel
shows a compound bursting pattern, in which the bursts are grouped in clusters that occur in
a periodic manner. In panels a, b, and c are shown the bifurcation diagrams corresponding
approximately to the regions labeled a, b and c in the top panel.The dashed lines are unstable
branches of steady states, and the dot-dash lines are the maximum and minimum of stable
periodic solutions.

of periodic orbits, which leads to a continuous active phase (panel c). When [ATP] takes
intermediate values, the length of the active phase is either longer or shorter, depending
on where the dc/dt = 0 nullcline intersects the Z-shaped curve (panel b).

Hence, as [ATP] varies over the course of an oscillation, so does the length of the
active phase, thus giving compound bursting.
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9.1.4 Bursting in Clusters

In the discussion so far, we have ignored the inconvenient fact that isolated pancreatic
β cells usually do not burst in a regular fashion. It is not until several thousand cells
are grouped into an islet and electrically coupled by gap junctions that regular spiking
is seen in any cell. An isolated β cell behaves in a much more irregular fashion, with
no discernible pattern of bursting. Indeed, blockage of gap junctions in an islet greatly
reduces insulin secretion, and thus intercellular mechanisms that control bursting are
of great physiological importance. Figure 9.11 shows how the behavior of an individual
cell changes as a function of the number of other cells to which it is coupled.

Channel-Sharing
In 1983, Atwater et al. proposed a qualitative mechanism to account for the differ-
ence between the single-cell behavior and the behavior of the cell in a cluster. They

Figure 9.11 Bursting in clusters of β cells, compared to the electrical activity of an isolated
β cell (Sherman et al., 1988, Fig. 1). A: Recording from a β cell in an intact cluster (Atwater and
Rinzel, 1986), B: Recording from a cluster of β cells, with a radius of 70 μm (Rorsman andTrube,
1986, Fig. 1a). C: Recording from an isolated β cell (Rorsman andTrube, 1986, Fig. 2c).
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proposed that an individual cell contains a small number of Ca2+-sensitive K+ (K+–
Ca2+) channels each of which has a high conductance. At resting V and

[
Ca2+], a

K+–Ca2+ channel is open only infrequently, but the opening of a single channel passes
enough current to cause a significant perturbation of the cell membrane potential.
Thus, stochastic channel opening and closing causes the observed random fluctuations
in V . However, when the cells are electrically coupled in a cluster, each K+–Ca2+ chan-
nel has a much smaller effect on the potential of each individual cell, since the channel
current is spread over the network of cells. Each cell integrates the effects of a large
number of K+–Ca2+ channels, each of which has only a small influence. The tighter
the electrical coupling between cells, the better each cell is able to integrate the effects
of all the K+–Ca2+ channels in the cluster, and the more regular and deterministic is
the overall behavior.

We can use this qualitative explanation as the basis for a quantitative model
(Sherman et al., 1988; Chay and Kang, 1988). Initially, we assume infinitely tight cou-
pling of the cells in the cluster, calling the cluster a “supercell,” and show how the
bursting becomes more regular as the size of the cluster increases.

The equations of the supercell model are similar to those of the β cell model. Recall
that in the β cell model the conductance of the K+–Ca2+ channel, gK,Ca, is given by

gK,Ca = ḡK,Ca
c

Kd + c
, (9.29)

where c, as usual, denotes
[
Ca2+]. This can be derived from a simple channel model in

which the channel has one closed state and one open state, switching from closed to
open upon the binding of a single Ca2+ ion. Thus

C+ Ca2+
k+−→←−
k−

O, (9.30)

where C is a closed channel and O is an open one. If the rate constants k+ and k− are
both large compared to the other kinetic parameters of the model, then

[O] = k+
[
Ca2+]

k−
[C] =

[
Ca2+]

Kd
(1− [O]), (9.31)

where Kd = k−/k+. Hence [O] = [Ca2+]/(Kd +
[
Ca2+]), from which (9.29) follows.

In the supercell model, (9.30) is interpreted as a Markov rather than a deterministic
process, with k+ denoting the probability per unit time that the closed channel switches
to the open state, and similarly for k−. Thus, the mean open and closed times are,
respectively, 1/k− and 1/k+. If we let 〈No〉 and 〈Nc〉 denote the mean number of open
channels and closed channels respectively, then at equilibrium we have

〈No〉
〈Nc〉 =

k+
k−

. (9.32)
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To incorporate the Ca2+ dependence of the channel we make

k+
k−
=
[
Ca2+]

Kd
, (9.33)

which gives the steady-state mean proportion of open channels as

〈p〉 = 〈No〉
〈No〉 + 〈Nc〉 =

[
Ca2+]

Kd +
[
Ca2+] =

c
Kd + c

. (9.34)

The associated stochastic model is similar to (9.6)–(9.8), with the major difference
being that the Ca2+-sensitive K+ current is governed by the above stochastic process.
In other words, p is a random variable denoting the proportion of open channels in
a single cell, and is calculated (as a function of time) by numerical simulation of the
Markov process described by (9.30). Thus,

Cm
dV
dt
= −ICa − IK − ḡK,Cap(V − VK), (9.35)

τn(V)
dn
dt
= λ(n∞(V)− n), (9.36)

dc
dt
= f (−αICa − kcc), (9.37)

where ICa = ḡCam∞(V)h(V)(V − VCa) and IK = ḡKn(V − VK). The functions appearing
in the supercell model are

m∞(V) = 1

1+ exp
[

4−V
14

] , (9.38)

n∞(V) = 1

1+ exp
[−15−V

5.6

] , (9.39)

τn(V) = τ̄n

exp
[

V+75
65

]
+ exp

[−V−75
20

] , (9.40)

h(V) = 1

1+ exp
[

V+10
10

] . (9.41)

The other parameters of the model are summarized in Table 9.4. Note that although the
form of the model is similar to that of the β cell model, the details have been changed
to agree with more recent experimental data. In particular, m∞ appears only to the
first power instead of the third, while n also appears to the first power. Further, the I–V
curve of the open Ca2+ channel is assumed to be of the form h(V)(V−VCa), and h(V) is
chosen to fit the experimentally observed I–V curve. This has an effect similar to that
of the function h∞(V) that was used in the β cell model.

One of the most important features of the stochastic model is that the conductance
of a single K+–Ca2+ channel is an order of magnitude greater than the conductances
of the other two channels (Table 9.4). However, each cell contains only a small number
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.Table 9.4 Parameters of the supercell model of electrical bursting in clusters of pancreatic
β cells.

Cm = 5.3 pF ḡK,Ca = 30 nS

ḡK = 2.5 nS ḡCa = 1.4 nS

VCa = 110 mV VK = −75 mV

kc = 0.03 ms−1 f = 0.001

α = 4.5 μM/C Kd = 100 μM

τ̄n = 60 ms

Figure 9.12 Behavior of an isolated cell in the supercell stochastic model. Because of the
stochastic nature of each high-conductance K+–Ca2+ channel, and because there are few
channels in a single cell, no organized bursting appears (Sherman et al., 1988, Fig. 6).

of K+–Ca2+ channels. Thus, the opening of a single K+–Ca2+ channel in an isolated
cell has a disproportionately large effect on the membrane potential of the cell; the
stochastic nature of each K+–Ca2+ channel then causes seemingly random fluctuations
in membrane potential (Fig. 9.12).

However, when identical cells are coupled by gap junctions with zero resistance,
different behavior emerges. First, since the gap junctions are assumed to have zero
resistance, and thus the entire group of cells has the same membrane potential, it is not
necessary to treat each cell explicitly. Second, the membrane capacitance and the ionic
currents depend on the surface area of the cluster and are therefore proportional to the
number of cells in the cluster, Ncell. Finally, the total number of K+–Ca2+ channels is
proportional to the total number of cells in the cluster, but the effect of each individual
channel on the membrane potential of the cluster is proportional to 1/Ncell. It follows
that the cluster of cells behaves in the same way as a very large single cell with many K+–
Ca2+ channels, each with a smaller conductance. We expect the cluster of cells to behave
in the same manner as a deterministic single-cell model in the limit as Ncell −→∞.
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To see that this is what happens, we let ĝ denote the conductance of a single K+–
Ca2+ channel and let Ni

o denote the number of open K+–Ca2+ channels in the ith cell.
Then

NcellCm
dV
dt
= −Ncell(ICa + IK)− ĝ

Ncell∑

i=1

Ni
o(V − VK), (9.42)

and so

Cm
dV
dt
= −(ICa + IK)− ĝN̄

1

NcellN̄

Ncell∑

i=1

Ni
o(V − VK)

= −(ICa + IK)− ḡK,Cap(V − VK), (9.43)

where N̄ is the number of K+–Ca2+ channels per cell, or the channel density, and
where, as before, ḡK,Ca = ĝN̄ is the total K+–Ca2+ conductance per cell. Note that in
the supercell model p = 1

NcellN̄

∑Ncell
i=1 Ni

o must be interpreted as the fraction of open

channels in the cluster, rather than the fraction of open channels in a single cell. The
mean of p is the same in both these cases, but as Ncell increases, the standard deviation
of p decreases, leading to increasingly regular behavior. As before, p must be obtained
by direct simulation of the Markov process. Simulations for different numbers of cells
are shown in Fig. 9.13. Clearly, as the size of the cluster increases, bursting becomes
more regular.

One obvious simplification in the supercell model is the assumption that the gap
junctions have zero resistance and thus that every cell in the cluster has the same
membrane potential. We can relax this assumption by modeling the cluster as individ-
ual cells coupled by gap junctions with finite conductance (Sherman and Rinzel, 1991).
An individual cell, cell i say, satisfies a voltage equation of the form

Cm
dVi

dt
= −ICa(Vi)− IK(Vi, ni)− ḡK,Capi(Vi − VK)− gc

∑

j

dij(Vi − Vj), (9.44)

where gc is the gap junction conductance and where dij are coupling coefficients, with
value one if cells i and j are coupled, and zero otherwise. As gc→∞, the sum

∑
j dij(Vi−

Vj)must approach zero for every cell in the cluster. If all the cells are connected by some
connecting path (so that there are no isolated cells or subclusters), then every cell must
have the same voltage (see Exercise 9). Thus, in the limit of infinite conductance,

Vi −→ V̄ = 1
Ncell

Ncell∑

j=1

Vj. (9.45)
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Figure 9.13 Numerical simulations of the supercell model of a cluster of cells ranging in
size from 5 to 167 cells. As the size of the cluster increases, more organized bursting appears.
(Sherman et al., 1988, Fig. 8.)
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For large but finite coupling, Vi = V̄ + O( 1
gc
). If we sum (9.44) over all the cells in the

cluster and divide by Ncell, we find

Cm
dV̄
dt
= −ICa(V̄)− IK(V̄ , n)− ḡK,Ca

1
Ncell

Ncell∑

j=1

pj(V̄ − VK)+O
(

1
Ncell

)

= −ICa(V̄)− IK(V̄ , n)− ḡK,Cap̄(V̄ − VK)+O
(

1
Ncell

)
, (9.46)

where p̄ =
∑

i pi
Ncell

=
∑

i piN̄
NcellN̄

is the proportion of open K+–Ca2+ channels in the cluster.

Hence, the model with finite gap-junctional conductance (the multicell model) turns
into the supercell model as the gap-junctional conductance and the number of cells in
the cluster approach infinity.

As expected, synchronized bursting appears as the number of cells in the cluster
increases and the coupling strength increases. Both strong coupling and a large cluster
size are required to achieve regular bursting. This is illustrated in Fig. 9.14, where we

Figure 9.14 Numerical simulations of the multicell model, in which the cells in the cluster
are coupled by gap junctions with finite conductance. Results are shown for two cells (upper
and lower traces in each pair) from two different cluster sizes (2×2×2 cells and 5×5×5 cells)
and two different junctional conductances. (Sherman and Rinzel, 1991, Fig. 3.)
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show numerical simulations for two different cluster sizes and two different coupling
strengths. However, what is not expected (and is therefore particularly interesting) is
that there is a coupling strength at which the length of the burst period is maximized.
The reasons for this have been analyzed in depth in a simpler system consisting of two
coupled cells (Sherman, 1994).

A different approach was taken by Tsaneva-Atanasova et al. (2006), who studied
the effects on bursting of the intercellular diffusion of Ca2+ and metabolites. They
concluded that intercellular diffusion of Ca2+ is not important for the synchronized
bursting of a cluster, but that intercellular diffusion of metabolites can lead to either
synchrony or the abolition of oscillations entirely.

9.1.5 A Qualitative Bursting Model

Just as the essential behaviors of the Hodgkin–Huxley equations can be distilled
into the simpler FitzHugh–Nagumo equations, giving a great deal of insight into the
mechanisms underlying excitability, so too can the Chay–Keizer model of bursting be
simplified to a polynomial model, without losing the essential properties (Hindmarsh
and Rose, 1982, 1984; Pernarowski, 1994).

We begin with the FitzHugh–Nagumo equations, and modify them slightly to
make the period of the oscillations much longer. Suppose we let v denote the excita-
tory variable and w the recovery variable (as in Chapter 5). Then, the model equations
are

dv
dt
= α(βw− f (v)+ I), (9.47)

dw
dt
= γ (g(v)− δw), (9.48)

where I is the applied current and α,β, γ , and δ are constants. As in the FitzHugh–
Nagumo equations f (v) is cubic, but unlike the FitzHugh–Nagumo equations g(v) is not
a linear function. In fact, as can be seen from Fig. 9.15, the w nullcline curves around
to lie close to the v nullcline to the left of the oscillatory critical point. (Of course, this
occurs only for a range of values of the applied current I for which oscillations occur.)
As a result, between the peaks of the oscillation, the limit cycle trajectory lies close
to both nullclines, and thus both v̇ and ẇ are small over that portion of the cycle. It
follows that the intervals between the spikes are large.

With only a slight change, this modified FitzHugh–Nagumo model can be used as
a model of bursting. Following the discussions in this chapter, it should come as no
surprise that bursting can arise in this model when bistability is introduced. This can
be done by deforming the ẇ = 0 nullcline so that it intersects the v̇ = 0 nullcline in
three places rather than only one. Since the nullclines lie close to one another in the
original model, only a slight deformation is required to create two new critical points.
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w

v

dw/dt = 0

dv/dt = 0

Figure 9.15 Sketch of typical null-
clines in the modified FitzHugh–
Nagumo equations.

With this change, the new model equations are

dv
dt
= α(βw− f (v)+ I), (9.49)

dw
dt
= γ (g(v)+ h(v)− δw), (9.50)

where h(v) is chosen such that the nullclines intersect in three places. For convenience,
we scale and nondimensionalize the model by introducing the variables T = γ δt, x = v,
and y = αβw/(γ δ), in terms of which variables the model becomes

dx
dT
= y− f̃ (x), (9.51)

dy
dT
= g̃(x)− y, (9.52)

where f̃ (x) = αf (x)/(γ δ) and g̃(x) = αβ[g(x) + h(x)]/(γ δ2). Note that the form of the
model is the same as that of the FitzHugh–Nagumo equations, although the functions
appearing in the model are different. With appropriate choices for f̃ and g̃ the model
exhibits bistability; we use the specific functions

dx
dT
= y− x3 + 3x2 + I, (9.53)

dy
dT
= 1− 5x2 − y, (9.54)

the phase plane of which is shown in Fig. 9.16 for I = 0.
There are three critical points: a stable node to the left at x = − 1

2 (1 +
√

5) (the
resting state), a saddle point in the middle at x = −1, and an unstable node to the right
at x = 1

2 (−1 + √5), which is surrounded by a stable limit cycle. As in the models of
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Figure 9.16 Phase plane of the polynomial bursting model.

bursting discussed above, the stable manifold of the saddle point acts as a threshold;
if the perturbation from the resting state is large enough that the stable manifold is
crossed, the trajectory approaches the stable limit cycle. Smaller perturbations die
away to the resting state. This is called triggered firing. This bistable phase plane is
essentially the same as the phase plane shown in Fig. 9.3A.

To generate bursting in addition to bistability, it is also necessary to have a slow
variable so that the voltage can be moved in and out of the bistable regime. This is ac-
complished in this model by introducing a third variable, z, that modulates the applied
current, I, on a slower time scale. Thus,

dx
dT
= y− x3 + 3x2 + I − z, (9.55)

dy
dT
= 1− 5x2 − y, (9.56)

dz
dT
= r[s(x− x1)− z], (9.57)

where x1 = −1
2 (1 +

√
5) is the x-coordinate of the resting state in the two-variable

model (9.53)–(9.54). When r = 0.001 and s = 4, (9.55)–(9.57) exhibit bursting (Fig.
9.17), arising via the same mechanism as in the Chay–Keizer model.

9.1.6 Bursting Oscillations in Other Cell Types

As can be seen in Fig. 9.18, bursting oscillations occur not only in pancreatic β cells,
but also in a wide range of other types of neurons and neuroendocrine cells. The type
of bursting that occurs is also widely variable. Because of the enormously complex
dynamical behavior exhibited in these bursting patterns, they have been a popular topic
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Figure 9.17 Bursting in the polynomial model, calculated numerically from (9.55)–(9.57) for
three values of the applied current. A: I = 0.4; B: I = 2; C: I = 4.

of study among mathematicians, and the theoretical study of bursting oscillations has,
by now, far outstripped our corresponding physiological knowledge.

Bursting in the Aplysia Neuron

Another well-studied example of bursting is found in the Aplysia R-15 neuron. Analysis
of a detailed model by Plant (1981) shows that the mathematical structure of this
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Figure 9.18 Electrical bursting in a range of different cell types. A: Pancreatic β cell. B: Dopa-
mine-containing neurons in the rat midbrain. C: Cat thalamocortical relay neuron. D: Guinea
pig inferior olivary neuron. E: Aplysia R15 neuron. F: Cat thalamic reticular neuron. G: Sepia
giant axon. H: Rat thalamic reticular neuron. I: Mouse neocortical pyramidal neuron. J: Rat
pituitary gonadotropin-releasing cell. (Wang and Rinzel, 1995, Fig. 2.)
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bursting oscillator is different from that in the β cell model (Rinzel and Lee, 1987). The
β cell model has two fast variables, one slow variable, bistability, and a hysteresis loop.
At the end of a burst, a homoclinic bifurcation is crossed, leading to an increasing
period through the burst. Plant’s model, on the other hand, has no bistability, with
bursting arising from the presence of two slow variables with their own oscillation. A
homoclinic bifurcation is crossed at the beginning and the end of the burst, and so the
instantaneous period of the burst oscillations starts high, decreases, and then increases
again. The fact that the period is roughly a parabolic function of time has led to the
name parabolic bursting.

Plant’s parabolic bursting model is similar in some respects to the β cell model,
incorporating Ca2+-activated K+ channels and voltage-dependent K+ channels. How-
ever, it also includes a voltage-dependent Na+ channel that activates and inactivates in
typical Hodgkin–Huxley fashion and a slowly activating Ca2+ current. The Na+, K+,
and leak currents form the fast subsystem

Cm
dV
dt
= − ḡNam3∞(V)h(V − VNa)− ḡCax(V − VCa)

−
(

ḡKn4 + ḡK,Cac
0.5+ c

)
(V − VK)− ḡL(V − VL), (9.58)

τh(V)
dh
dt
= h∞(V)− h, (9.59)

τn(V)
dn
dt
= n∞(V)− n, (9.60)

while the Ca2+ current and its activation x form the slow subsystem

τx
dx
dt
= x∞(V)− x, (9.61)

dc
dt
= f (k1x(VCa − V)− c). (9.62)

The voltage dependence of the variables αw and βw with w = m, n, or h is of the
form

C1exp(V−V0
C2

)+ C3(V − V0)

1+ C4exp(V−V0
C5

)
, (9.63)

in units of ms−1, and the asymptotic values w∞(V) and time constants τw(V) are of the
form

w∞(V) = αw(Ṽ)

αw(Ṽ)+ βw(Ṽ)
, (9.64)

τw(V) = 1

λ
(
αw(Ṽ)+ βw(Ṽ)

) , (9.65)
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.Table 9.5 Parameters of the Plant model of parabolic bursting.

Cm = 1 μF/cm2 ḡK,Ca = 0.03 mS/cm2

ḡCa = 0.004 mS/cm2 VCa = 140 mV

ḡNa = 4.0 mS/cm2 VNa = 30 mV

ḡK = 0.3 mS/cm2 VK = −75 mV

ḡL = 0.003 mS/cm2 VL = −40 mV

f = 0.0003 ms−1 k1 = 0.0085 mV−1

λ = 1/12.5

.Table 9.6 Defining values for the rate constants α and β in the Plant parabolic bursting model.

C1 C2 C3 C4 C5 V0

αm 0 — 0.1 −1 −10 50
βm 4 −18 0 0 — 25
αh 0.07 −20 0 0 — 25
βh 1 10 0 1 10 55
αn 0 — 0.01 −1 −10 55
βn 0.125 −80 0 0 — 45

for w = m, n, or h (although τm(V) is not used), with Ṽ = c1V + c2, c1 = 127/105,
c2 = 8265/105. The constants C1, . . . , C5 and V0 are displayed in Table 9.6. Finally,

x∞(V) = 1
exp{−0.15(V + 50)} + 1

, (9.66)

and τx = 235 ms.
The parameter values of the Plant model of parabolic bursting are given in

Tables 9.5 and 9.6.
For a fixed x = 0.7, the bifurcation diagram of the fast subsystem as c varies is

shown in Fig. 9.19. The curve of steady states is labeled Vss, and is shaped like a Z,
with two limit points. The rightmost saddle node (SN2) is not shown, being off to the
right at c = 8.634. Oscillations arise via a subcritical Hopf bifurcation instead of a
supercritical one as in the β-cell model. Note that in general, Vss is a function of both c
and x, and therefore the fast subsystem is properly described by a bifurcation surface.
However, since surfaces are more difficult to draw and understand, we first examine a
cross-section of the bifurcation surface for fixed x and then discuss how the important
points behave as x varies. As usual, HB denotes a Hopf bifurcation, where a branch of
periodic orbits appears, and HC a homoclinic bifurcation where the periodic solutions
disappear.
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Figure 9.19 The bifurcation diagram of the fast subsystem of the parabolic bursting model,
with x = 0.7. HB — Hopf bifurcation; HC — homoclinic bifurcation; SNP — saddle-node of
periodic bifurcation; SN — saddle node.The maximum and minimum of V over an oscillation
are labeled max Vosc and min Vosc respectively.

The bifurcation diagram is similar to that of the fast subsystem of the β-cell model
(Fig. 9.4), except that the branch of periodic solutions around the upper branch of the
Z-shaped curve does not extend past the lower “knee” of the Z-shaped curve. In fact, the
homoclinic bifurcation coincides with the saddle-node bifurcation SN1. Hence, there is
no bistability in the model, and a simple one-variable slow subsystem is insufficient to
give bursting, because it is unable to move the fast subsystem in and out of the region
where the oscillations occur, as in the β-cell model. However, because the parabolic
bursting model has two slow variables, x and c, a slow oscillation in these variables
moves c backward and forward across the homoclinic bifurcation, leading to bursts of
fast oscillations during one portion of the slow oscillations.

In Fig. 9.20 we plot the positions of the various bifurcations as x varies. Note that
the curves in Fig. 9.19 correspond to taking a cross-section of Fig. 9.20 for x = 0.7.
In region Jss there is a single stable fixed point of the fast subsystem, while in region
Josc (between the SNP and HC curves) the fast subsystem has stable oscillations. Now
suppose that the slow subsystem has a periodic solution. In the parabolic bursting
model, slow oscillations do not occur independently of the fast subsystem but rely on
the interaction between the fast and slow variables, the details of which do not concern
us here. Similar results are obtained when the slow variables oscillate independently
of the fast variables, acting as a periodic driver of the fast subsystem (Kopell and
Ermentrout, 1986). In any case, these oscillations correspond to closed curves in the
(x, c) phase plane, two possible examples of which are shown in Fig. 9.20B. In case a,
the dynamics of x and c are such that the slow periodic solution lies entirely within the
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Figure 9.20 The Hopf and homoclinic bifurcations in the (x , c) plane, i.e., a projection of the
bifurcation surface on the (x , c) plane.The SN1 bifurcation coincides with HC and is not shown
separately.The rightmost curve, SN2, corresponds to the rightmost saddle node, not shown in
Fig. 9.19.Two typical slow oscillations in x and c are shown as solid curves; curve a is with the
parameters shown in Table 9.5, curve b is with the same parameters, but with f increased to
0.009.

region Jss; i.e., the fast subsystem “lives” entirely on the lower branch of the Z-shaped
curve and does not oscillate. In case b, the slow oscillation crosses the line of homoclinic
bifurcations into the region Josc, in which region the fast subsystem oscillates rapidly,
leading to bursting.

Thus, by tuning the parameters of the underlying slow oscillation, different os-
cillatory patterns can be obtained from one model. We have already mentioned the
parabolic nature of the period of the fast oscillations. This is easily understood in
terms of the foregoing analysis. For a burst to occur, the slow oscillation must cross
the line of homoclinic bifurcations both at the beginning and at the end of the burst.
Since the period of the limit cycle tends to infinity at the homoclinic bifurcation, the
interspike interval is large at both the beginning and end of the burst. However, as
the slow periodic orbit penetrates further into region Josc, away from the homoclinic
bifurcation, the interspike interval decreases.

Classification of Bursting Oscillations
The earliest classification scheme for the different bursting mechanisms was proposed
by Rinzel (1987) and later extended by Bertram et al. (1995). Originally, bursting os-
cillations were grouped into three classes: type I, with bursts arising from hysteresis
and bistability as in the β cell model; type II, with bursts arising from an underlying
slow oscillation, as in the Aplysia R-15 neuron; and type III, with bursts arising from
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a subcritical Hopf bifurcation. However, more recent studies (Izhikevich, 2000) have
presented a huge array of different possible bursting behaviors, depending on the un-
derlying bifurcations in the steady-state and periodic branches. Many of these possible
bursters have no known biophysical implementation.

9.2 Hypothalamic and Pituitary Cells

In pancreatic β cells, the interaction of membrane-based electrical excitability with
ER-based Ca2+ dynamics is crucial for the generation of fast bursting oscillations.
Similar interactions are also known to be important in many cell types, including many
types of hypothalamic neurons and pituitary cells. The close relationship between the
hypothalamus and pituitary is discussed in Chapter 16. Briefly, hypothalamic neurons
secrete hormones which typically travel a short distance along the inferior hypophyseal
artery and the portal vein to the pituitary to act there on specific target cells (see Fig.
16.1). For example, gonadotropin-releasing hormone (GnRH) is secreted from GnRH
cells in the hypothalamus; after traveling to the pituitary it stimulates the release of
gonadotropin from pituitary gonadotrophs.

There are already a number of detailed models of electrical and Ca2+ excitability in
hypothalamic or pituitary cells, and there are sure to be many more as our experimental
understanding advances. For example, the release of corticotropin from pituitary cor-
ticotrophs in response to corticotropin-releasing hormone (CRH) has been studied in
detail by LeBeau et al. (1997, 1998), Shorten et al. (2000) and Shorten and Wall (2000),
while the interaction of Ca2+ and membrane potential in vasopressin hypothalamic
neurons has been studied by Roper et al. (2003, 2004).

9.2.1 The Gonadotroph

One of the best models of this type is an earlier model of the gonadotroph (Li et al., 1994,
1995, 1997) and it is this one that we describe in more detail here. In gonadotrophs,
Ca2+ spiking occurs in two different ways. First, spontaneous action potentials lead
to the influx of Ca2+ through voltage-gated channels, and thus Ca2+ spikes. Second,
in response to the agonist GnRH, gonadotrophs produce inositol trisphosphate (IP3)
(Chapter 7) which releases Ca2+ from the endoplasmic reticulum (ER) and leads
to oscillations in the cytoplasmic Ca2+ concentration. Both the electrophysiological
and agonist-induced Ca2+ signaling pathways are well-characterized experimentally
(Stojilković et al., 1994).

Similarly to the model of the pancreatic β cell, the gonadotroph model consists of
two pieces; a model of Hodgkin–Huxley type of the membrane electrical potential, and
a model of the intracellular Ca2+ dynamics, including IP3-induced Ca2+ release from
the ER. Thus, the gonadotroph model is essentially a combination of the models of
Chapters 5 and 7 (see Exercise 3). It is, however, more complicated in application, as
Li et al. modeled the cell as a spherically symmetric region, with a gradient of Ca2+
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from the plasma membrane to the interior of the cell. Because the components of the
model are no different from what has come before, and because a detailed reproduction
of the results is complicated by the inclusion of Ca2+ diffusion, we do not present the
model in complete detail here, but give instead only an overview of its construction
and behavior.

The Membrane Model

The membrane potential is modeled in the usual way:

C
dV
dt
= −ICa,T − ICa,L − IK − IK,Ca − IL, (9.67)

where the Ca2+ current has been divided into T-type and L-type current, IK is the
current through K+ channels, IK,Ca is the current through Ca2+-sensitive K+ channels,
and IL is a leak current.

Each of these currents is modeled in Hodgkin–Huxley fashion, in much the same
way as in the model of the pancreatic β cell. Most importantly, the conductance of
the Ca2+-sensitive K+ channel is assumed to be an increasing function of cR, the
concentration of Ca2+ at the plasma membrane. Thus,

IK,Ca = gK,Ca
c4

R

c4
R + K4

c
φK(V), (9.68)

where φK (V) denotes the Goldman–Hodgkin–Katz current–voltage relationship (Chap-
ter 3) used here instead of the linear one used in the pancreatic β cell model.

The Calcium Model

Let c denote the intracellular free concentration of Ca2+, and let ce denote the free
concentration of Ca2+ in the ER. Note that both c and ce are functions of r, the radial
distance from the center of the spherically symmetric cell. In the body of the cell, Ca2+
can enter the cytoplasm only from the ER (through IP3 receptors), and can leave the
cytoplasm only via the action of SERCA pumps in the ER membrane. However, on the
boundary of the cell, Ca2+ can enter or leave via Ca2+ currents or plasma membrane
Ca2+ ATPase pumps. Calcium buffering is assumed to be fast and linear (Section 7.4).

The equations for c and ce are thus (Section 7.3)

∂c
∂t
= D∇2c+ JIPR − Jserca, (9.69)

∂ce

∂t
= De∇2ce − γ (JIPR − Jserca), (9.70)

where, as usual, D and De are the effective diffusion coefficients of c and ce respectively,
and γ is the scale factor relating ER volume to cytoplasmic volume. On the boundary
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of the cell, i.e., at r = R, we have

D
∂c
∂r

∣∣∣∣
r=R
= −α(ICa,T + ICa,L)− Jpm, (9.71)

∂ce

∂r

∣∣∣∣
r=R
= 0, (9.72)

where Jpm denotes the flux out of the cell due to the action of plasma membrane Ca2+
ATPase pumps. The scale factor α = 1/(2FAcell), where Acell is the surface area of the
cell, converts the current (in coulombs per second) to a mole flux density (moles per
area per second).

The flux through the IP3 receptor, JIPR, is modeled by the Li–Rinzel simplifica-
tion of the De Young–Keizer model (see Chapter 7 and Exercise 3), while the ATPase
pump fluxes, Jserca and Jpm, are modeled by Hill functions. The exact form of the
model equations and the parameter values can be found in the appendix of Li et al.
(1997).

Results
When this model is solved for a range of IP3 concentrations (corresponding to a range of
GnRH concentrations), the agreement with experimental data is impressive (Fig. 9.21).
Before the addition of agonist the cells exhibit continuous spiking; once agonist is
applied the frequency of spiking drops dramatically, changing to a more complex burst
pattern. At the highest agonist concentrations, bursting is initially suppressed by the
agonist, although spiking eventually reappears.

In all cases, the spiking frequency is initially greatly decreased by the agonist, but
recovers gradually. This recovery of the spike frequency is an interesting demonstration
of the importance of the amount of Ca2+ in the ER.

In Fig. 9.22 we show V , c and ce during the response to agonist stimulation (where
c and ce are averaged over the entire cell). During phase SS-1, before the addition of
agonist, the cell exhibits tonic spiking. Upon addition of 0.42μM IP3, c starts to oscillate
and the voltage spikes more slowly (phase T-1). The slowdown of the voltage spiking is
caused by the much larger and slower Ca2+ spikes, which activate the Ca2+-sensitive
K+ current to a much greater extent, thus making it more difficult for a voltage spike to
occur. However, as time goes on, Ca2+ is lost from the cell by the action of the plasma
membrane ATPase (recall that, because of the spatially distributed nature of the model,
the concentration of Ca2+ is higher at the membrane than in the interior of the cell,
which increases the rate at which Ca2+ is lost to the outside by the operation of the
pump). This overall decline in

[
Ca2+] manifests itself in two principal ways; first, the

concentration in the ER declines slowly, and secondly, the baseline of the Ca2+ spikes
gradually decreases. It is this decrease that causes the slow increase in the frequency
of the voltage spikes, as IK,Ca is gradually decreased.

Eventually, ce decreases to such an extent that the ER can no longer support large
Ca2+ spikes, and the oscillations in c become smaller and faster (SS-2 phase). This itself
allows for a much greater frequency of the voltage spikes, which thus bring in more
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Figure 9.21 The response of gonadotrophs, in experiment and theory, to increasing appli-
cations of agonist. In the experiments (left panels), the indicated concentration of GnRH was
added at the arrow, while this was simulated in the model (right panels) by addition of the
indicated concentrations of IP3. Li et al. (1997), Fig. 2.
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Figure 9.22 Response of a gonadotroph to agonist stimulation, with the different phases

labeled.
[
Ca2+]

i and
[
Ca2+]

ER are, respectively, the average cytoplasmic and ER Ca2+
concentrations over the entire cell. Li et al. (1997), Fig. 3.

Ca2+ from the outside, allowing for the stabilization of the ER Ca2+ concentration.
Upon removal of the agonist, c declines transiently, which causes an increase in the
frequency of the voltage spikes. Because these voltage spikes bring in more Ca2+, the
ER gradually refills, and the system returns to basal levels (phase T-2).
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This model demonstrates the complex interactions between ER Ca2+, cytoplasmic
Ca2+, and membrane voltage spiking. It is clearly not the entire story, but it provides
an excellent explanation for a wide variety of complex responses.

9.3 Exercises
1. (a) Numerically simulate the system of differential equations

dv
dt
= f (v)−w− gs(v− vθ ), (9.73)

5
dw
dt
= w∞(v)−w, (9.74)

ds
dt
= fs(s)+ αs(x− 0.3), (9.75)

dx
dt
= βx ((1− x)H(v)− x) , (9.76)

where f (v) = 1.35v(1 − 1
3 v2), fs(s) = −0.2(s − 0.05)(s − 0.135)(s − 0.21), w∞(v) =

tanh(5v), and H(v) = 3
2 (1+ tanh(5x− 2.5)), and vθ = −2,αs = 0.002,βx = 0.00025, g =

0.73.

(b) Give a fast–slow analysis of this burster. Hint: The equations for v, w comprise the fast
subsystem, while those for s, x comprise the slow subsystem.

(c) Describe the bursting mechanism in this model. For what kind of burster might this
be a reasonable model?

2. Compute some numerical solutions of the Rinzel–Lee simplification of the Chay–Keizer β
cell model. How does the value of kc affect the burst length?

3. To the Ca2+ submodel of phantom bursting in Section 9.1.2, add a Ca2+ flux, JIPR, through
IP3 receptors (see Chapter 7). Assume that the IPR is at steady state, with an open probability
given by the Li–Rinzel simplification (Section 7.2.5) of the De Young–Keizer model (Section
7.2.5). Thus

JIPR = Po(ce − c), (9.77)

where

Po =
(

c
dact + c

)3 ( p
dIP3 + p

)3 ( dinact
dinact + c

)3
, (9.78)

where dact = 0.35 μM, dinact = 0.4 μM, and dIP3 = 0.5 μM. Let gK,Ca = 700 and gK,ATP =
230, so that the model exhibits medium bursting. Show that when p is increased from 0 to
0.3 μM the bursting changes from medium to fast. Explain this in terms of changes to the
dc/dt = 0 nullcline.

4. In the phantom bursting model of Section 9.1.2, ce increases during the active phase and de-
clines during the silent phase. Why? Explain this without using any mathematical equations.
Then give a mathematical explanation.

5. Investigate the behavior of the model of compound bursting (Section 9.1.3) for the three
fixed values of [ATP] shown in Fig. 9.10.

(a) For each value of [ATP] solve the model equations numerically, and plot them in the
V , c phase plane, as well as against time.
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(b) Compute the bifurcation diagrams (as shown in Fig. 9.10), and superimpose the model
solutions (with varying c) on the bifurcation diagrams (treating c as a bifurcation
parameter).

(c) Show that, when [ATP] is small there is no bursting, while when [ATP] is large the
active phase is continuous.

(d) Show that, for intermediate values of [ATP], the duration of the active phase depends
on [ATP].

(e) Explain why these results should be so, using the bifurcation diagrams to illustrate
your answers.

6. If the parameters of the model of compound bursting (Section 9.1.3) are changed slightly
to f = 0.0013, v2 = 188, gK,ATP = 357, what kind of bursting occurs? (This kind of bursting
has been called “accordion” bursting.) Explain this behavior by using a fast–slow analysis
of the model, and plotting the bifurcation diagrams. Hint: What values are taken by [ATP]
over the course of an oscillation, and how do these differ from the values taken in the top
panel of Fig. 9.10?

7. Determine the value of I in the Hindmarsh–Rose fast subsystem (9.53), (9.54) for which the
trajectory from the unstable node is also the saddle point separatrix.

8. (a) An equation of the form d2x
dT2 +F(x) dx

dT +x = 0 is called an equation in the Liénard form
(Minorsky, 1962; Stoker, 1950) and was important in the classical development of the
theory of nonlinear oscillators. Show that the polynomial bursting model (9.55)–(9.57)
can be written in the generalized Liénard form

d2x

dT2
+ F(x)

dx
dT
+G(x, z) = −εH(x, z), (9.79)

dz
dT
= εH(x, z), (9.80)

where ε is a small parameter, and where F, G, and H are the polynomial functions

F(u) = a[(u− û)2 − η2], (9.81)

G(u, z) = z+ u3 − 3
4

u− 11
27

, (9.82)

H(u, z) = β(u− ū)− z. (9.83)

(b) Construct the fast subsystem bifurcation diagram for this polynomial model for the
following three different cases with a = 0.25, β = 4, û = −0.954, and ε = 0.0025.

i. η = 0.7, û = 1.6. Show that in this case the model exhibits square-wave bursting.

ii. η = 0.7, û = 2.1. Show that the model exhibits tapered bursting, resulting from
passage through a supercritical Hopf bifurcation.

iii. η = 1.2, û = 1.0. Describe the bursting pattern here.

Solve the model equations numerically to confirm the predictions from the bifurcation
diagrams. A detailed analysis of this model has been performed by Pernarowski (1994)
and de Vries (1995), with a perturbation analysis given by (Pernarowski et al., 1991,
1992).
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9. Prove that if D is an irreducible matrix with nonnegative entries dij, then the only nontrivial
solution of the system of equations

∑n
j=1 dij(Vi −Vj) = 0, i = 1, . . . , N, is the constant vector.

Remark: An irreducible nonnegative matrix is one for which some power of the matrix has
no zero elements. To understand irreducibility, think of the elements of the matrix D as
providing connections between nodes of a graph, and dij is positive if there is a path from
node i to node j, but zero if not. Such a matrix is irreducible if between any two points
there is a connecting path, with possibly multiple intermediate points. The smallest power
of the matrix that is strictly positive is the smallest number of connections that is certain to
connect any node with any other node.

Hint: Represent the system of equations as Av = 0 and show that some shift A + λI of
the matrix A is irreducible and has only nonnegative entries. Invoke the Perron–Frobenius
theorem (a nonnegative irreducible matrix has a unique, positive, simple eigenvector with
eigenvalue larger in magnitude than all other eigenvalues) to show that the null space of A
is one-dimensional, spanned by the constant vector.
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Regulation of Cell Function

In all cells, the information necessary for the regulation of cell function is contained
in strands of deoxyribose nucleic acid, or DNA. The nucleic acids are large polymers
of smaller molecular subunits called nucleotides, which themselves are composed of
three basic molecular groups: a nitrogenous base, which is an organic ring contain-
ing nitrogen; a 5-carbon (pentose) sugar, either ribose or deoxyribose; an inorganic
phosphate group. Nucleotides may differ in the first two of these components, and
consequently there are two specific types of nucleic acids: deoxyribonucleic acid (DNA)
and ribonucleic acid (RNA).

There may be any one of five different nitrogenous bases present in the nucleotides:
adenine (A), cytosine (C), guanine (G), thymine (T), and uracil (U). These are most often
denoted by the letters A, C, G, T, and U, rather than by their full names.

The DNA molecule is a long double strand of nucleotide bases, which can be thought
of as a twisted, or helical, ladder. The backbone (or sides of the ladder) is composed of
alternating sugar and phosphate molecules, the sugar, deoxyribose, having one fewer
oxygen atom than ribose. The “rungs” of the ladder are complementary pairs of ni-
trogenous bases, with G always paired with C, and A always paired with T. The bond
between pairs is a weak hydrogen bond that is easily broken and restored during the
replication process. In eukaryotic cells (cells that have a nucleus), the DNA is contained
within the nucleus of the cell.

The ordering of the base pairs along the DNA molecule is called the genetic code,
because it is this ordering of symbols from the four-letter alphabet of A, C, G, and T
that controls all cellular biochemical functions. The nucleotide sequence is organized
into code triplets, called codons, which code for amino acids as well as other signals,
such as “start manufacture of a protein molecule” and “stop manufacture of a protein
molecule.” Segments of DNA that code for a particular product are called genes, of
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which there are about 30,000 in human DNA. Typically, a gene contains start and stop
codons as well as the code for the gene product, and can include large segments of DNA
whose function is unclear. One of the simplest known living organisms, Mycoplasma
genitalian, has 470 genes and about 500,000 base pairs.

DNA itself, although not its structure, was first discovered in the late nineteenth
century, and by 1943 it had been shown (although not widely accepted) that it is also
the carrier of genetic information. How (approximately) it accomplishes this, and the
structure of the molecule, was not established until the work of Maurice Wilkins and
Rosalind Franklin at King’s College in London, and James Watson and Francis Crick
in Cambridge. Watson, Crick, and Wilkins received the 1962 Nobel Prize in Physiology
or Medicine, Franklin having died tragically young some years previously, in 1958.

In recent years, the study of DNA and the genetic code has grown in a way that few
would have predicted even 20 years ago. Nowadays, genetics and molecular biology
have penetrated deeply into practically all aspects of life, from research and education
to business and forensics. Mathematicians and statisticians have not been slow to join
these advances. Departments and institutes of bioinformatics are springing up in all
sorts of places, and there are few mathematics or statistics departments that do not have
connections (some more extensive than others, of course) with molecular biologists.
It is well beyond the scope of this book to provide even a cursory overview of this vast
field. An excellent introduction to molecular biology is the book by Alberts et al. (1994);
any reader who is seriously interested in learning about molecular biology will find this
book indispensable. Waterman (1995), Mount (2001) and Krane and Raymer (2003) are
good introductory bioinformatics texts, while for those who are more mathematically
or statistically oriented there are Deonier et al. (2004), Ewens and Grant (2005), and
Durrett (2002).

10.1 Regulation of Gene Expression

An RNA molecule is a single strand of nucleotides. It is different from DNA in that
the sugar in the backbone is ribose, and the base U is substituted for T. Cells generally
contain two to eight times as much RNA as DNA. There are three types of RNA, each
of which plays a major role in cell physiology. For our purposes here, messenger RNA
(mRNA) is the most important, since it carries the code for the manufacture of specific
proteins. Transfer RNA (tRNA) acts as a carrier of one of the twenty amino acids that are
to be incorporated into a protein molecule that is being produced. Finally, ribosomal
RNA constitutes about 60% of the ribosome, a structure in the cellular cytoplasm on
which proteins are manufactured.

The two primary functions that take place in the nucleus are the reproduction of
DNA and the production of RNA. RNA is formed by a process called transcription,
as follows. An enzyme called RNA polymerase (or, more precisely, a polymerase com-
plex, since many other proteins are also needed) attaches to some starting site on
the DNA, breaks the bonds between base pairs in that local region, and then makes
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a complementary copy of the nucleotide sequence for one of the DNA strands. As
the RNA polymerase moves along the DNA strand, the RNA molecule is formed, and
the DNA crossbridges reform. The process stops when the RNA polymerase reaches a
transcriptional termination site and disengages from the DNA.

Proteins are manufactured employing all three RNA types. After a strand of mRNA
that codes for some protein is formed in the nucleus, it is released to the cytoplasm.
There it encounters ribosomes that “read” the mRNA much like a tape recording. As a
particular codon is reached, it temporarily binds with the specific tRNA with the com-
plementary codon carrying the corresponding amino acid. The amino acid is released
from the tRNA and binds to the forming chain, leading to a protein with the sequence
of amino acids coded for by the DNA.

Synthesis of a cellular biochemical product usually requires a series of reactions,
each of which is catalyzed by a special enzyme. In prokaryotes, formation of the nec-
essary enzymes is often controlled by a sequence of genes located in series on the DNA
strand. This area of the DNA strand is called an operon, and the individual genes within
the operon are called structural genes. At the beginning of the operon is a segment called
a promoter, which is a series of nucleotides that has a specific affinity for RNA poly-
merase. The polymerase must bind with this promoter before it can begin to travel
along the DNA strand to synthesize RNA. In addition, in the promoter region there
is an area called a repressor operator, where a regulatory repressor protein can bind,
preventing the attachment of RNA polymerase, thereby blocking the transcription of
the genes of the operon. Repressor protein generally exists in two allosteric forms, one
that can bind with the repressor operator and thereby repress transcription, and one
that does not bind. A substance that changes the repressor so that it breaks its bond
with the operator is called an activator, or inducer.

The original concept of the operon was due to Jacob et al. (1960), closely followed
by mathematical studies (Goodwin, 1965; Griffith, 1968a,b; Tyson and Othmer, 1978).
The interesting challenge is to understand how genes can be regulated by complex
networks, and when, or how, gene expression can respond to the need of the organism
or changes in the environment.

10.1.1 The trp Repressor

Tryptophan is an essential amino acid that cannot be synthesized by humans and
therefore must be part of our diet. Tryptophan is a precursor for serotonin (a neuro-
transmitter), melatonin (a hormone), and niacin. Improper metabolism of tryptophan
has been implicated as a possible cause of schizophrenia, since improper metabolism
creates a waste product in the brain that is toxic, causing hallucinations and delu-
sions. Tryptophan can, however, be synthesized by bacteria such as E. coli, and the
regulation of tryptophan production serves as our first example of transcriptional
regulation.

A number of models of the tryptophan (trp) repressor have been constructed, of
greater or lesser complexity (Bliss et al., 1982; Sinha, 1988; Santillán and Mackey,
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2001a,b; Mackey et al., 2004). Here, we present only a highly simplified version of
these models, designed to illustrate some of the basic principles.

The trp operon comprises a regulatory region and a coding region consisting of five
structural genes that code for three enzymes required to convert chorismic acid into
tryptophan (Fig. 10.1A). Expression of the trp operon is regulated by the Trp repressor
protein which is encoded by the trpR gene. In contrast to the lac operon, which is
described in the next section, the trpR operon is independent of the trp operon, being
located some distance on the DNA from the trp operon. TrpR protein is able to bind
to the operator only when it is activated by the binding of two tryptophan molecules.
Thus, we have a negative feedback loop; while tryptophan levels in the cell are low,
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Figure 10.1 A: Control sites and control states of the trp operon. B: Feedback control of the
trp operon. Dashed lines indicate reactions in which the reactants are not consumed.
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production of tryptophan remains high. However, once the level of tryptophan builds
up, the TrpR protein is activated, and represses further transcription of the operon.
As a result, the synthesis of the three enzymes and consequently of tryptophan itself
declines.

The ability to regulate production of a substance in response to its need is char-
acteristic of negative feedback systems. Here, the negative feedback occurs because
the product of gene activation represses the activity of the gene. Thus, the tryptophan
operon is called a repressor.

A simple model of this network is sketched in Fig. 10.1B. We suppose that the
operon has three states, either free Of , bound by repressor OR, or bound by polymerase
OP, and let oj, j = f , R, P, be the probability that the operon is in state j. Messenger RNA
(M) is produced only when polymerase is bound, so that

dM
dt
= kmoP − k−mM. (10.1)

Note that the dashed lines in Fig. 10.1B correspond to reactions in which the reactants
are not consumed. Thus, for example, the production of enzyme (E) does not consume
mRNA, so that there is no consumption term−keM in (10.1). The probabilities of being
in an operon state are governed by the differential equations

doP

dt
= konof − koffoP,

doR

dt
= krR∗of − k−roR, (10.2)

where oP + of + oR = 1, and R∗ denotes activated repressor. Activation of repressor
requires binding with two molecules of tryptophan (T) and so we take

dR∗

dt
= ktT2(1− R∗)− k−tR∗ (10.3)

(scaled so that R+ R∗ = 1).
According to Bliss et al. (1982), the most important of the enzymes is anthrani-

late synthase (denoted by E), which is the only enzyme concentration we track here.
Enzyme (E) is produced from mRNA, and degraded,

dE
dt
= keM− k−eE, (10.4)

and tryptophan production is proportional to the amount of enzyme, so that

dT
dt
= KE− μT − 2

dR∗

dt
. (10.5)

Here μ is the rate of tryptophan utilization and degradation. Note that the factor of 2
on the right-hand side comes from the fact that it takes two tryptophan molecules to
activate the repressor.

For our purposes here, it is sufficient to examine the steady-state solutions of this
system, which must satisfy the algebraic equation

F(T) ≡ ke

k−e

km

k−m

kon

koff

1

1+ kon
koff
+ krR∗(T)

k−r

= μ

K
T, (10.6)
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where

R∗(T) = T2

k−t
kt
+ T2

. (10.7)

The function F(T) is a positive monotone decreasing function of T, and represents the
steady-state rate of tryptophan production. The right-hand side of this equation is a
straight line with slopeμ/K. Thus, there is a unique positive intersection. Furthermore,
as the utilization of tryptophan, quantified by μ/K, increases, the steady-state level of
T decreases and the production rate F(T) necessary to balance utilization increases,
characteristic of negative feedback control. This is illustrated in Fig. 10.2, where we
plot F(T) and μT/K for two different values of μ/K.

10.1.2 The lac Operon

When glucose is abundant, E. coli uses it exclusively as its food source, even when other
sugars are present. However, when glucose is not available, E. coli is able to use other
sugars such as lactose, a change that requires the expression of different genes by the
bacterium. Jacob, Monod, and their colleagues (Jacob et al., 1960; Jacob and Monod,
1961) were the first to propose a mechanism by which this could happen, a mechanism
that is now called a genetic switch. Forty years ago, the idea of a genetic switch was
revolutionary, but the original description of this mechanism has withstood the test of
time and is used, practically unchanged, in modern textbooks. Mathematicians were
quick to see the dynamic possibilities of genetic switches, with the first model, by
Goodwin, appearing in 1965, followed by that of Griffith (1968a,b). More recently,
detailed models have been constructed by Wong et al. (1997), Yildirim and Mackey

Figure 10.2 Plots of F (T ) and μT /K from (10.6), for two different values of μ/K . Other
parameter values were chosen arbitrarily: ke

k−e

km
k−m

kon
koff
= 500, kon

koff
= 5, kr

k−r
= 50, and k−t

kt
= 100.
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(2003), Yildirim et al. (2004), and Santillán and Mackey (2004). The structure and
function of the lac repressor is reviewed by Lewis (2005), while an elegant blend of
theoretical and experimental work was presented by Ozbudak et al. (2004). Mackey
et al. (2004) review modeling work on both the lac operon and the tryptophan operon.

The lac operon consists of three structural genes and two principal control sites.
The three genes are lacZ, lacY, and lacA, and they code for three proteins involved in
lactose metabolism: β-galactosidase, lac permease, and β-thiogalactoside acetyl trans-
ferase, respectively. The permease allows entry of lactose into the bacterium. The
β-galactosidase isomerizes lactose into allolactose (an allosteric isomer of lactose) and
also breaks lactose down into the simple hexose sugars glucose and galactose, which
can be metabolized for energy. The function of the transferase is not known.

Whether the operon is on or off depends on the two control sites. One of these con-
trol sites is a repressor, the other is an activator. If a repressor is bound to the repressor
binding site, then RNA polymerase cannot bind to the operon to initiate transcription,
and the three proteins cannot be produced. Preceding the promoter region of the lac
operon, where the RNA polymerase must bind to begin transcription, there is another
region, called a CAP site, which can be bound by a dimeric molecule CAP (catabolic
activator protein). CAP by itself has no influence on transcription unless it is bound
to cyclic AMP (cAMP), but when CAP is bound to cAMP the complex can bind to the
CAP site, thereby promoting the binding of RNA polymerase to the promoter region,
allowing transcription.

So, in summary, the three proteins necessary for lactose metabolism are produced
only when CAP is bound and the repressor is not bound. This is illustrated in Fig. 10.3.

A bacterium is thus able to switch the lac operon on and off by regulating the
concentrations of the repressor and of CAP, and this is how the requisite positive and
negative feedbacks occur. Allolactose plays a central role here. In the absence of al-
lolactose, the repressor is bound to the operon. However, allolactose can bind to the
repressor protein, and prevent it binding to the repressor site. This, in turn, allows
activation of the operon, the further production of allolactose (via the action of β-
galactosidase), and increased entry of lactose (via the lac permease). Hence we have a
positive feedback loop.

The second feedback loop operates through cAMP. The CAP protein is formed by a
combination of cAMP with a cAMP receptor protein. When there is a large amount of
cAMP in the cell, the concentration of CAP is high, CAP binds to the CAP binding site of
the operon, thus allowing transcription. When cAMP concentration is low in the bac-
terium, the reverse happens, turning the operon off. A decrease in extracellular glucose
leads to an increase in intracellular cAMP concentration (by an unknown mechanism),
thus leading to activation of CAP and subsequent activation of the operon. Conversely,
an increase in extracellular glucose switches the operon off.

To summarize, the operon is switched on only when lactose is present inside the
cell, and glucose is not available outside (Fig. 10.3). Positive feedback is accomplished
by allolactose preventing binding of the repressor. Negative feedback is accomplished
by the control of CAP levels by extracellular glucose (Fig. 10.4).
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Here we present a mathematical model of this process that is similar to the models
of Griffith (1971) (see Exercise 1) and Yildirim and Mackey (2003). Our goal is to
show how, when there is no lactose available, the operon is switched off, but that as
the external lactose concentration increases, the operon is switched on (i.e., a genetic
switch). Because of our limited goal we do not include the dynamics of CAP in our
model.

Let A denote allolactose, with concentration A, and similarly for lactose (L), the
permease (P), β-galactosidase (B), mRNA (M), and the repressor (R). We assume that
the repressor, normally in its activated state R∗, reacts with two molecules of allolactose
to become inactivated (R), according to

R∗ + 2A
ka
−→←−
k−a

R. (10.8)

For simplicity, we assume that the operon can be in one of only two states, bound to
(activated) repressor and therefore inactive (OR), or bound by polymerase and therefore
producing mRNA (OP). Thus, the operon reacts with the repressor according to

OP + R∗
kr
−→←−
k−r

OR. (10.9)

The probabilities for the operon to be in these states is governed by the equation

dop

dt
= k−r(1− op)− krR∗op, (10.10)

since oP + oR = 1. Since effectively no repressor is consumed by binding with the
operon, the repressor concentration is governed by the differential equation

dR∗

dt
= k−aR− kaA2R∗, (10.11)

where R+ R∗ = Rt.
Assuming each of these reactions is in steady state, we find that

R = KaR∗A2, (10.12)

oR = KrR∗oP, (10.13)

where Ki = ki/k−i for i = a, r. Thus,

Rt = R+ R∗ = R(1+ K1A2) (10.14)

and

oP = 1
1+ KrR∗

= 1+KaA2

1+ KrRt + KaA2
= 1+ KaA2

K + KaA2
, (10.15)

where K = 1+KrRt > 1. Hence, the production of mRNA is described by the differential
equation

dM
dt
= αMoP − γMM = αM

1+ KaA2

K + KaA2 − γMM, (10.16)
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where M is the concentration of mRNA that codes for the enzymes. The constant αM is
a proportionality constant that relates the probability of activated operon to the rate
of mRNA production, while γM describes the degradation of mRNA. Note that, in the
absence of allolactose, there is a residual production of mRNA. This is because the reac-
tion in (10.9) has an equilibrium where OP is nonzero, even at maximal concentrations
of R.

We next assume that the enzymes are produced at a rate linearly proportional to
available mRNA and are degraded, so that the concentrations of permease (denoted by
P) and β-galactosidase (denoted by B) are determined by

dP
dt
= αPM− γPP, (10.17)

dB
dt
= αBM− γBB. (10.18)

Although it might appear that, since their codes are part of the same mRNA, the produc-
tion rates of P and B are the same, this is not the case. First, mRNA reads the different
genes within the operon (lacZ and lacY) in sequence, making β-galactosidase first and
the permease second. Second, the permease must migrate to the cell membrane to be
incorporated there. The different times of production, and the different time delays
before these two enzymes can become effective, imply that they have different effective
rates of production (see Table 10.1).

Lactose that is exterior to the cell, with concentration Le, is brought into the cell
to become the lactose substrate, with concentration L, at a Michaelis–Menten rate
proportional to the permease P. Once inside the cell, lactose substrate is converted to
allolactose, and then allolactose is converted to glucose and galactose via enzymatic
reaction with β-galactosidase, so that

dL
dt
= αLP

Le

KLe + Le
− αAB

L
KL + L

− γLL (10.19)

and

dA
dt
= αAB

L
KL + L

− βAB
A

KA + A
− γAA. (10.20)

Note that all the reactions here are modeled as unidirectional reactions. This is
not strictly correct, as all the reactions are bidirectional, particularly a reaction such
as the transport of lactose into the cell, which occurs by a passive mechanism. How-
ever, unidirectional reaction rates are adequate for our purpose, since they provide a
reasonable description over a wide range of substrate concentrations. Ignoring the re-
verse reactions does not alter the conclusions in a model as simple as that presented
here.

To summarize, the model is given by the five equations (10.16)–(10.20). A more com-
plicated mechanism is studied by Wong et al. (1997), while Yildirim and Mackey (2003)
include a number of time delays, rendering the model a system of delay–differential
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.Table 10.1 Parameters of the lac operon model.

αA = 1.76× 104 min−1 γA = 0.52 min−1

αB = 1.66× 10−2 min−1 γB = 2.26× 10−2 min−1

αP = 10 min−1 γP = 0.65 min−1

αM = 9.97× 10−4 mM/min γM = 0.41 min−1

αL = 2880 min−1 γL = 2.26× 10−2 min−1

βA = 2.15× 104 min−1 βL = 2.65× 103 min−1

K = 6000 Ka = 2.52× 104 (mM)−2

KA = 1.95 mM KL = 9.7× 10−7 mM
KL1 = 1.81 mM KLe = 0.26 mM

Figure 10.5 Steady states of
the lac operon model as a
function of the external lac-
tose concentration, Le . Unsta-
ble steady states are denoted
by a dashed line; LP denotes
a limit point and HB denotes a
Hopf bifurcation point.

equations. However, this representation of the reaction mechanism is enough to show
how a genetic switch can arise in a simple way.

Yildirim and Mackey (2003) devoted a great deal of effort to determine accurate
values for the parameters, and slightly modified versions of these are given in Table 10.1,
the modifications being necessary because our model is not exactly the same as theirs.
The steady-state solution is shown in Fig. 10.5, plotted as a function of Le, the external
lactose concentration.

The curve of steady states shown in Fig. 10.5 was computed using AUTO (or, to
be more precise, XPPAUT). However, if one does not have access to, or familiarity
with, these kinds of sophisticated software packages, then the following do-it-yourself
approach is recommended. The easiest method is to plot Le as a function of A. That is,
first use (10.16) to determine M as a function of A and then use (10.17) and (10.18) to
obtain P and B as functions of A. Then use (10.20) to obtain L as a function of A, and
finally use (10.19) to obtain Le as a function of A.

When Le is low there is only a single steady state, with a low concentration of
allolactose, A; for an intermediate range of values of Le there are two stable steady
states, one (high A) corresponding to lactose usage, the other (low A) corresponding



438 10: Regulation of Cell Function

to negligible lactose usage; and for large values of Le there is again only one stable
steady-state solution, corresponding to lactose usage. Thus, if Le increases past a critical
value, here around 0.03 mM, the steady state switches from a low-usage state to the
high-usage state as β-galactosidase is switched on. This discontinuous response to a
gradually increasing Le is characteristic of a genetic switch, and results from bistability
in the model. This switching on of lactose usage is called induction, and this kind of
operon is called an inducer.

The usage of lactose is switched off at a lower value of Le than the value at which
it is switched on. This feature of hysteretic switches is important because it prevents
rapid cycling. That is, when allolactose usage is high, external lactose is consumed and
therefore decreases. If the on switch and off switch were at the same value, then the
lac operon would presumably be switched on and off rapidly, a strategy for resource
allocation that seems unfavorable. In addition, separation of the on and off switches
makes the system less susceptible to noise.

The Hopf bifurcation shown in Fig. 10.5 does not appear in more complicated
models. It is thus of dubious relevance and we do not pursue it further.

10.2 Circadian Clocks

It has been known for a long time that many organisms have oscillators with a period
of about 24 hours, hence “circadian” from the Latin circa = about and dies = a day.
That humans have such a clock is apparent twice a year when the switch to or from
daylight saving time occurs, or whenever one travels by air to a different time zone,
and we experience “jet lag”. Before the molecular basis of circadian clocks was known,
the study of these rhythms focused on properties of generic autonomous oscillators,
most typically the van der Pol oscillator, and its response to external stimuli either to
entrain the oscillator or to reset the oscillator. There is a vast literature describing this
endeavor, which we do not even attempt to summarize.

All of this changed in the 1980s when the first genes influencing the 24-hour cycle
were discovered. These genes were the per (for period) gene in Drosophila and the frq
(for frequency) gene in the fungus Neurospora.

Circadian clocks have been found in many organisms, including cyanobacteria,
fungi, plants, invertebrate and vertebrate animals, but as yet, not in the archaebacteria.
Wherever they are found, they employ biochemical loops that are self-contained within
a single cell (requiring no cell-to-cell interaction). Further, the mechanism for their
oscillation is always the same: there are positive elements that activate clock genes that
yield clock proteins that act in some way to block the activity of the positive elements.
Thus, the circadian clocks are all composed of a negative feedback loop (the gene
product inactivates its own production) with a delay. An excellent review of circadian
clocks is found in Dunlap (1999) (see also Dunlap, 1998).

Even before the details of the clocks were known, it was recognized that negative
feedback loops with sufficient delay in the feedback could produce oscillatory behavior.



10.2: Circadian Clocks 439

The first model of this type (Goodwin, 1965) was intended to model periodic enzyme
synthesis in bacteria, and assumed that there were enzymes X1, X1, . . . , Xn such that

X1 → X2→ · · · → Xn,
�-

i.e., Xn has an inhibitory effect on the production of X1. The model equations for the
Goodwin oscillator are

dX1

dt
= ν0

1+ ( Xn
Km
)p
− k1X1, (10.21)

dXi

dt
= νi−1Xi−1 − kiXi, i = 2, . . . , n. (10.22)

Oscillations occur in this network only if n ≥ 3, and if p > 8 when n = 3 (see Exercise 3).
So the question is not whether negative feedback loops with some source of time

delay can produce oscillations. We know they can. Rather, the question is whether
enough is known about the details of the biochemistry of circadian clocks to produce
reasonably realistic models of their dynamics. There are several intriguing questions.
What sets the intrinsic period of the oscillator; that is, what are the mechanisms that
give a nearly 24 hour intrinsic cycle? How does phase resetting work?

Drosophila has a molecular circadian system whose investigation has been central
to our understanding of how clocks work at the molecular level. Beginning in the
morning, per and tim (for timeless) mRNA levels begin to rise, the result of activation of
the clock gene promoters by a heterodimer of CLK (for CLOCK) and CYC (for CYCLE).
The protein PER is unstable in the absence of TIM, but is stabilized by dimerization
with TIM. Furthermore, the PER/TIM dimer is a target for nuclear translocation, and
once it enters the nucleus (within three hours of dusk), it interacts with the CLK/CYC
heterodimer to inhibit the activity of CLK/CYC, hence shutting down the production
of per and tim. In the night, PER and TIM are increasingly phosphorylated, leading to
their degradation. Once they are depleted, the CLK/CYC heterodimer is again activated
and the cycle begins again.

Synchronization with the day/night light cycle and phase resetting occurs because
the degradation of TIM is enhanced by light. Thus, exposure to light in the late day
when TIM levels are rising delays the clock, while exposure to light in late night and
early morning when TIM levels are falling advances the clock.

While the details are different in different organisms, this scenario is typical. How-
ever, as is also typical in biochemistry, the names of the main players are different in
different organisms, even though their primary function is similar. In Table 10.2 we
give a list of the main players in different organisms.

There are several mathematical models of circadian rhythms. An early model, due
to Goldbeter (1995), is similar in structure to the enzyme oscillator of Goodwin. That
is, the PER protein P0 is (reversibly) phosphorylated into P1 and then P2

P0
−→←− P1

−→←− P2. (10.23)
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.Table 10.2 Circadian clock genes

System Activator Inhibitor

Synechoccus kaiA (cycle in Japanese) kaiC
Neurospora wc-1/wc-2 (WhiteCollar) frq (Frequency)
Drosophila Clk/cyc (Clock/Cycle) per tim (Period/Timeless)
Mouse Clock/bmal1 per1,2,3 and cry1,2 (Cryptochrome)

.Table 10.3 Parameter values for the five-variable Goldbeter (1995) circadian clock model.

νs = 0.76 μM h−1 ks = 0.38 h−1

νm = 0.65 μM h−1 k1 = 1.9 h−1

νd = 0.95 μM h−1 k2 = 1.3 h−1

V1 = 3.2 μM h−1 K1,2,3,4 = 2 μM
V2 = 1.58 μM h−1 KI = 1 μM
V3 = 5 μM h−1 KM1 = 0.5 μM
V4 = 2.5 μM h−1 Kd = 0.2 μM

The phosphorylated protein P2 is then transported into the nucleus, where it (PN)
inhibits the production of per mRNA (M), closing the negative feedback loop, with a
delay because of the phosphorylation steps and nuclear transport.

The equations for the Goldbeter model are as follows:

dM
dt
= νs

1+ (Pn
KI
)4
− νmM

Km1 +M
, (10.24)

dP0

dt
= ksM− V1P0

K1 + P0
+ V2P1

K2 + P1
, (10.25)

dP1

dt
= V1P0

K1 + P0
− V2P1

K2 + P1
− V3P1

K3 + P1
+ V4P2

K4 + P2
, (10.26)

dP2

dt
= V3P1

K3 + P1
− V4P2

K4 + P2
− k1P2 + k2PN − νdP2

Kd + P2
, (10.27)

dPN

dt
= k1P2 − k2PN. (10.28)

Notice that the phosphorylation and dephosphorylation steps in this model are
all at Michaelis–Menten rates, appropriate for enzymatic reactions, rather than linear,
as in the original model of Goodwin. It is a straightforward matter to simulate these
equations and verify that the solutions are periodic with a period of about 24 hours;
we leave this verification to the interested reader.

More recently, Leloup and Goldbeter (1998, 2003, 2004) published a model that
includes the two proteins PER and TIM, both of which undergo two phosphorylation
steps before they form a dimer and then are transported into the nucleus, where they
inhibit their own production. The model retains the basic structure of the Goodwin
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model, but it has the advantage that the effects of changes in the degradation rates of
TIM can be studied as a model of how light interacts with the clock.

Another model of the circadian clock (Tyson et al., 1999) takes a different view of
the post-translational regulation of PER and TIM, and is motivated by the more recent
finding that another clock element dbt (doubletime) is important to the phosphorylation
of PER. In this model, phosphorylation tags the protein for degradation, rather than
activating it for nuclear translocation as in the Goldbeter model. In the Tyson et al.
model, DBT protein phosphorylates monomers of PER at a faster rate than it does
dimers, which means that PER monomers are much more likely to be degraded than
its dimers.

As with the Goldbeter model, the Tyson et al. model does not include TIM, but
assumes that dimers of PER inhibit the clock gene. The model equations are

dM
dt
= νm

1+ ( P2
Pcrit

)2
− kmM, (10.29)

dP1

dt
= νpM− k′p1P1

Jp + P1 + rP2
− kp3P1 − 2kaP2

1 + 2kdP2, (10.30)

dP2

dt
= kaP2

1 − kdP2 − kp2P2

Jp + P1 + rP2
− kp3P2. (10.31)

The most important assumptions entailed in these equations are, first, that both
monomer (P1) and dimers (P2) bind to DBT, but P1 is phosphorylated more rapidly
(i.e., k′p1 � kp2) and, second, that the DBT-catalyzed reaction is a saturating reaction
and that the dimer is a competitive inhibitor of monomer phosphorylation. The extent
of competitive inhibition is determined by r, the ratio of enzyme-substrate dissociation
constants for the monomer and dimer (see Chapter 1). Here, the parameter r is chosen
to be 2.

Next, we suppose that the dimerization reactions are fast (both ka and kd are large
compared to other rate constants), so that P1 and P2 are in quasi-equilibrium. We let
P = P1+2P2 be the total amount of PER protein, and observe that since k2

aP2
1−kdP2 = 0

(approximately),

P1 = qP, P2 = 1
2
(1− q)P, q = 2

1+√1+ 8KeqP
. (10.32)

.Table 10.4 Parameter values for the two-variable Tyson et al. (1999) circadian clock model.
Here Cp and Cm are typical concentrations of protein and mRNA, respectively.

νm = 1 Cm h−1 km = 0.1 h−1

νp = 0.5 CpC−1
m h−1 kp1 = 10 Cph−1

kp2 = 0.03 Cph−1 kp3 = 0.1 h−1

Keq = 200 C−1
p Pcrit = 0.1 Cp

Jp = 0.5 Cp r = 2
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Now we add (10.30) and (10.31) to obtain a single equation for P,

dP
dt
= νpM− kp1Pq+ kp2P

Jp + P
− kp3P. (10.33)

This equation, coupled with (10.29) and the algebraic relationships (10.32), gives a
two-variable model of the circadian clock.

A nice feature of two-variable systems is that they can be studied in the phase plane.
The phase portrait for this system is shown in Fig. 10.6A, where it can be seen that this
system is a canonical excitable system. That is, the dM

dt = 0 nullcline is a monotone

decreasing curve having a single intersection with the N-shaped dP
dt = 0 nullcline. A

typical solution is shown in Fig. 10.6B.
Research in circadian rhythms is quite active. Some recent work that relates to

the topics of this text include work on the mammalian circadian clock (Leloup and
Goldbeter, 2003; Forger and Peskin, 2003, 2004, 2005) and work describing the role of
Ca2+ in plant circadian clocks (Dodd et al., 2005a,b).

10.3 The Cell Cycle

The cell-division cycle is the process by which a cell duplicates its contents and then
divides in two. The adult human must manufacture many millions of new cells each
second simply to maintain the status quo, and if all cell division is halted, the individual
will die within a few days. On the other hand, abnormally rapid cell proliferation, i.e.,
cancer, can also be fatal, since rapidly proliferating cells interfere with the function of
normal cells and organs. Control of the cell cycle involves, at a minimum, control of
cell growth and replication of nuclear DNA in such a way that the size of the individual
cells remains, on average, constant.
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Figure 10.6 A: Phase portrait for the Tyson et al. circadian clock model. B: Solutions of the
Tyson et al. circadian clock model.



10.3: The Cell Cycle 443

M

G1

S

G2 Division

Interphase

cell division

(DNA synthesis)

(gap)

(gap)

Start

(mitosis)

Figure 10.7 Schematic diagram of
the cell cycle.

The cell cycle is traditionally divided into four distinct phases (shown schematically
in Fig. 10.7), the most dramatic of which is mitosis, or M phase. Mitosis is characterized
by separation of previously duplicated nuclear material, nuclear division, and finally
the actual cell division, called cytokinesis. In most cells the whole of M phase takes
only about an hour, a small fraction of the total cycle time. The much longer period
of time between one M phase and the next is called interphase. In some cells, such as
mammalian liver cells, the entire cell cycle can take longer than a year. The portion
of interphase following cytokinesis is called G1 phase (G for gap), during which cell
growth occurs. When the cell is sufficiently large, DNA replication in the nucleus is
initiated and continues during S phase (S for synthesis). Following S phase is G2 phase,
providing a safety gap during which the cell is presumably preparing for M phase, to
ensure that DNA replication is complete before the cell plunges into mitosis.

There are actually two controlled growth processes. One is the chromosomal cycle,
in which the genetic material is exactly duplicated and two nuclei are formed from one
for every turn of the cycle. Accuracy is essential to this process, since each daughter
nucleus must receive an exact replica of each chromosome. The second, less tightly
controlled, process, the cytoplasmic cycle, duplicates the cytoplasmic material, includ-
ing all of the structures (mitochondria, organelles, endoplasmic reticulum, etc.). This
growth is continuous during the G1, S, and G2 phases, pausing briefly only during
mitosis.

In mature organisms, these two processes operate in coordinated fashion, so that
the ratio of cell mass to nuclear mass remains essentially constant. However, it is pos-
sible for these two to be uncoupled. For example, during oogenesis, a single cell (an
ovum) grows in size without division. After fertilization, during embryogenesis, the egg
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undergoes twelve rapid synchronous mitotic divisions to form a ball consisting of 4096
cells, called the blastula.

The autonomous cell cycle oscillations seen in early embryos are unusual. Most
cells proceed through the division cycle in fits and starts, pausing at “checkpoints” to
ensure that all is ready for the next phase of the cycle. There are checkpoints at the
end of the G1, G2, and M phases of the cell cycle, although not all cells use all of these
checkpoints. During early embryogenesis, however, the checkpoints are inoperable,
and cells divide as rapidly as possible, driven by the underlying limit cycle oscillation.
The G1 checkpoint is often called Start, because here the cell determines whether all
systems are ready for S phase and the duplication of DNA. Before Start, newly born
cells are able to leave the mitotic cycle and differentiate (into nondividing cells with
specialized function). However, after Start, they have passed the point of no return and
are committed to another round of DNA synthesis and division.

The cell cycle has been studied most extensively for frogs and yeast. Frog eggs are
useful because they are large and easily manipulated. Yeast cells are much smaller,
but are suitable for cloning and identification of the involved genes and gene products.
Since both organisms use fundamentally similar mechanisms to regulate the cell cycle,
insights gained from either may usefully be used to build up an overall picture of cell
cycle control. The budding yeast Saccharomyces cerevisiae, used by brewers and bakers,
divides by first forming a bud that is initiated and grows steadily during S and G2

phases, and finally separates from its mother after mitosis. A similar organism, fission
yeast Schizosaccharomyces pombe, is also used extensively in cell cycle studies. The cell
cycle in mammalian cells is considerably more complex than in either frogs or yeast,
and we do not consider it in any detail here.

Although there is a great deal of experimental work done on the cell cycle, there
are few major modeling groups that specialize in the construction and analysis of cell
cycle models. One of the most active is the group led by Bela Novak and John Tyson,
who, over the last 15 years, have published a series of classic papers, beginning with
relatively simple models of the cell cycle and progressing to their most recent, highly
complex models. Despite the elegance of this work, there are substantial difficulties
facing the novice to this field. Not the least of these difficulties is the proliferation of
names. Although the basic mechanisms are similar, the genes (and proteins) that carry
out analogous functions in frog, budding yeast, and fission yeast all have different
names; when a simple model already contains seven or eight crucial proteins, and
each of these proteins has a different name in different organisms, the potential for
confusion is clear.

We begin by presenting a generic model of the eukaryotic cell cycle, and discuss the
fundamental mechanism that is preserved in mammalian cells. We then specialize this
generic model to the specific case of fission yeast. This requires a multitude of names;
to keep track of them, the reader is urged to make frequent use of Table 10.6 where the
analogous names for the generic model and for fission yeast are listed. We end with a
brief discussion of cell division in frog eggs after fertilization.
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10.3.1 A Simple Generic Model

The Fundamental Bistability
As with all cellular processes, the cell cycle is regulated by genes and the proteins that
they encode. There are two classes of proteins that form the center of the cell cycle
control system. The first is the family of cyclin-dependent kinases (Cdk), which induce a
variety of downstream events by phosphorylating selected proteins. The second family
are the cyclins, so named because the first members to be identified are cyclically syn-
thesized and degraded in each division cycle of the cell. Cyclin binds to Cdk molecules
and controls their ability to phosphorylate target proteins; without cyclin, Cdk is inac-
tive. In budding yeast cells there is only one major Cdk and nine cyclins, leading to a
possibility of nine active Cdk–cyclin complexes. In mammals, the story is substantially
more complicated, as there are (at last count) six Cdks and more than a dozen cyclins.

Leland Hartwell and Paul Nurse received the 2001 Nobel Prize in Physiology or
Medicine for their work in the 1970s that showed how the cyclin-dependent kinases
Cdc2 (in fission yeast), Cdc28 (in budding yeast) and Cdk1 (in mammalian cells) control
the cell cycle. Cyclins were discovered in 1982 by Tim Hunt who shared the Nobel Prize
with Hartwell and Nurse.

Although the temptation for a modeler is to view the cycle in Fig. 10.7 as a limit
cycle oscillator, it is more appropriate to view it as an alternation between two states,
G1 and S-G2-M. This point of view was first proposed by Nasmyth (1995, 1996) and
now forms the basis of practically all quantitative models. Transition between these
two states is controlled by the concentration of the Cdk–cyclin complex. In the G1

state, the concentration of Cdk–cyclin is low, due to the low concentration of cyclin. At
Start (see Fig. 10.8), cyclin production is increased and cyclin degradation is inhibited.
The concentration of Cdk–cyclin therefore rises (because there is always plenty of Cdk
around), and the cell enters S state, beginning synthesis of DNA. At the end of S phase,
each chromosome consists of a pair of chromatids. At the end of G2 the nuclear enve-
lope is broken down and the chromatid pairs are aligned along the metaphase spindle,
shown as the lighter gray lines in Fig. 10.8. When alignment is complete (metaphase),
a group of proteins that make up the anaphase-promoting complex (APC) is activated.
The APC functions in combination with an auxiliary component (either Cdc20 or Cdh1)
to label cyclin molecules for destruction, thereby decreasing the concentration of the
Cdk–cyclin complex. This initiates a second irreversible transition, Finish, and the chro-
matids are pulled to opposite poles of the spindle (anaphase). Thus, Start is caused by
an explosive increase in the concentration of the Cdk–cyclin complex, while Finish is
caused by the degradation of cyclin by APC and the resultant fall in Cdk–cyclin levels.

How do these reactions result in switch-like behavior between G1 and S-G2-M,
and alternating high and low cyclin concentrations? The switch arises because of the
mutually antagonistic interactions between Cdk–cyclin and APC–Cdh1. Not only does
APC–Cdh1 inhibit Cdk activity by degrading cyclin, Cdk–cyclin in its turn inhibits APC–
Cdh1 activity by phosphorylating Cdh1. Because of this mutual antagonism, the cell
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Figure 10.8 Schematic diagram of the primary chemical reactions of the cell cycle. APC*
denotes the inactive form of APC. Adapted fromTyson and Novak (2001), Fig. 1.

can have either low Cdk–cyclin activity and high APC–Cdh1 activity (i.e., G1), or high
Cdk–cyclin activity and low APC–Cdh1 activity (S-G2-M).

To construct a simple model of this reaction scheme we write down differential
equations for the concentrations of cyclin (in this case, Cyclin B, called CycB) and
unphosphorylated Cdh1, expressed in arbitrary units. The concentration of Cdk does
not appear directly in the model because it is assumed to be present in excess. Because
CycB binds tightly to Cdk, the concentration of the Cdk–CycB complex is determined
solely by the concentration of CycB. Similarly, the activity of the APC–Cdh1 complex
is determined by the concentration of Cdh1.

For each of these reactions we use relatively simple kinetics, either obeying mass
action, or following a Michaelis–Menten saturating rate function (Chapter 1); more
details on the model contruction are given after we present the equations. Thus,

d[CycB]
dt

= k1m− (k′2 + k′′2[Cdh1])[CycB], (10.34)

d[Cdh1]
dt

= (k′3 + k′′3A)(1− [Cdh1])
J3 + 1− [Cdh1] − k4[CycB][Cdh1]

J4 + [Cdh1] . (10.35)
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All the various k’s and J’s are positive constants, as are A and m. There are a number of
important things to note about these equations:

1. CycB is degraded at the intrinsic rate k′2, but is also degraded by APC–Cdh1,
with rate constant k′′2. Conversely, Cdh1 is phosphorylated by Cdk–CycB follow-
ing a Michaelis–Menten saturating rate function. Thus there is mutual inhibition
between CycB and Cdh1.

2. The rate of production of Cdh1 is dependent on the concentration of the phos-
phorylated form, which is [Cdh1]total - [Cdh1]. Since units are arbitrary, we set
[Cdh1]total = 1.

3. The rate of production of CycB is dependent on the parameter m, which represents
the cell mass. This is a crucial assumption. How can a rate constant be dependent
on the mass of a cell? Although there must be some way in which cell mass controls
the kinetics of the cell cycle (because the cell cycle and cell growth are closely cou-
pled, as discussed above) the exact mechanisms by which this occurs are unknown.
Of course, it is possible to imagine how it might occur; as the cell mass increases,
the ratio of cytoplasmic mass to nuclear mass increases. If a protein is made in
the cytoplasm but then moves to the nucleus, the greater the cytoplasmic/nuclear
volume ratio, the faster the buildup of this protein in the nucleus. However, such
explanations remain speculative. In this simple model we assume that CycB builds
up in the nucleus, and thus its rate of production is an increasing function of cell
mass, as in (10.34).

4. The constant A is related to the activity of Cdc20. Recall that Cdc20, like Cdh1, can
pair up with APC. One job of the APC–Cdc20 complex is indirectly to activate a
phosphatase that activates Cdh1.

Letting x1 denote [CycB] and x2 denote [Cdh1], the steady states of (10.34)–(10.35)
are given by

x1 = k1m
k′2 + k′′2x2

(10.36)

and

p =
(

J3 + 1− x2

1− x2

)(
x2

J4 + x2

)(
k1

k′2 + k
′′
2x2

)
, (10.37)

where

p = k′3 + k
′′
3A

k4m
. (10.38)

These solutions are shown in Fig. 10.9 with x1 plotted as a function of p, using
parameter values taken from Table 10.5. However, since A is not specified, the scale on
this plot is arbitrary. The easiest way to plot this curve is to view (10.36) and (10.37) as
a parametric curve with underlying parameter x2. For some values of p there are three
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Figure 10.9 Steady states of
the two-variable generic model
(10.34)–(10.35) plotted against the
parameter p.

.Table 10.5 Parameters for the six-variable generic cell cycle model (10.34), (10.35), (10.39),
(10.40), (10.41), and (10.42). Adapted fromTyson and Novak (2001),Table 1.

Component Rate constants (min−1) Dimensionless constants

CycB k1 = 0.04, k ′2 = 0.04, k ′′2 = 1, k ′′′2 = 1 [CycB]threshold = 0.05
Cdh1 k ′3 = 1, k ′′3 = 10, k ′4 = 2, k4 = 35 J3 = 0.04, J4 = 0.04
Cdc20T k ′5 = 0.005, k ′′5 = 0.2, k6 = 0.1 J5 = 0.3, n = 4
Cdc20 k7 = 1, k8 = 0.5 J7 = 10−3, J8 = 10−3

IEP k9 = 0.1, k10 = 0.02
m μ = 0.005

steady states, for others only one. The two places where the steady states coalesce are
limit points labeled LP1 and LP2. (Since this is a two-variable system, it is also quite easy
to do a phase-plane analysis and to verify that the intermediate steady-state solution is
a saddle point, hence unstable. See Exercise 5.)

We can now trace out an approximate cell cycle loop in Fig. 10.9. Note that here
neither A nor m has any dynamics; they are both merely increased or decreased as
needed. The dynamical system underlying these changes in A and m is discussed in
more detail in the next section.

Suppose we start at the lower steady state (i.e., the one corresponding to low
[CycB]), to the right of LP1. As m increases (as the cell grows), p decreases and the cell
follows the lower steady state. Eventually p decreases so much that LP1 is reached, the
solution falls off the lower steady state and approaches the high steady state. This cor-
responds to Start (see Fig. 10.8), at which time the concentration of cyclin B increases
explosively. At metaphase the concentration of Cdc20 starts to rise, which corresponds
to an increase in the parameter A, which increases p. When p increases too far, the
solution can no longer stay on the upper steady state, and falls back down to the lower
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steady state (Finish). [CycB] thus falls, A decreases again, the cell divides (m→ m/2),
and the cell begins the cycle over again.

From this point of view, the cell cycle is a hysteresis loop alternating between two
branches of steady states.

Activation of APC
In the previous model, A was a parameter that was increased and decreased at will to
mimic the activity of APC–Cdc20. Of course, the story is not this simple, since there
are several reactions that regulate APC activation, and thus A, which denotes the con-
centration of Cdc20, is controlled by its own dynamical system. In budding yeast Cdh1
is activated by a phosphatase, which is activated by Cdc20. Furthermore, Cdc20 pro-
duction is increased by cyclin B. Hence, the explosive increase in [CycB] that occurs
at Start leads to an increase in Cdc20, and a subsequent increase in Cdh1. However,
when Cdc20 is first made it is not active; it is activated by cyclin B only after a time
delay, which is the result of a number of intermediate reaction steps between cyclin B
and Cdc20 activation. The exact reactions that cause this delay have not yet been iden-
tified, so it is modeled by introducing a fictitious enzyme, IE (intermediate enzyme),
with activated form IEP (the P standing for phosphorylation). Thus, in summary, CycB
activates IEP, which activates Cdc20, which activates Cdh1, which degrades CycB. This
reaction scheme is sketched in Fig. 10.10.

To write the corresponding differential equations, we introduce two new variables;
activated IE (IEP) and Cdc20. We also let [Cdc20]T denote the total concentration of
Cdc20, i.e., both the activated and inactivated forms. The rate of production of total
Cdc20 is increased by CycB, and thus

d[Cdc20T]
dt

= k′5 + k′′5
[CycB]n

Jn
5 + [CycB]n − k6[Cdc20T ]. (10.39)

Note that the activation is assumed to follow a simple model of cooperative kinetics,
with Hill coefficient n (Chapter 1).

Similarly, Cdc20 is formed from nonactivated Cdc20 (which has concentration
[Cdc20T] − [Cdc20]) at a rate that is dependent on [IEP], and is removed in two
ways; the same intrinsic degradation rate as Cdc20T , and an additional removal term
corresponding to enzymatic conversion of the active form back to the inactive form.
Thus,

d[Cdc20]
dt

= k7[IEP]([Cdc20T ] − [Cdc20])
J7 + ([Cdc20T] − [Cdc20]) −

k8[Cdc20]
J8 + [Cdc20] − k6[Cdc20]. (10.40)

Finally, we include an equation for [IEP]:

d[IEP]
dt

= k9m[CycB](1− [IEP])− k10[IEP]. (10.41)

Note that IEP is activated at a rate that is proportional to [CycB].
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Figure 10.10 Sketch of the reactions involved in the activation of APC. The superscript *
indicates an inactive form. IEP denotes the phosphorylated (and active) form of IE. Adapted
fromTyson and Novak (2001), Fig. 6.

It remains to specify how to model the growth of the cell. For simplicity, we assume
that m grows exponentially, and thus

dm
dt
= μm. (10.42)

However, this growth law must be modified to take cell division into account. At Start
[CycB] grows explosively, but its subsequent fall is the signal that Finish has occurred
and the cell should divide. Thus, we assume that the cell divides in half (i.e., m→ m/2)
whenever [CycB] falls to some specified low level (in this case 0.05) after Start.

The model now consists of the six differential equations (10.34), (10.35), (10.39),
(10.40), (10.41) and (10.42), with A = [Cdc20] in (10.35). In writing these equations
we have made a large number of assumptions. Perhaps the most striking of these is
that sometimes the kinetics are assumed to follow a first-order law of mass action
kinetics, at other times they are assumed to be of Michaelis–Menten form, while at
yet other times they are assumed to be cooperative kinetics. Such choices are, in large
part, a judgement call on the part of the original modelers, and depend on the available
experimental evidence.

The steady states of this model (i.e., steady states holding m fixed) are shown in
Fig. 10.11. As in the simpler two-variable model (Fig. 10.9) the curve of steady states



10.3: The Cell Cycle 451

Figure 10.11 Steady states (holding m fixed) of the six-variable generic model and a super-
imposed cell cycle trajectory allowing cell growth and division. The parameter values of the
model are given inTable 10.5.

has two limit points. However, in this more complicated model the upper steady state
becomes unstable via a Hopf bifurcation (which we do not investigate any further,
the resultant limit cycles being of no interest at this stage). Thus, when the cell cycle
trajectory (shown as the dotted line) falls off the lower branch of steady states (at Start)
it cannot end up at the upper steady state, since the upper steady state is unstable.
Instead, it loops around the upper steady state, and [CycB] then falls to a low level
(Finish) at which time the mass is divided by 2 (cell division), the solution heads back
to the lower steady-state branch, and the cycle repeats.

In this model as it stands, Finish automatically occurs a certain time after Start.
Once the trajectory falls off the lower steady-state branch, there is nothing to stop it
looping around and initiating Finish when [CycB] falls. In reality there are controls to
prevent this from happening if the chromosomes are not aligned properly. However,
we omit these controls from this simple model.

A Note About Units
All the concentrations in this model (and the one that follows) are treated as dimension-
less. This explains why, in Table 10.5, all the constants k have units of 1/time, and why
the J’s are dimensionless. Experimentally, it is possible to measure relative concentra-
tions, but it is not possible to measure absolute concentrations. Thus, we assume that
there is some scale factor that could be used to scale all the concentrations rendering
them dimensionless, although we do not know what the scale factor is. The qualitative
behavior of the model remains unchanged by this assumption.
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10.3.2 Fission Yeast

Having seen how the cell cycle works in a generic model, we now turn to a more
complicated model of the cell cycle of fission yeast (Novak et al., 2001; Tyson et al.,
2002). This is a particularly interesting model since the cell cycles of various mutants
can be elegantly explained by consideration of the corresponding bifurcation diagrams.
A similarly complicated model of the cell cycle of budding yeast is discussed in Chen
et al. (2000, 2004), Ciliberto et al. (2003), and Allen et al. (2006), while a model of the
mammalian cell cycle is discussed in Novak and Tyson (2004). However, we now need
to introduce new names for the major players in the cell cycle. Since the introduction of
a list of new names for familiar players has the potential to cause drastic confusion, we
urge the reader to pay careful and repeated attention to Table 10.6, where the different
names for analogous species are given.

Mitosis-Promoting Factor: MPF
In the generic model, the central player in the cell cycle was the Cdk:cyclin B complex. In
fission yeast, the cyclin-dependent kinase is called Cdc2, and the B-type cyclin is called
Cdc13 (see Table 10.6. Cdc stands for cell division cycle.). The Cdc2:Cdc13 complex
that lies at the heart of the cycle is called mitosis-promoting factor, or MPF. As before,
Cdc2 is active only when it is bound to the cyclin, Cdc13, and thus MPF is the active
species that drives the cell cycle.

To understand the regulation of MPF we need to understand how it is formed,
degraded, and inactivated (Figs. 10.12 and 10.13).

• MPF is formed when Cdc13 combines with Cdc2; because Cdc2 is present in excess,
the rate of this formation depends only on how much Cdc13 is present. This rate
is assumed to depend on the mass of the cell, since Cdc13 can build up inside the
nucleus, as discussed previously for CycB.
• The principal degradation pathway is activated by APC, whose auxiliary compo-

nents in fission yeast are called Ste9 and Slp1 (see Fig. 10.13).

.Table 10.6 Cell cycle regulatory proteins.

Generic model Fission yeast Role

Cdk Cdc2 cyclin-dependent kinase
CycB Cdc13 cyclin
Cdh1 Ste9 APC auxiliary
Cdc20 Slp1 APC auxiliary
IE IE intermediate enzyme

Rum1 inhibitor
Wee1 tyrosine kinase
Cdc25 tyrosine phosphatase
SK starter kinase
TF transcription factor
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Figure 10.12 Diagram of the states of MPF. In the model of the cell cycle in fission yeast,
these states are assumed to be at equilibrium. Each of the states is degraded by a pathway
that depends on Slp1 and Ste9, but these are omitted from the diagram for clarity.The circled
P denotes a phosphate group.

• MPF can be inactivated in two major ways:

– It can be phosphorylated by the Wee1 kinase to a protein called preMPF.
PreMPF in its turn can be dephosphorylated back to MPF by the phospho-
rylated form of Cdc25, a tyrosine phosphatase.

– It can be inhibited by the binding of Rum1, to form an inactive trimer.
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Figure 10.13 Schematic diagram of the feedbacks that control the cell cycle in fission yeast.
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These reactions are summarized in Fig. 10.12. Since the activities of Rum1, Cdc25
and Slp1 are all controlled by MPF, this gives a highly complex series of feedback inter-
actions. We revisit these below. For now, we focus only on the equations modeling the
MPF trimer, Cdc13, and Rum1. We follow the presentation of Novak et al. (2001), who
constructed the model using the total amount of Cdc13, the total amount of Rum1, and
preMPF, as three of the dependent variables. A different choice of dependent variables
gives a different version of the same model.

First, we define the total amount of Cdc13, [Cdc13T], as

[Cdc13T ] = X1 + X2 + X3 + [MPF], (10.43)

where X1, X2, and X3 refer to the labeled complexes in Fig. 10.12. As usual, X1 denotes
the concentration of X1. Similarly, we let

[preMPF] = X1 + X3 and [Trimer] = X1 + X2, (10.44)
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as indicated by the dashed boxes in Fig. 10.12. We also have a conservation equation
for Rum1. If we let [Rum1T] denote the total amount of Rum1, then

[Rum1T] = [Rum1] + [Trimer] = [Rum1] + X1 + X2. (10.45)

We assume that Cdc13, no matter in which state, is degraded at a rate that depends
on Slp1 and Ste9, the two components of APC in fission yeast. Thus,

d[Cdc13T ]
dt

= k1m− (k′2 + k′′2[Ste9] + k′′′2 [Slp1])[Cdc13]. (10.46)

The equation for preMPF is similar:

d[preMPF]
dt

= kwee([Cdc13T] − [preMPF])− k25[preMPF]
− (k′2 + k′′2[Ste9] + k′′′2 [Slp1])[preMPF]. (10.47)

Here, kwee and k25 are, respectively, the rate constants associated with Wee1 and Cdc25.
As described below, they depend on [MPF].

Since kwee and k25 depend on [MPF], we need to derive an expression for [MPF] in
terms of our chosen dependent variables, [Cdc13T ], [preMPF] and [Rum1T]. We begin
by deriving an expression for [Trimer]. This we do by assuming that X1 and X3 are
always in equilibrium, as are X2 and MPF. Thus

[Rum1][MPF] = KdX2, (10.48)

[Rum1]X3 = KdX1, (10.49)

where Kd is the equilibrium constant for Rum1 binding. From this, and (10.44), it
follows that

[Trimer] = X1 + X2

= [Rum1]
Kd

(X3 + [MPF])

= 1
Kd
([Rum1T ] − [Trimer])([Cdc13T] − [Trimer]). (10.50)

This quadratic equation for [Trimer] can be easily solved to give

[Trimer] = 1
2
(� −

√
�2 − 4[Rum1T ][Cdc13T]) (10.51)

= 2[Rum1T ][Cdc13T]
� +

√
�2 − 4[Rum1T][Cdc13T]

, (10.52)

where

� = [Cdc13T] + [Rum1T ] + Kd. (10.53)

Note that here we have taken the smaller of the two roots, to ensure that [Trimer] → 0
as [Cdc13T ] → 0.
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With this expression for [Trimer] we can find an equation for [MPF] in terms of the
other variables. First, since X1 and X3 are assumed to be in equilibrium, we have

[preMPF] = X1 + X3 = X3

(
1+ [Rum1]

Kd

)
. (10.54)

Also, from conservation of Cdc13 (i.e., from (10.43)) we have

[Trimer] + X3 + [MPF] = [Cdc13T], (10.55)

from which, using (10.54), it follows that

[MPF] = [Cdc13T ] − [Trimer] − [preMPF]Kd

Kd + [Rum1T ] − [Trimer] . (10.56)

The Three Major Sets of Feedbacks

At this point we have differential equations for [Cdc13T] and [preMPF], with associ-
ated algebraic equations for [Trimer] and MPF. This completes the most complicated
part of the model construction. The remainder of the model equations follow in a
straightforward manner from the reaction diagram, which is shown in full detail in
Fig. 10.13.

This is a complicated reaction diagram; to make sense of it we divide the reac-
tions into three main groups, corresponding to control of Start, Finish, and the G2/M
transition, as indicated by the dashed gray boxes in Fig. 10.13. Each is discussed in turn.

Start This set of feedbacks causes the increase of MPF (i.e., of Cdc2:Cdc13) at Start.
There are two mutual inhibition loops. First, MPF inactivates Ste9, thus decreasing
the rate of breakdown of MPF. Second, MPF increases the rate of inactivation of
Rum1. Since Rum1 inactivates MPF (see Fig. 10.12), this is the second mutual
inhibition loop.

Because of these mutual inhibitions, the cell can have either a high con-
centration of MPF, or a high concentration of Ste9 and Rum1. It cannot have
both.

SK denotes a starter kinase that helps begin Start by phosphorylating Rum1 to
its inactive state, thus relieving the inhibition on MPF. However, once Start begins,
SK must be removed to allow MPF to decrease at Finish. Thus, MPF phosphorylates
SK’s transcription factor (TF) to its inactive state. Thus, this negative feedback loop
works against the two mutual inhibition loops in Start.

Although this scheme appears to be exactly that of the simple generic model,
there are some important differences. One important way in which fission yeast
differs from the generic model is that, at Start, the increase of MPF is not explosive.
Instead, Start is characterized by a precipitous drop in [Ste9], which then allows
[MPF] to start increasing. In fission yeast, MPF is held very low during G1, as shown
in Fig. 10.14. At Start, Cdc13 begins to accumulate, but MPF activity remains low
because Cdc2 is phosphorylated by Wee1.

S/G2/M The important reactions are sketched in Fig. 10.13, in a more simplified form
than in Fig. 10.12, but including the action of MPF on Wee1 and Cdc25. MPF
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Figure 10.14 A: bifurcation diagram of the model of the cell cycle in fission yeast, using the
wild type parameters inTable 10.7.The steady states, labeled ss, are plotted as a function of m,
the cell size, with stable branches denoted by solid curves, and unstable branches by dashed
curves. A branch of oscillatory solutions exists for larger m.The maximum and minimum of the
oscillations are labeled oscmax and oscmin respectively. A solution of the model for several cell
cycles is superimposed (dotted line). B: the solution plotted against time for the same cycles
shown in A.

accumulates in the less active, Cdc2-phosphorylated, form, which is sufficient to
drive DNA synthesis, but insufficient for mitosis. MPF decreases Wee1 activity by
phosphorylating it (Wee1∗ is the phosphorylated, inactive, form of Wee1). MPF also
increases the activity of Cdc25 by phosphorylating it (Cdc25 is the phosphorylated,
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active, form of Cdc25∗). Note that sometimes the phosphorylated state is the in-
active state, while at other times it is the active state. Both of these feedbacks are
positive.

The cell spends a long time in G2 phase until it grows large enough for the
positive feedback loops on Wee1 and Cdc25 to engage and remove the inhibitory
phosphate group from Cdc2. The resulting explosive increase in MPF kicks the cell
into mitosis. Hence, fission yeast characteristically has a short G1 phase and a long
S/G2 phase.

Finish This set of feedbacks causes the fast decrease in MPF at Finish (see Fig. 10.11).
MPF increases the rate of production of inactive Slp1, which is then activated via
the action of IEP, the phosphorylated intermediate enzyme. As in the generic model,
the identity of IE is unknown. However, its existence is inferred from the significant
delays that occur between an increase in MPF levels and an increase in Slp1. Slp1
increases the rate of MPF breakdown in two different ways; first, by promoting its
degradation directly, and second, by activating Ste9, which also inactivates MPF.

It is interesting to note that the Start and Finish feedbacks are, essentially, a
fast positive feedback (Start) followed by a slower negative feedback (Finish). This
arrangement is seen in many physiological systems, including the Hodgkin–Huxley
model of the action potential (Chapter 5) and models of the inositol trisphosphate
receptor (Chapter 7).

Cell size affects the model in two different ways. First, we assume that the rate
of production of MPF is a function of cell size, as discussed previously. Second, the
rate of activation of the transcription factor, TF, is also assumed to be dependent on
the cell size (see (10.70)). Thus, as the cell grows, the activity of MPF is increased
in two different size-dependent ways. TF affects MPF activity via the production of a
starter kinase, SK. SK initiates Start by downregulating Rum1 and Ste9, which allows
[Cdc13]T to increase and eventually trigger the G2-M transition.

The Model Equations

Our job is now to translate the schematic diagrams in Figs. 10.12 and 10.13 into a set
of ordinary differential equations. This has been done already for Cdc13T and preMPF;
it is now necessary to repeat this process for the remaining variables in the model.
However, since the equations for the remaining variables are much simpler and easier
to derive than those for Cdc13T and preMPF they are presented here without detailed
explanations. Also, so that all the equations are together in a single place, the equations
for Cdc13T and preMPF included here as well.

The model equations are

d[Cdc13T ]
dt

= k1m− (k′2 + k′′2[Ste9] + k′′′2 [Slp1])[Cdc13], (10.57)

d[preMPF]
dt

= kwee([Cdc13T] − [preMPF])− k25[preMPF]
− (k′2 + k′′2[Ste9] + k′′′2 [Slp1])[preMPF], (10.58)
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d[Ste9]
dt

= (k′3 + k′′3[Slp1]) 1− [Ste9]
J3 + 1− [Ste9]

− (k′4[SK] + k4[MPF]) [Ste9]
J4 + [Ste9] , (10.59)

d[Slp1T ]
dt

= k′5 + k′′5
[MPF]4

J4
5 + [MPF]4 − k6[Slp1T], (10.60)

d[Slp1]
dt

= k7[IEP] [Slp1T] − [Slp1]
J7 + [Slp1T ] − [Slp1]

− k8
[Slp1]

J8 + [Slp1] − k6[Slp1], (10.61)

d[IEP]
dt

= k9[MPF] 1− [IEP]
J9 + 1− [IEP] − k10

[IEP]
J10 + [IEP] , (10.62)

d[Rum1T ]
dt

= k11 − (k12 + k′12[SK] + k′′12[MPF])[Rum1T], (10.63)

d[SK]
dt
= k13[TF] − k14[SK], (10.64)

where, as before,

[Trimer] = 2[Rum1T][Cdc13T]
� +

√
�2 − 4[Rum1T][Cdc13T ]

, (10.65)

� = [Cdc13T ] + [Rum1T] + Kd, (10.66)

[MPF] = [Cdc13T ] − [Trimer] − [preMPF]Kd

Kd + [Rum1T ] − [Trimer] . (10.67)

We also assume that kwee and k25 are, respectively, decreasing and increasing
Goldbeter–Koshland functions of [MPF] (Section 1.4.6), and thus

kwee = k′wee + (k′′wee − k′wee)G(Vaw, Viw[MPF], Jaw, Jiw), (10.68)

k25 = k′25 + (k′′25 − k′25)G(Va25[MPF], Vi25, Ja25, Ji25). (10.69)

Finally, the concentration of transcription factor, [TF], is assumed to be an in-
creasing Goldbeter–Koshland function of the cell mass, m, but a decreasing function
of [MPF], and thus

[TF] = G(k15m, k′16 + k′′16[MPF], J15, J16), (10.70)

while the mass grows exponentially,

dm
dt
= μm. (10.71)

This completes the mathematical description of the reaction diagram in Fig. 10.13.
All the parameter values are given in Table 10.7.
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.Table 10.7 Parameters for the model of the cell cycle in fission yeast (10.34)–(10.42). Adapted
from Novak et al. (2001), Table II. After Start occurs, the cell mass is divided by two to mimic
cell division when [CycB] = [CycB]threshold. All the parameters have units 1/min, except for the
J’s and Kd , which are dimensionless.

Cdc13
k1 = 0.04, k ′2 = 0.04, k ′′2 = 1, k ′′′2 = 1 [CycB]threshold = 0.05

Ste9
k ′3 = 1, k ′′3 = 10, k ′4 = 2, k4 = 35 J3 = 0.04, J4 = 0.04

Slp1
k ′5 = 0.005, k ′′5 = 0.2, k6 = 0.1, k7 = 1, k8 = 0.25 J5 = 0.3, J7 = J8 = 10−3

Rum1
k11 = 0.1, k12 = 0.01, k ′12 = 1, k ′′12 = 3 Kd = 0.001

IEP
k9 = 0.1, k10 = 0.02

SK
k13 = 0.1, k14 = 0.1

TF
k15 = 1.5, k ′16 = 1, k ′′16 = 2 J15 = 0.01, J16 = 0.01

Wee1
k ′wee = 0.15, k ′′wee = 1.3, Vaw = 0.25, Viw = 1 Jaw = 0.01, Jiw = 0.01

Cdc25
k ′25 = 0.05, k ′′25 = 5,Va25 = 1, Vi25 = 0.25 Ja25 = 0.01, Ji25 = 0.01

m
μ = 0.005

The Wild Type
The cell cycle in this more complex model has a structure similar to that of the six-
variable generic model of Section 10.3.1, and a typical solution is shown in Fig. 10.14.
As in the simpler model, the curve of steady states as a function of m is S-shaped. As the
cell mass, m, increases, the concentration of MPF also increases until the lower bend
of the S is reached, at which point the solution “falls off” the curve of steady states and
heads toward the stable oscillation (denoted by the dot-dash line in Fig. 10.14A). The
resultant sudden increase in [MPF] pushes the cell into M phase.

Because the stable solution is oscillatory, [MPF] naturally increases and then de-
creases (Finish), at which point the cell divides, the cell mass is divided by two, and
the cycle repeats. A succession of cycles is shown in Fig. 10.14B.

Note that the cell cycle trajectory does not lie exactly on the S-shaped curve of steady
states. This is because the cell size is continually changing, never allowing enough time
for the solution to reach the steady state that corresponds to a fixed value of m.

The different phases of the cell cycle are shown on the bar in Fig. 10.14B. During
G1, [MPF] is held very low by Ste9. At the Start transition, [Ste9] falls almost to zero,
thus allowing [MPF] to increase. This occurs relatively early during the cell cycle, when
the cell mass is small. During S/G2 phase the cell replicates DNA and slowly increases
in size until critical mass is reached, whereupon [MPF] increases explosively and the
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cell is pushed into M phase. Thus, the Start transition here does not correspond to
an explosive increase of [MPF], a major point of difference from the simple generic
model described earlier. This serves to emphasize the fact that different cell types have
different ways of controlling the cell cycle, and, although there are many similarities
between cell types, no single mechanism serves as a universal explanation.

Wee1− Cells
One particularly interesting feature of this model is that it can be used to explain the
behavior of a number of fission yeast mutants. Here, we discuss only one of these
mutants, the wee1− mutant (Sveiczer et al., 2000). Others are discussed in detail in
Tyson et al. (2002) and Novak et al. (2001).

The normal fission yeast cell cycle has a short G1 phase followed by a much longer
S/G2 phase during which most of the cell growth occurs. In the wild type cell, the long
S/G2 phase is caused by the balance between MPF, Wee1 and Cdc25. Because Wee1
inactivates MPF, it is not until [MPF] has increased past a critical threshold that it can
inactivate Wee1 and thus allow the explosive growth of [MPF] at the beginning of M
phase.

If Wee1 is knocked out (i.e., as in a wee1−mutant), the inactivation of MPF by Wee1
is prevented, or at least greatly decreased. This allows the explosive increase in [MPF]
to happen at a lower value of m, and thus the cell enters mitosis when it is much smaller
than in the wild type. However, because the cell cycle occurs for smaller cell sizes, and
thus lower overall values of [MPF], the G1 phase is extended, since it takes longer for
Ste9 to be overpowered by MPF (which must happen at the end of G1; see Fig. 10.14B).
Hence, wee1− cells have an extended G1 phase, a shortened S/G2 phase, and at division
are approximately half the size of wild type cells. (The word wee is Scottish for small.
Paul Nurse originally discovered Wee1 in the early 1970s and coined its name after
observing that the absence of the gene made cells divide when they were unusually
small.)

The phase plane and a cell cycle of the wee1− mutant are shown in Fig. 10.15. To
model the absence of Wee1, the parameter k′′wee is decreased to 0.3, thus decreasing
the value of kwee, as shown by (10.68). With this change, the S-shaped curve of steady
states is shifted to lower values of m, and the solution “falls off” the lower limit point
at lower values of m. Thus, mitosis is initiated at lower cell size than in wild type cells.
Fig. 10.15B shows that G1 phase is extended, and that the cell cycle occurs for smaller
values of [MPF] than in the wild type.

10.3.3 A Limit Cycle Oscillator in the Xenopus Oocyte

There is strong evidence that early embryonic divisions are controlled by a cytoplasmic
biochemical limit cycle oscillator. For example, if fertilized (Xenopus) frog eggs are enu-
cleated, they continue to exhibit periodic twitches or contractions, as if the cytoplasm
continued to generate a signal in the absence of a nucleus. Enucleated sea urchin eggs
go a step further by actually dividing a number of times before they notice that they
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Figure 10.15 A: bifurcation diagram of the wee1− cell cycle model of fission yeast, using
the same parameters inTable 10.7, with k ′′wee = 0.3.The notation is the same as in Fig. 10.14.
B: the solution plotted against time for the same cycles shown in A.

contain no genetic material and consequently die. In Xenopus the first post-fertilization
cell cycle takes approximately one hour, followed by 11 faster cycles (approximately 30
minutes each) during which the cell mass decreases.

These divisions result from a cell cycle oscillator from which some of the check-
points and controls have been removed. The most detailed model of this oscillator is
that of Novak and Tyson (1993a,b; Borisuk and Tyson, 1998; Sha et al., 2003), and
this is the model we describe here. A simpler model due to Goldbeter is discussed in
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Figure 10.16 Schematic diagram of the regulatory pathway of MPF in Xenopus oocytes.

Exercise 7, and a simplified version of the Novak–Tyson model is discussed in Chapter
10 of Fall et al. (2002).

Because frogs are not yeast, the details of the cell cycle in Xenopus oocytes are not
exactly the same as those of the cell cycle in fission yeast, although there are major
similarities.

In fertilized Xenopus oocytes, cell division takes place without any cell growth,
so the G1 checkpoint is removed (or inoperable). The MPF that is critical for getting
through the G2 checkpoint is a dimer of Cdc2 and a mitotic cyclin.

The cdc2 gene encodes a cyclin-dependent protein kinase, Cdc2, which, in combi-
nation with B-type cyclins, forms MPF, which induces entry into M phase. The activity
of the Cdc2-cyclin B dimer (MPF) is also controlled by phosphorylation at two sites,
tyrosine-15 and threonine-167. (Tyrosine and threonine are two of the twenty amino
acids that are strung together to form a protein molecule. The number 15 or 167 de-
notes the location on the protein sequence of Cdc2.) These two sites define four different
phosphorylation states. MPF is active when it is phosphorylated at threonine-167 only.
The other three phosphorylation states are inactive. Active MPF initiates a chain of
reactions that controls mitotic events.

Just as in fission yeast, movement between different phosphorylation states is
mediated by Wee1 and Cdc25. Wee1 inactivates MPF by adding a phosphate to the
tyrosine-15 site. Cdc25 reverses this by dephosphorylating the tyrosine-15 site. A
schematic diagram of this regulation is shown in Fig. 10.16. Cyclin B is synthesized
from amino acids and binds with free Cdc2 to form an inactive MPF dimer. The dimer
is quickly phosphorylated on threonine-167 (by a protein kinase called CAK) and de-
phosphorylated at the same site by an unknown enzyme. Simultaneously, Wee1 can
phosphorylate the dimer at the tyrosine-15 site, rendering it inactive, and Cdc25 can
dephosphorylate the same site. Mitosis is initiated when a sufficient quantity of MPF
is active.

This regulation of MPF is one point of divergence with the previous model for
fission yeast. The other feedbacks are similar to those we have seen before. First, the
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active form of MPF regulates the activities of Wee1 and Cdc25 (as in the box labeled
G2/M in Fig. 10.13), while the degradation of MPF is controlled by a delayed negative
feedback loop through an intermediate enzyme (as in the box labeled Finish in Fig.
10.13). In Xenopus, the degradation of MPF is controlled by a ubiquitin-conjugating
enzyme (UbE) (which is an outdated name for our friend, APC–Cdc20).

We now have a complete verbal description of a model of the initiation of mitosis.
In summary, as cyclin is produced, it combines with Cdc2 to form MPF. MPF is quickly
phosphorylated to its active form. Active MPF turns on its own autocatalytic production
by activating Cdc25 and inactivating Wee1. By activating UbE, which activates the
destruction of cyclin, active MPF also turns on its own destruction, but with a delay,
thus completing the cycle.

Of course, this verbal description is incomplete, because there are many other
features of M phase control that have not been included. It also does not follow from
verbal arguments alone that this model actually controls mitosis in a manner consistent
with experimental observations. To check that this model is indeed sufficient to explain
some features of the cell cycle, it is necessary to present it in quantitative form (Novak
and Tyson, 1993).

The chemical species that must be tracked include the Cdc2 and cyclin monomers,
the dimer MPF in its active and inactive states, as well as the four regulatory enzymes
Wee1, Cdc25, IE, and UbE in their phosphorylated and unphosphorylated states.

First, cyclin (with concentration y) is produced at a steady rate and is degraded or
combines with Cdc2 (with concentration c) to form the MPF dimer (r):

dy
dt
= k1[A] − k2y− k3Yc. (10.72)

The MPF dimer can be in one of four phosphorylation states, with phosphate at
tyrosine-15 (s), at threonine-167 (concentration m), at both sites (concentration n),
or at none (concentration r). The movement among these states is regulated by the
enzymes Wee1, Cdc25, CAK, and one unknown enzyme (“?”). Thus,

dr
dt
= −(k2 + kCAK + kwee)r + k3yc+ k?n+ k25s, (10.73)

ds
dt
= −(k2 + kCAK + k25)s+ k?n+ kweer, (10.74)

dm
dt
= −(k2 + k? + kwee)m+ kCAKr + k25n, (10.75)

dn
dt
= −(k2 + k? + k25)n+ kweem+ kCAKs. (10.76)

Notice that in the above equations, cyclin degradation at rate k2 is permitted for free
cyclin as well as for cyclin that is dimerized with Cdc2. We assume that, if cyclin
degrades directly from a phosphorylated dimer, then the phosphate is also immediately
removed thus producing free Cdc2. Thus,

dc
dt
= k2(r + s+ n+m)− k3cy. (10.77)
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These six equations would form a closed system were it not for feedback. Notice that
the last equation, (10.77), is redundant, since m+r+s+n+c = constant. The feedback
shows up in the nonlinear dependence of rate constants on the enzymes Cdc25, Wee1,
IE, and UbE. This is expressed as

k25 = V
′
25[Cdc25] + V

′′
25[Cdc25_P], (10.78)

kwee = V
′
wee[Wee1_P] + V

′′
wee[Wee1], (10.79)

k2 = V
′
2[UbE] + V

′′
2[UbE∗]. (10.80)

In addition, the active states of Cdc25, Wee1, IE, and UbE are governed by
Michaelis–Menten rate laws of the form

d[Cdc25_P]
dt

= kam[Cdc25]
Ka + [Cdc25] −

kb[PPase][Cdc25_P]
Kb + [Cdc25_P] , (10.81)

d[Wee1_P]
dt

= kem[Wee1]
Ke + [Wee1] −

kf [PPase][Wee1_P]
Kf + [Wee1_P] , (10.82)

d[IE_P]
dt

= kgm[IE]
Kg + [IE] −

kh[PPase][IE_P]
Kh + [IE_P] , (10.83)

d[UbE∗]
dt

= kc[IE_P][UbE]
Kc + [UbE] −

kd[IEanti][UbE∗]
Kd + [UbE∗] . (10.84)

The quantities with _P attached correspond to phosphorylated forms of the enzyme
quantity. The total amounts of each of these enzymes are assumed to be constant, so
equations for the inactive forms are not necessary. PPase denotes a phosphatase that
dephosphorylates Cdc25_P.

This forms a complete model with nine differential equations having eight
Michaelis–Menten parameters and eighteen rate constants. There are two ways to gain
an understanding of the behavior of this system of differential equations: by numeri-
cal simulation using reasonable parameter values, or by approximating by a smaller
system of equations and studying the simpler system by analytical means.

The parameter values used by Novak and Tyson to simulate Xenopus oocyte extracts
are shown in Tables 10.8 and 10.9.

While numerical simulation of these nine differential equations is not difficult, to
gain an understanding of the basic behavior of the model it is convenient to make
some simplifying assumptions. Suppose kCAK is large and k? is small, as experiments
suggest. Then the phosphorylation of Cdc2 on threonine-167 occurs immediately

.Table 10.8 Michaelis–Menten constants for the cell cycle model of Novak andTyson (1993).

Ka/[Cdc25total] = 0.1 Kb/[Cdc25total] = 0.1
Kc/[UbEtotal] = 0.01 Kd /[UbEtotal] = 0.01
Ke/[Wee1total] = 0.3 Kf /[Wee1total] = 0.3
Kg/[IEtotal] = 0.01 Kh/[IEtotal] = 0.01
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.Table 10.9 Rate constants for the cell cycle model of Novak andTyson (1993).

k1[A]/[Cdc2total] = 0.01 k3[Cdc2total] = 1.0
V
′
2[UbEtotal] = 0.015 (0.03) V

′′
2 [UbEtotal] = 1.0

V
′
25[Cdc25total] = 0.1 V

′′
25[Cdc25total] = 2.0

V
′
wee[Wee1total] = 0.1 V

′′
wee[Wee1total] = 1.0

kCAK = 0.25 k? = 0.25
ka[Cdc2total]/[Cdc25total] = 1.0 kb [PPase]/[Cdc25total] = 0.125
kc [IEtotal]/[UbEtotal] = 0.1 kd [IEanti]/[UbEtotal] = 0.095
ke [Cdc2total]/[Wee1total] = 1.33 kf [PPase]/[Wee1total] = 0.1
kg [Cdc2total]/[IEtotal] = 0.65 kh[PPase]/[IEtotal] = 0.087

after formation of the MPF dimer. This allows us to ignore the quantities r and s.
Next we assume that the activities of the regulatory enzymes, (10.78)–(10.80), can be
approximated by

kwee = constant, (10.85)

k2 = k′2 + k′′2m2, (10.86)

k25 = k′25 + k′′25m2. (10.87)

This leaves only three equations for the three unknowns y (free cyclin), m (active
MPF), and Cdc2 monomer (q) as follows:

dy
dt
= k1 − k2y− k3yq, (10.88)

dm
dt
= k3yq− k2m+ k25n− kweem, (10.89)

dq
dt
= −k3yq+ k2(m+ n), (10.90)

where m + n + q = c is the total Cdc2. It follows that the total cyclin l = y + m + n
satisfies the differential equation

dl
dt
= k1 − k2l. (10.91)

Any three of these four equations describe the behavior of the system. However, in
the limit that k3 is large compared to other rate constants, the system can be further
reduced to a two-variable system for which phase-plane analysis is applicable. With
v = k3y,

dv
dt
+ k2v = k3(k1 − qv), (10.92)
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so that qv = k1 to leading order. If k1 is small, then y is small as well, so that (10.89)
becomes

dm
dt
= k1 − k2m+ k25(l−m)− kweem. (10.93)

The two equations (10.91) and (10.93) form a closed system that can be studied
using the phase portrait in the (l, m) plane. In this approximation, q = c − l. The
nullclines are described by the equations

dl
dt
= 0 : l = k1

k2(m)
, (10.94)

and

dm
dt
= 0 : l = kweem+ k2(m)m− k1

k25(m)
+m, (10.95)

which are plotted in Fig. 10.17.
For these parameter values, there is a unique unstable steady-state solution sur-

rounded by a limit cycle oscillation. By adjusting parameters, one can have a stable
fixed point on the leftmost branch of the N-shaped curve corresponding to the G2

checkpoint, or one can have a stable fixed point on the rightmost branch, yielding an
M phase checkpoint. Here a possible control parameter is kwee, since increasing kwee

makes the m nullcline move up. Thus, increasing kwee creates a G2 checkpoint on the
leftmost branch of the N-shaped curve.

Figure 10.17 Solution trajectory and nullclines for the system of equations (10.91), (10.93).
Parameter values are k1 = 0.004, kwee = 0.9, k2 = 0.008, k

′
2 = 3.0, k25 = 0.03, k

′
25 = 50.0.
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10.3.4 Conclusion

We are a long way from a complete understanding of the biochemistry of the cell cycle.
Here we have seen a few of the main players, although there are major portions of
the cell cycle that are still a mystery. With the modern development of biochemistry,
many similar stories relating to regulation of cell function are being unfolded. It is
likely that in the coming years, many of the details of this story will change and many
new details will be added. However, the basic modeling process of turning a verbal
description into a mathematical model and the consequent analysis of the model will
certainly remain an important tool to aid our understanding of these complicated and
extremely important processes. Furthermore, as the details of the stories become more
complicated (as they are certain to do), mathematical analysis will become even more
important in helping us understand how these processes work.

10.4 Exercises
1. Suppose that the production of an enzyme is turned on by m molecules of the enzyme

according to

G+mP
k+−→←−
k−

X,

where G is the inactive state of the gene and X is the active state of the gene. Suppose that
mRNA is produced when the gene is in the active state and the enzyme is produced by mRNA
and is degraded at some linear rate. Find a system of differential equations governing the
behavior of mRNA and enzyme. Give a phase portrait analysis of this system and show that
it has a “switch-like” behavior.

2. For a simplified lac operon model, assume that external lactose is converted directly into
allolactose, and take

dA
dt
= αLP

Le

KLe + Le
− βAB

A
KA + A

− γAA, (10.96)

eliminating (10.20) from the model.
Give a graphical steady-state analysis of the system of equations by plotting the null-

clines dM
dt = 0 and dA

dt = 0 in the M, A phase plane (this is not a true phase plane, since it is
a four-variable system.)

3. Find the steady-state solutions of the Goodwin model (10.21)–(10.22) with n = 3, and with
k1 = k2 = k3. Under what conditions is the steady-state solution unstable, and under what
conditions is the instability an oscillatory instability? Find conditions on the parameters
for a Hopf bifurcation.
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4. A modification of the Goodwin model that does not require such a high level of cooperativity
was formulated by Bliss et al. (1982) and is given by

dx1
dt
= a

1+ x3
− b1x1, (10.97)

dx2
dt
= b1x1 − b2x2, (10.98)

dx3
dt
= b2x2 − cx3

K + x3
. (10.99)

Determine the stability of the steady-state solution and find any Hopf bifurcation points in

the special case that K = 1, b1 = b2 < c, and a = c
(√

c
b1
− 1

)
.

5. Sketch the phase portrait for the two-variable generic cell cycle model given by (10.34) and
(10.35).

6. Instead of using (10.54), the original presentation of the model of Novak et al. (2001) used
the expression

[MPF] = ([Cdc13T ] − [preMPF])([Cdc13T ] − [Trimer])
[Cdc13T ] . (10.100)

Show that these two expressions for [MPF] are the same. Hint: Make it easier by defining
cT = [Cdc13T ], T = [Trimer], r = [Rum1], M = [MPF], and p = [preMPF]. There are a
number of ways to show this. One way is to start by

cT = cT + p− p = (cT − p)+ (X1 + X3). (10.101)

Then show that X1 + X3 = (cT − p)X3/M, and factor out cT − p to get the result.

7. Goldbeter (1996) developed and studied a minimal cascade model of the mitotic oscillator.
The model assumes that cyclin B is synthesized at a constant rate and activates Cdc25
kinase. The activated Cdc25 kinase in turn activates Cdc2 kinase (M), and the activated
Cdc2 kinase is inactivated by the kinase Wee1. There is also a cyclin protease X that is
activated by Cdc2 kinase and inactivated by an additional phosphatase. The differential
equations for this reaction scheme (shown in Fig. 10.18) are

cyclin

Wee1
MM-

X- X

ni nd

Cdc25

E4
Figure 10.18 Diagram for the minimal cas-
cade mitosis model of Goldbeter (1996).
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.Table 10.10 Parameter values for the Goldbeter minimal mitotic cycle model.

K1 = 0.1 VM1 = 0.5 min−1

K2 = 0.1 V2 = 0.167 min−1

K3 = 0.1 VM3 = 0.2 min−1

K4 = 0.1 V4 = 0.1 min−1

νi = 0.023 μM/min νd = 0.1 μM/min
Kc = 0.3 μM Kd = 0.02 μM
kd = 3.33×10−3 min−1

dc
dt
= νi − νdx

c
Kd + c

− kdc, (10.102)

dm
dt
= V1

1−m
K1 + 1−m

− V2
m

K2 +m
, (10.103)

dx
dt
= V3

1− x
K3 + 1− X

− V4
x

K4 + X
, (10.104)

and

V1 = VM1
c

Kc + c
, V3 = VM3m, (10.105)

where c denotes the cyclin B concentration, and m and x denote the fractions of active
Cdc2 kinase and of active cyclin protease, respectively. The parameters νi and νd are the
constant rate of cyclin synthesis and maximum rate of cyclin degradation by protease X,
achieved at x = 1. The parameters Kd and Kc denote Michaelis–Menten constants for
cyclin degradation and cyclin activation, while kd is the rate of nonspecific degradation of
cyclin. The remaining parameters Vi and Ki, i = 1, . . . , 4, are the effective maximum rate
and Michaelis–Menten constants for each of the four enzymes Cdc25, Wee1, Cdc2, and the
protease phosphatase (E4), respectively. Typical parameter values are shown in Table 10.10.
Simulate this system of equations to show that there is a stable limit cycle oscillation for
this model. What is the period of oscillation?



Appendix: Units and Physical
Constants

Quantity Name Symbol Units

Amount mole mol
Electric charge coulomb C
Mass gram g
Temperature kelvin K
Time second s
Length meter m

Force newton N kg ·m · s−2

Energy joule J N ·m
Pressure pascal Pa N ·m−2

Capacitance farad F A · s · V−1

Resistance ohm � V · A−1

Electric current ampere A C · s−1

Conductance siemen S A · V−1 = �−1

Potential difference volt V N ·m · C−1

Concentration molar M mol · L−1

Atomic Mass dalton D g N−1
A
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Unit Scale Factors

Name Prefix Scale factor

femto f ×10−15

pico p ×10−12

nano n ×10−9

micro μ ×10−6

milli m ×10−3

centi c ×10−2

deci d ×10−1

kilo k ×103

mega M ×106

giga G ×109

Physical Constant Symbol Value

Boltzmann’s constant k 1.381× 10−23 J ·K−1

Planck’s constant h 6.626× 10−34J · s
Avogadro’s number NA 6.02257× 1023 mol−1

unit charge q 1.6× 10−19 C
gravitational constant g 9.78049 m/s2

Faraday’s constant F 9.649× 104C ·mol−1

permittivity of free space ε0 8.854× 10−12 F/m
universal gas constant R 8.315 J mol−1 ·K−1

atmosphere atm 1.01325× 105 N ·m−2

insulin unit U 1
24000g

Other Useful Identities and Quantities

1 atm = 760 mmHg
R = kNA

F = qNA

pH = − log10[H+] with [H+] in moles per liter
273.15 K = 0◦C (ice point)
TKelvin = Tcentigrade − 273.15
TFarenheit = 9

5Tcentigrade + 32
RT
F = 25.8 mV at 27◦C

density of pure water at 4◦C = 1 gm/cm3

Cm; capacitance of the cell membrane ≈ 1 μF/cm2

Liter; 1 liter = 10−3 m3

ε; dielectric constant for water = 80.4 ε0

Lumen: 1 lm = quantity of light emitted by 1
60 cm2 surface area of pure platinum at

its melting temperature (1770◦C), within a solid angle of 1 steradian.
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Absorption
in the gastrointestinal tract, 851–857
in the proximal tubules, 823, 825, 832,

834, 849
of bicarbonate, 873
of light by photoreceptors, 895, 904, 905
of Na+ in the intestine, 856, 890
of Na+ in the loop of Henle, 826, 835
of nutrients from the gut, 806
of oxygen by hemoglobin, 689
of water, 50, 835, 853–855

acetylcholine, 349, 351, 774, 934
and end-plate conductance, 364, 365
binding, 348, 365, 366, 373
degradation, 367, 373, 383
effect on insulin secretion, 398
effect on postsynaptic membrane, 152, 370
in the synaptic cleft, 365, 367, 369, 370,

383
quantal release, 349–352
receptors, 348, 349, 367, 370, 371, 373, 930

activation by nicotine, 373
acetylcholinesterase, 373
ACh, see acetylcholine
actin, 720, 721, 731, 738, 743, 749

binding to myosin in smooth muscle, 756,
757

crossbridge binding sites, 721, 722, 730,
739, 741, 747

filament, 747, 750
movement by myosin molecules, 755
velocity of, 731

in vitro assay, 755
in a Brownian ratchet, 761, 762
in a molecular motor, 760
in smooth muscle, 756
polymerization, 761

action potential, 176, 187, 195
and Ca2+ influx, 359, 419, 719
and bursting oscillations, 385, 806
and excitation–contraction coupling, 546,

719
and perturbation theory, 38
and reentrant arrhythmias, 593
and synaptic facilitation, 358, 359
as a wave in an excitable system, 230
at the presynaptic cell, 348, 349, 352, 357,

384
duration, 256, 584
effects on Ca2+ channels, 550
fast–slow phase plane, 213
FitzHugh–Nagumo equations, 220
historical studies, 199
Hodgkin–Huxley equations, 196–215
in a myelinated fiber, 237
in an isotropic medium, 571
in cardiac cells, 69, 523, 525, 534–546

effects of drugs, 602
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action (continued)
in cardiac tissue, 38, 336
in defibrillation, 611
in ganglion cells, 895, 929
in gonadotrophs, 419
in muscle, 717, 719, 934
in neuroendocrine cells, 385
in Purkinje fibers, 524, 535–540
in smooth muscle, 756
in the atrioventricular node, 524, 586
in the optic nerve, 934
in the sinoatrial node, 535, 572, 541–583
in the squid axon, 196–215
in ventricular cells, 543–546
initiation sites in the heart, 571
integrate-and-fire model, 625
irregular wave trains, 256
kinematic theory, 256
lack of in photoreceptors, 895, 902
lengthened

Long QT syndrome, 604
measurement by ECG, 525–533
periodic, 252
perturbation methods, 221
phase locking, 572
propagation failure, 562
propagation in higher dimensions,

257–262, 553
propagation in one dimension, 229–257
qualitative analysis, 210
regulation by Ca2+, 385
release of neurotransmitter, 350, 373
response to superthreshold stimulus, 208
RyR opening, 719
schematic diagram, 214
speed in cardiac tissue, 561, 598, 602
spiral waves, 262–268
threshold, 208, 609
wave front, 38
wave front in the heart, 528

active transport, 49, 73–79
adaptation

and contour enhancement, 894
exact, 814–816
in cones, 907–912
in hair cells, 969–971, 974

causing oscillations, 970
in photoreceptors, 902–912
in psychophysical experiments, 895
in rods, 912, 915

in the Hodgkin–Huxley equations, 286
in the pupil light reflex, 933
in the retina, 893, 895–942
in the Limulus eye, 917
mediated by Ca2+ in photoreceptors, 273,

915
of IP3 receptors, 285, 814
of hair bundles, 970
of hormone receptors, 813–816
of RyR receptors, 552

Addison’s disease, 842
adenine, 427
adenohypophysis, see pituitary, anterior
adenosine, 498, 603
adenylate cyclase, 774
adenylate kinase, 25
ADH, see antidiuretic hormone
adipose tissue, 386, 803, 810
ADP, 23, 24, 26

action on PFK1, 25
activation of K+ channel, 399
activation of platelets, 677
and ATPase pumps, 75, 77, 284
ATP/ADP ratio, 399

oscillations, 400
conversion to ATP, 25
extracellular messenger, 326
Gibbs free energy of formation, 5, 23
in muscle, 721
secretion by platelets, 676

adrenal gland, 773, 777, 855
adrenaline, 349, 483, 502, 780
adrenocorticotropic hormone, 775
adrenocorticotropin, 774
agonist-controlled ion channels, 152–153,

349, 371
affinity, 152
efficacy, 152
single-channel analysis, 158

Agre, P., 853
alcohol, 557, 842, 849
aldosterone, 98, 775, 835, 840, 855, 856

control of urine formation, 842
effect on Na+ permeability, 774, 835, 842,

855
excess secretion, 842

Allbritton, N.L., 329
Alt, W., 655



Index I-3

alveoli, 683–694, 696, 697, 714
oxygen saturation, 715
partial pressures, 697
surface area, 683
ventilation rate, 701

amacrine cells, 895, 927
direction selectivity, 927

amiodarone, 603
AMP, 23, 25, 26

ATP/AMP ratio, 25
PFK1 activity, 24

AMPA receptor, 371, 372, 931
anemia, 497, 522, 637
angiotensin, 826
anode break excitation, 224, 226, 605, 609
anoxia, 118
antidiuretic hormone, 835, 840, 842, 843,

845, 849, 850
and urine formation, 846–847

aorta, 471, 474, 476, 507, 511, 512, 516, 517
Apell, H.J., 77, 79
aquaporins, 853
Armstrong, C.M., 125, 354
Arnold, V.I., 36
Arrhenius equation, 162, 163, 168–170
arrhythmias, see reentrant arrhythmias
arterial pulse, 472, 513–522
arterioles, 471, 476, 477, 824, 834

afferent, 821, 826
blood velocity, 476
cardiovascular regulation, 495
efferent, 821, 824, 826, 848
pressure drop, 476
resistance, 498, 501, 824, 826
smooth muscle, 498

asymptotic methods, see perturbation
methods

atherosclerosis, 495, 513
atherosclerotic plaques, 495
ATP, 23, 26, 33, 116, 284, 498

and Na+–K+ pumps, 77
and K+ currents, 393, 399
and actin polymerization, 755
and Ca2+ pumps, 50, 274
and compound bursting, 401
and Na+–K+ pumps, 50, 73, 98
ATP/ADP ratio, 6, 399

oscillations, 400
ATP/AMP ratio, 24, 25
consumption in muscle, 61

dephosphorylation, 46, 719, 732
extracellular messenger, 326
formation of cAMP, 46
generation by an ATPase pump in reverse,

283
hydrolysis, 5, 73, 74, 97

and glucose transport, 73, 761
driving active transport, 74
free energy, 6, 23, 76
in glycolysis, 24
in molecular motors, 760

in a simple ATPase model, 74
in muscle, 719–721, 732, 770
in smooth muscle, 756
inhibition of PFK1, 24
oscillations, 46, 401
production by ATP synthase, 760
production from ADP, 25
substrate of PFK1, 24

atrial septal defect, 512
atrioventricular node, 524–526, 535, 562,

572, 583, 586–593
AUTO, 36, 252, 307, 342, 344, 437
Avogadro’s number, 53, 81, 129, 629
axon, 55, 175

as a cable, 180
bursting oscillations, 414
crab, 180
earthworm, 180
growth, 276
lobster, 180
marine worm, 180
membrane potential oscillations, 209
myelination, 236
nonlocal coupling, 258
of a motorneuron, 349
of a photoreceptor, 902
periodic waves, 252
space clamped, 177
squid, 51, 93, 95, 118, 125, 128, 180, 196

channel density, 236
conductances, 124
current–voltage curves, 122
equilibrium potentials, 95
Hodgkin–Huxley equations, 196–209
ion currents, 196
radius, 56, 93
space constant, 251
temperature effects, 225
wave speed, 235, 251
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axon (continued)
synaptic transmission, 348, 352
vertebrate, 122
wave propagation, 229–258
wave speed, 235

axonal transport, 760
azimilide, 603

Bar, M., 595
barbiturates, 153
Barcilon, V., 130
Barkley, D., 267
Barlow, H.B., 895, 926, 930
barnacle muscle fiber, 180, 225, 269
baroreceptor reflex, 496, 500–506

oscillations, 503
basilar membrane, 944–946, 948, 949, 953

as a harmonic oscillator, 950–962
frequency analyzer, 946
frequency response, 947, 948
mechanical tuning, 946
nonlinear amplification, 969
of epithelial cells, 858
velocity, 971
waves, 946, 947, 949, 954, 961, 974

basophils, 627, 628, 652
Batchelor, G.K., 949
Bayesian inference, 161
Baylor, D.A., 901, 904, 915
Beeler–Reuter equations, 257, 537, 543–546,

549, 626
Begenisich, T.B., 144
Bélair, J., 633
Belousov–Zhabotinsky reaction, 226, 259,

262, 263
Bennett, M.R., 359
Berridge, M.J., 273, 276, 277, 341, 779
Bers, D.M., 546, 547, 550, 719
Bertram, R., 360, 361, 386, 387, 393, 400,

418, 782, 783
Bessel equation, 941, 973
Bessel functions, 923, 941, 973
β-endorphin, 775
β cell, 418, 419

and glycolysis, 385
bursting in clusters, 403
bursting oscillations, 386–410
insulin secretion, 386, 398, 803
islets, 403

Beuter, A., 36

Bezanilla, F., 125, 157, 354
bicarbonate, 116, 628, 680

and blood pH, 651, 652
and carbon dioxide regulation, 649–651,

688, 689, 696, 867
chloride–bicarbonate exchanger, 116
concentration in blood, 681
exchange for chloride in red blood cells,

650
gastric protection, 866, 869, 873
reaction rates, 869
secretion in the stomach, 867, 873

bicuculline, 373
bidomain model, 336–341, 604, 606, 611

derivation by homogenization, 618–622
for Ca2+ dynamics, 336
for cardiac tissue, 336, 566–567
monodomain reduction, 567
plane-wave solutions, 568

bifurcation diagram, 28, 36, 342, 344
blood clotting, 674
bursting oscillations, 391–417
Ca2+ dynamics, 295, 297, 308, 341, 344,

345
traveling wave equations, 308, 309

cell cycle, 452, 457, 462
FitzHugh–Nagumo equations, 223
Goldbeter–Lefever glycolysis model, 33, 34
Hodgkin–Huxley equations, 208, 210
Sel’kov glycolysis model, 28–30

bifurcation surface, 416, 418
bifurcations

homoclinic, 36, 345
bursting oscillations, 390, 391, 395–398,

415–418
Ca2+ dynamics, 308, 345
Hodgkin–Huxley equations, 251
traveling waves, 242

Hopf, 36, 625, 678, 679
baroreceptor loop, 505
blood clotting, 674, 681
bursting oscillations, 390, 391, 395, 397,

398, 401, 416, 418, 419, 425
Ca2+ dynamics, 297, 307, 309, 345
cell cycle, 451
FitzHugh–Nagumo equations, 220, 223,

225
glycolysis, 25, 28, 30, 33
hair cells, 971, 973
hematopoiesis, 637–639, 642
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Hodgkin–Huxley equations, 208–210
lac operon, 437, 438
periodic plane waves, 308
pupil light reflex, 935
regulation of ventilation, 703, 704
sinoatrial node, 577, 578, 580
tubuloglomerular feedback, 829–831

saddle-node, 36, 212, 345, 391
bursting oscillations, 391, 397, 398, 417
hair cells, 970
Hodgkin–Huxley equations, 214, 224

steady-state, 36
bipolar cells, 895, 902, 927, 930, 931
bistability

alternans, 585
and bursting oscillations, 390, 395, 410,

412, 415, 418
in Ca2+ dynamics, 306
in LHRH neurons, 780
in the cell cycle, 445
in the Hodgkin–Huxley equations, 231
in the lac operon, 438
traveling waves, 230, 258, 313

bistable equation, 231, 247, 268
and defibrillation, 608
and the eikonal-curvature equation, 259,

261
buffered, 313
Ca2+ dynamics, 313, 345
comparison property, 236
discrete, 238–241
LHRH neurons, 780
piecewise-linear, 268
threshold behavior, 236
traveling waves, 231–235, 268

black widow spider, 373
blastula, 444
blood clotting, 627, 669–678

control by platelets, 675
extrinsic pathway, 669, 670
in vitro, 671
inhibition, 671
intrinsic pathway, 669–671
spatial patterning, 672
stationary wave, 675
traveling wave, 674

blood loss, 493, 637
blood pH, 385, 650, 651, 680, 681, 698, 701,

714, 866

blood plasma, 627–629
filtration, 821

blood pressure, 473
and filtration, 823, 824
arterial, 477, 482, 483, 487, 488, 493–495,

497–503, 511, 824, 825
autoregulation, 497–500
control of arterial pressure, 495, 500–503
diastolic, 473, 474, 493, 521, 522
hypertension, 495
in arterioles, 476
in capillaries, 476, 479
in the fetal circulation, 509
in the glomerulus, 823
oscillations in, 496, 503–506
pressure-volume relationship, 482, 483
pulsatile, 513–521
renal control of, 496
shock wave, 516
systemic, 493
systolic, 473, 474, 482, 522
typical values, 493
venous, 477, 482, 484, 488, 493, 500, 511

blood volume, 471, 472, 488, 491, 493, 495,
496, 627

Blum, J.J., 760
body surface potential, 526, 528, 529
Bohr effect, 646, 650–652, 681
Boltzmann distribution, 163, 165
bone

Ca2+ storage in, 273
conductivity tensor, 528
in the inner ear, 943
moved by skeletal muscle, 717

bone marrow, 628, 630
production of blood cells, 630, 635, 666,

678
production of platelets, 676
role of erythropoietin, 632

botulinus, 373
boundary layers, see perturbation methods,

boundary layers
Bowman’s capsule, 821, 823, 832
Boyce, W.E., 36, 193
Bressloff, P.C., 318
bretylium, 603
Britton, N.F., 229
Brown, D., 779, 781, 782
Brownian motion, 53, 110, 165, 761
Brownian ratchet, 760, 763
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bundle branch block, 528, 562, 583
bundle of HIS, 524, 562
Burger triangle, 531
bursting oscillations, 385

and glucose concentration, 392
and glycolysis, 399
and insulin secretion, 806
bifurcation analysis, 386, 395
classification, 418
compound, 400, 401
effects of agonists, 398
fast, 386, 395
in clusters of pancreatic β cells, 403
in gastrointestinal smooth muscle, 874
in gonadotrophs, 421
in pancreatic β cells, 386
in the Aplysia neuron, 413
medium, 386, 397
phantom, 393
phase-plane analysis, 389
qualitative model, 410
slow, 386, 399

Ca2+ ATPase, 50, 73, 77, 274, 283–285, 421,
546

and rigor mortis, 770
as a molecular motor, 760
blockage by La3+, 298
in photoreceptors, 912

Ca2+ buffering, 56, 282, 295, 309–314, 388
and synaptic facilitation, 359
by the plasma membrane, 282
calbindin, 282, 309
calreticulin, 309
calretinin, 309
calsequestrin, 282, 309
fluorescent dyes, 282
in photoreceptors, 908, 912
parvalbumin, 309

Ca2+ channels
and bursting oscillations, 405
and Ca2+ influx, 273, 274
and insulin secretion, 806
and muscle contraction, 719
and synaptic facilitation, 359, 360, 363
blockers, 153, 603
in hair cells, 963, 967, 968
in presynaptic cells, 348, 352
in the sinoatrial node, 541
L-type, 546, 550, 552, 888
subunits, 354

that are also receptors, 274
voltage-gated, 274, 276, 357, 387, 719, 806

Ca2+ current
and bursting oscillations, 387–389, 393,

394, 415, 420
and volume regulation, 171
in hair cells, 966, 967
in photoreceptors, 902, 903, 912
in the Beeler–Reuter equations, 546
in the sinoatrial node, 541
L-type, 420, 546
presynaptic, 352, 355–358, 383
synaptic suppression, 356, 357
T-type, 420
through IP3 receptors, 287

Ca2+ microdomain, 324
Ca2+ oscillations, 276–280

and bursting oscillations, 388
and fluid secretion, 281
and IP3 oscillations, 298
as periodic waves, 303
closed-cell models, 296
dependent on IP3, 286, 298
dependent on ryanodine receptors, 301
in bullfrog sympathetic neurons, 301
in Chinese hamster ovary cells, 300
in epithelial cells, 326
in hepatocytes, 331
open-cell models, 296
stochastic, 321
two-pool model, 341
well-mixed models, 281

Ca2+ puffs, 321, 322
Ca2+ waves, 280

bifurcation analysis, 307
dependent on IP3, 286
Xenopus oocytes, 278, 306
intercellular, 279, 326–332
periodic, 278, 331
saltatory, 315
spiral waves, 306
stochastic, 325

Ca2+-induced Ca2+ release, 301–303, 315,
341, 344, 546

cable equation
and gap junctions, 564
and spread of current in photoreceptor

layers, 921
and wave propagation, 231–236
at a junction, 562
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bidomain model, 604, 606
cardiac fiber, 554, 560
derivation, 177–180
discrete, 238, 561
in two and three dimensions, 257
inhomogeneous resistance, 570
linear, 181

fundamental solution, 193
Green’s function, 193
input resistance, 182
on a branching structure, 182, 187, 192,

194
with sealed end, 193

nondimensionalized, 180
nonlinear

and wave propagation, 229
bistable equation, 231
comparison property, 562

nonuniform, 609, 611
space constant, 179, 557
sudden change in properties, 562
time constant, 179

caffeine, 301, 303
Cahalan, M.D., 144
calbindin, 282
calcium pump, see Ca2+ ATPase
calreticulin, 309
calretinin, 309
calsequestrin, 282, 309
cancer, 442
Cannell, M., 280, 546, 550
capacitance, 179, 206

dependence of wave speed on, 235
effective, 538
in the bidomain model, 621
of an insulator, 86
of the cell membrane, 86, 93, 218, 387, 908

decreased by myelination, 236
in electrical bursting, 406
of postsynaptic cells, 370

of the soma, 188
capillaries, 98, 115, 471, 474, 476, 479, 487,

501, 606, 671
and filtration, 479, 521
and gas transport, 685, 687, 688, 691
blood velocity, 476
diffusion into, 55
electrode, 199
filtration, 480
in the gastrointestinal tract, 851, 853, 873

in the glomerulus, 821, 823
in the kidney, 821, 832, 838, 848, 850
in the liver, 671
in the lungs, 671, 683–696
microcirculation, 480
perfusion, 694
peritubular, 832, 838, 848, 850
pressure, 476, 479, 480
pulmonary, 471, 687, 688, 696
resistance, 480, 481, 486, 489
systemic, 471, 486, 490

Carafoli, E., 273, 309
carbon dioxide

and blood pH, 650, 652, 680
and oxygen partial pressure curve,

698–700
and oxygen transport, 650
and regulation of ventilation, 701
and respiratory regulation, 706
arterial pressure, 681
binding to hemoglobin, 649
Bohr effect, 646, 652
carbonic acid, 698
causes vasoconstriction, 502
diffusion, 50, 54, 650, 687
facilitated diffusion, 115, 691
fractional volume in alveolus, 707
in venous blood, 649
oxidation of glucose to, 23
partial pressure, 680, 696–699, 701, 707,

709, 714
production, 700
removal, 650, 688–689, 708
respiratory exchange ratio, 698, 700
respiratory quotient, 700
solubility, 629, 687
storage in blood, 650
transport, 115, 471, 627, 648–651, 681,

688, 689, 702, 867
venous pressure, 681
volume fraction in expired air, 706, 707

carbon monoxide
amount in blood, 714
and oxygen starvation, 648
binding to hemoglobin, 648, 681, 692
elimination rate, 714, 715
partial pressure, 648
poisoning, 497, 692–694
saturation curve, 648
solubility, 629
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carbonic acid, 650, 698, 873
carbonic anhydrase, 650–652, 688, 689, 873
cardiac arrhythmia, 154, 209, 583–618
Cardiac Arrhythmia Suppression Test

(CAST) study, 603
cardiac cells, 484, 534–553

Ca2+ entry, 276
Na+ channels, 154
Na+–Ca2+ exchanger, 285
action potential, 525
Ca2+-induced Ca2+ release, 274, 324
coupling by gap junctions, 347, 374, 553
coupling resistance, 623
electrical wave propagation, 561
excitability, 195, 523
excitation–contraction coupling, 274,

546–553
parameters, 180
phase singularity, 604
resting potential, 96
ryanodine receptors, 301, 324
structure, 554

cardiac conduction system, 524, 532
cardiac output, 471, 482–695

regulation, 500, 502, 503
cardiac surgery, 593
cardiac tissue, 559, 717

anisotropic, 568, 569
as a syncytium, 523
bidomain model, 566–567
cable equation, 560
electrical coupling, 553, 566, 567, 572
electrical wave propagation, 229, 257,

523–561
electrical wave velocity, 251
electrocardiograms, 525–533
finite state automaton models, 601
homogenization, 618–622
length–tension curve, 724
model of one-dimensional fiber, 554
monodomain model, 567–568
phase singularity, 598
phaseless points, 597
reentrant arrhythmias, 583, 598, 601, 611
scroll waves, 268
space constant of fiber, 555, 556, 559, 623
speed of action potential, 598
spread of action potential, 528
wave propagation failure, 561

cardiorespiratory coupling, 496

carotid artery, 516
carotid chemoreceptors, 698
carotid sinus, 500
Carpenter, G., 250, 904
catalase, 54
Cdc13, 452, 455, 456, 460
Cdc2, 445, 452, 463–466, 469, 470
Cdc20, 445, 447–449, 452
Cdc25, 453, 460, 461, 463–465, 469, 470
Cdc28, 445
Cdh1, 445, 447–449, 452
Cdk, 445, 452
Cdk1, 445
cell division, 442–468
cell membrane, 49–50, 63, 86, 91

active transport, 49, 73–79, 91
as a capacitor, 86, 196, 370
capacitance, 86, 93, 387, 406, 908
carrier-mediated transport, 63–73
concentration differences across, 49, 90
conductance, 87
dielectric constant, 86
diffusion through, 50, 54
effective resistance, 54
electrical circuit model, 86, 87, 218
gap junctions, 347
glucose transport, 50, 834
hormone diffusion, 774
intercalated disks, 553
ion channels, 121, 946, 963
ion pumps, 760
membrane potential, 50, 80–87, 135, 195,

276
movement of charge across, 354
myelination, 236
Na+ transport, 834, 842
of photoreceptors, 908
of smooth muscle, 874
passive transport, 49, 91
T-tubules, 719
thickness, 56
vesicle fusion, 350
water transport, 49, 92, 834

cell volume
and anoxia, 118
and ionic transport, 91, 98
and membrane potential, 93, 95, 101, 118
and pump rate, 95, 96
in the presence of ouabain, 118
regulation, 50, 90–98, 101–103, 118
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CellML, 546
cellular automata, see finite state automata
central terminal of Wilson, 532
Chadwick, R., 949, 962
Champneys, A., 309
Chapman–Kolmogorov equation, 109, 112
characteristics

method of, 517, 519
Chay, T.R., 298, 386, 387, 393, 404
chemical potential, 3, 4

and osmosis, 88
and the equilibrium constant, 5

chemokinesis, 654
chemoreceptors, 496, 698
chemotaxis, 653–655, 663, 665
Cheyne–Stokes breathing, 496, 704
Chinese hamster ovary cells, 300
chloride–bicarbonate exchanger, 116
cholera, 857
cholesterol, 495, 774
chyme, 856, 890
cilia, 963, 969
circadian clocks, 438–442

genes, 440
circle maps, 588–593
Clapham, D., 278, 282, 306
clofilium, 603
clonidine, 842
cocaine, 373
cochlea, 38, 943–962
Coddington, E.A., 590
codons, 427, 429
Cole, K.S., 199, 210
collecting duct, 832, 835, 838, 840, 842

concentration of urine, 835, 846
permeability to Na+, 842
permeability to water, 835, 842
response to aldosterone, 842
response to antidiuretic hormone, 845, 846
solute concentrations, 847

Colli-Franzone, P., 259
colorblindness, 904
Colquhoun, D., 152, 155, 158
common myeloid precursors, 631, 633
compartmental models

of follicle dynamics, 802
of neurons, 192
of pulsatile hormone secretion, 779

compliance, 476–479
arterial, 477, 487, 490, 493, 494

as a function of time, 482
cardiac, 501, 503
diastolic, 484, 490, 495
end-systolic, 482
of the left heart, 494, 511, 512
of the right heart, 494, 511, 512
systemic, 495
systolic, 484, 487, 491, 509
venous, 477, 494, 501, 502
ventricular, 486
vessel, 478, 485, 486, 488, 491, 503, 515

conductance
and effective diffusion, 54
K+, see K+ channels
leak, 198, 965
light-sensitive, 903
Na+, see Na+ channels
of agonist-controlled channels, 153
of the lumped-soma model, 189
of the soma, 189
time-dependent, 200–205
voltage-dependent, 95, 198, 200–205

conductivity tensor, 528, 567, 569, 572, 624
and wave speed, 568
effective, 621
of entire body, 528

Conn’s syndrome, 842
connective tissue, 671, 851
connexin, 373
connexons, 373
constant field approximation, 84–86, 131,

136
constipation, 857
contour integration, 192, 269, 745, 746, 962
contrast detection, 897–898
contrast sensitivity, 911, 939
convolution theorem, 160, 173, 936
Coombes, S., 318, 320
cooperativity, 15–20

and IP3 receptors, 287, 343
Goldbeter–Koshland function, 21
hemoglobin, 644, 646, 680
in cell cycle models, 450
in the Goodwin model, 469
Koshland–Nemethy–Filmer model, 19,

647
Monod–Wyman–Changeux model, 17, 647
negative cooperativity, 16, 17
of Cdc20 activation, 449
positive cooperativity, 16, 17
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core conductor assumption, 177
corticosterones, 98
corticotrophs, 419
corticotropin-releasing hormone, 419
cortisol, 775
countercurrent mechanism

in the loop of Henle, 835–842, 845
coupled oscillators

frequency plateaus, 882–887
in the FitzHugh–Nagumo equations, 626,

891
in the sinoatrial node, 572–583
in the small intestine, 874–887
invariant torus, 615
phase waves, 249, 256, 270, 574, 575, 877,

881
rhythm splitting, 891
the phase equations, 614–618, 879–882

Courant, R., 581
Courtemanche, M., 257, 546, 586, 595
CRH, see corticotropin-releasing hormone
Crick, F., 428
crossbridge, see myosin
curare, 373
current–voltage curve, 85, 121–125

comparison of linear and GHK
expressions, 122, 124

comparison of multi-ion and single-ion
models, 145

Goldman–Hodgkin–Katz, 99, 123, 132,
133, 136

in the Hodgkin–Huxley equations, 197,
198

instantaneous, 123, 147
linear, 87, 123, 133, 198, 202
of Ca2+ channel, 405
of endplates, 364
of K+ channels, 122
of light-sensitive channels in

photoreceptors, 907
of Na+ channels, 122
steady-state, 124, 147

cyclical neutropenia, 632, 634, 635, 641
cyclin-dependent kinase, see Cdk
cyclins, 445–467

cyclin B, 446, 448, 449, 452, 463, 469
discovery, 445

cytochrome, 54
cytochrome system, 23

cytokinesis, 443
cytosine, 427

Dallos, P., 949
de Schutter, E., 176, 192
de Vries, G., 387, 425
defibrillation, 604–613
dehydration

from drinking seawater, 832
del Castillo, J., 152, 350–352
dendrites, 175

dendritic network, 175, 176, 180, 181, 184,
187

passive flow of electricity, 180–187
deoxyribonucleic acid, see DNA
deoxyribose, 427
dephosphorylation, 21

in models of circadian clocks, 440
of IP3, 299
of ATP, 46
of ATP in muscle, 719, 721, 732, 756
of GTP in photoreceptors, 906
of MPF, 463
of myosin in smooth muscle, 757
of preMPF, 453
of the Ca2+ ATPase pump, 283

Destexhe, A., 371
detailed balance, 6, 43, 72, 75, 116, 145, 284,

287, 343, 551, 650, 651, 815
Devil’s staircase, 589
diabetes, 386, 513, 804, 842
diarrhea, 857
diastole, 474, 482, 484, 586
diffusion, 51–55, 58

across an interface, 684
and buffering, 55–310
and countercurrent exchange, 836
and coupled oscillators, 230, 580
and Fick’s Law, 114
and gas transport in the lung, 683
and wave propagation, 257
backwards diffusion equation, 112
coupling of excitable dynamics, 263
electrodiffusion, 83–86
facilitated, see facilitated diffusion
fundamental solution, 318
into a capillary, 55
nonuniform, 257
of IP3, 306, 327, 330, 332
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of a flashing ratchet, 767, 769
of bacteria, 657
of bicarbonate in the gastric mucus, 869
of Ca2+, 280, 303, 306, 307, 312, 332, 410

in presynaptic neurons, 358, 363
of carbon dioxide, 50, 650, 687, 691
of chemoattractant, 658
of electricity along a leaky cable, 175
of extracellular messenger, 326
of glucose, 761
of inhibition in the retina, 919
of ions and fluid absorption, 852
of ions and the Nernst potential, 81
of leukocytes, 657
of Na+ in the descending loop of Henle,

844
of neurotransmitter in the synaptic cleft,

348, 369
of oxygen, 50
of steroid hormones across the cell

membrane, 774
of vasodilators, 498
of water, 49
stochastic, 109–111
through gap junctions, 326, 327, 330, 331,

374, 377
through nuclear pore complexes, 79
through the cell membrane, 50, 73
time, 55

diffusion coefficient, 52, 53
and the eikonal-curvature equation, 262
effective, see effective diffusion coefficient
homogeneous, 114
in buffered diffusion, 57
nonconstant, 115
of H+, 867
of a molecular motor, 766
of bacteria, 115
of Ca2+, 317, 329, 359
of carbon dioxide, 54
of catalase, 54
of cytochrome, 54
of fibrinogen, 54
of fluorescent dye, 115
of glucose, 54
of H+, 54
of hemoglobin, 54
of insulin, 54
of myoglobin, 54, 58
of myosin, 54

of oxygen, 54, 115
of serum albumin, 54
of the tobacco mosaic virus, 54
of urease, 54
scaling, 242

digitalis, 98
digoxin, 603
dihydropyridine receptors, see calcium

channels, L-type
diisopropylphosphofluoridate, 373
diltiazem, 603
dinosaurs, 500
Dirac delta function, 189, 192, 383, 607, 657,

728, 956
directional selectivity, 926
disopyramide, 603
dispersion, 252

and coupled oscillators, 583
and spiral waves, 263, 264, 266, 267
for excitable systems, 252
in the FitzHugh–Nagumo equations,

253–255
in the Hodgkin–Huxley equations, 252,

253
kinematic analysis, 256, 270
of refractoriness, 601, 602

distal tubule, 826, 832, 835
divergence theorem, 52, 333, 949
DNA, 427–430, 442–445, 457, 460, 774
Dockery, J.D., 255
Dodd, A.N., 442
Doedel, E., 36
dofetilide, 603
dopamine, 152, 349, 373, 414, 842

-secreting neurons, 349
and pulsatile prolactin secretion, 783

ductus arteriosus, 507–512
patent ductus arteriosus, 511

Dunlap, J.C., 438
duodenum, 874
Dupont, G., 298–300, 326, 331, 341
dynein, 760

Ear canal, 943
ectopic focus, 577, 578, 583
Edelstein-Keshet, L., 35
Edinger–Westphal nucleus, 933
effective diffusion coefficient, 340, 374–383

and facilitated diffusion, 58
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effective (continued)
from homogenization, 257, 305, 336–341,

376
in cardiac tissue, 618
of a molecular motor, 766
of buffered diffusion, 57, 311
of oxygen, 115

effective diffusion tensor, 338, 340
eikonal equation, 262–264
eikonal-curvature equation, 259–262, 264,

271
Einstein, A., 53, 83, 109, 115
Einthoven triangle, 530–532
Eisenberg, R.S., 130
electrodiffusion, 147

models of ionic current, 128–134
Nernst–Planck electrodiffusion equation,

84, 125
the Goldman–Hodgkin–Katz equations, 83

electrogastrogram, 890
elementary reactions, 3
Elston, T.C., 760, 761, 766
encainide, 154, 603
end-plate current, 364, 367, 369, 383
end-plate potential, 349, 350
endolymph, 944, 967
endoplasmic reticulum, 443, 760

and Ca2+ buffering, 309
and IP3 receptors, 327
and Ca2+ dynamics, 50, 73, 274, 327, 349,

888
and Ca2+ release in gonadotrophs, 419
and ryanodine receptors, 301
in ICC, 888

endothelial cells, 330, 632
Engel, E., 867
enzyme kinetics, 7, 941

allosteric activator, 25
allosteric binding sites, 12
allosteric inhibitor, 12, 14, 24, 43
catalytic power, 7, 10
competitive inhibitor, 12
conformational states, 17, 18
cooperativity, 15
determination of Vmax and Km, 11
enzyme inhibition, 12
equilibrium approximation, 8
Goldbeter–Koshland function, 22
Hill equation, 16
in a spherical geometry, 115

Koshland–Nemethy–Filmer model, 19,
647

lock-and-key mechanism, 12
maximum reaction velocity, 7, 8, 13, 14, 17
Michaelis–Menten equation, 7, 11, 19, 41
Monod–Wyman–Changeux model, 17, 43
negative cooperativity, 16
positive cooperativity, 16, 17
quasi-steady-state approximation, 9
reaction velocity, 8
regulation, 7
reversible, 20
singular perturbation theory, 39
specificity, 7

eosinophils, 627, 628, 632, 652, 666
epinephrine, see adrenaline
epithelial cells

and cholera, 857
and diarrhea, 857
basilar membrane, 858
bicarbonate secretion, 873
Ca2+ oscillations, 326
Ca2+ waves, 279, 326
cytokine release, 276
effect of aldosterone, 774, 842, 855
gastric protection, 867
glucose transport, 67, 834
glucose–Na+ symport, 171
in nephrons, 101
in the gastrointestinal tract, 195, 851–853,

873
in the glomerulus, 821
in the loop of Henle, 834, 840
in the proximal tubule, 67, 834, 848
isotonic transport, 853, 858
mucus secretion, 866
Na+ transport, 91, 98, 99, 101, 102, 833,

840, 853, 855, 856
nutrient absorption, 852
production of G-CSF, 632
secretion of erythropoietin, 631
transport in the proximal tubule, 832
uphill transport, 849, 853, 864
volume regulation, 98, 101, 102
water transport, 852–854, 857

against a gradient, 858
equivalent cylinder theory, 184–185
Ermentrout, B., 36, 417, 615, 882, 887
erythrocytes, 116, 471, 474, 477, 522, 627,

628, 643–714



Index I-13

and carbon dioxide transport, 650
and carbonic anhydrase, 650
maturation rate, 678
production, 630–632
vitamin B12 deficiency, 678

erythropoietin, 631, 632, 635, 639, 678
esmolol, 603
estradiol, 775, 777, 778, 784, 787, 788,

790–792
excitation–contraction coupling, 274,

546–553, 719
extrasystole, 526, 622
Eyring rate theory, 135, 739
Eyring, H., 134–136, 739

Fabiato, A., 301
facilitated diffusion, 58–63, 115

in muscle, 61–64
of carbon dioxide, 115, 691
of oxygen, 58–60

facilitation, see synaptic facilitation
Fain, G., 897–899, 902, 912, 914, 915
Falcke, M., 278, 280, 282, 286, 296, 306, 312,

323–325
Fenn, W.O., 694
fetus, 507, 648, 836
fibrillation, 594, 597, 600, 601, 611

atrial, 525, 527, 594
ventricular, 525, 527, 594

fibrinogen, 54
fibroblasts, 632
Fick’s law, 52, 54, 85, 114, 115, 375, 376, 868
Fife, P., 226, 231, 236, 562
filtration

autoregulation, 825
in the glomerulus, 823–826
in the loop of Henle, 839
in the microcirculation, 479–481, 521

finite-state automata, 267
fire–diffuse–fire model, 318–321
Fisher’s equation, 230, 249, 269, 270
FitzHugh–Nagumo equations, 216–223, 410

and Ca2+ dynamics, 294, 309
applied to

coupled oscillators, 577, 626, 891
defibrillation, 610
gastrointestinal electrical activity, 889
LHRH neurons, 781
neural oscillators, 715
the sinoatrial node, 543, 573

ventricular action potential, 226
dispersion curve, 253, 254
electrical analog, 226
kinematic analysis, 256
modified for bursting oscillations, 410
perturbation methods, 221, 246, 247, 254
piecewise-linear, 243, 253
spiral waves, 263, 267
wave propagation, 242–250

flashing ratchet, 767
flecainide, 154, 603
Floquet theory, 617, 626
flux coupling, 143
Fogelson, A.L., 358, 671, 676, 677
Fokker–Planck equation, 111, 114, 165, 166,

170, 765, 766, 770
backward, 112, 113

folic acid, 678
follicle-stimulating hormone, 775, 777, 778,

784, 786, 790, 791, 801, 802
follicles, 784, 789–795, 797–802
foramen ovale, 507–510

closed in utero, 512
Fourier series, 191, 194, 953, 955, 959
Fourier transform, 192, 916, 922, 923, 925,

936, 954, 973
Fowler, A.C., 503, 706
Franklin, R., 428
frequency response

of a damped harmonic oscillator, 952
of hair cells, 946, 964, 968
of photoreceptors, 938
of the basilar membrane, 947, 948
of turtle horizontal cells, 938

frequency tuning
of hair cells, 946–949, 965, 966, 969

frog sartorius muscle, 236
FSH, see follicle-stimulating hormone

G-protein, 274, 275, 349, 774, 902, 906
GABA, see γ -aminobutyric acid
galactose, 50, 433, 436
γ -aminobutyric acid, 152, 349, 373, 779, 780
γ -aminobutyric acid neurons, 779, 781
γ -aminobutyric acid receptor, 348, 371, 373
ganglion cells, 355, 895, 927, 929–932

direction selectivity, 926, 927, 930
off-center, 930
on-center, 930, 931
receptive field, 929–931
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gap junctions, 257, 373–383
and effective diffusion coefficients, 374
and intercellular Ca2+ waves, 326, 327
blockage, 557
coupling horizontal cells, 895, 931
coupling of myocardial cells, 347, 553,

554
coupling oscillators, 573, 891
coupling pancreatic β cells, 403, 409
coupling photoreceptors, 925
diffusion of an intracellular messenger,

326, 327, 330, 331
diffusion through, 377
distribution, 377–383
effective resistance, 557, 561
effects on electrical space constant, 555,

557
effects on wave propagation, 561, 564–565
permeability to IP3, 327, 330, 332

Gardiner, C.W., 103
Garfinkel, A., 586
garfish olfactory nerve, 236
gastric mucosa, 866, 867
gastric pits, 852, 866, 873
genes, 269, 427, 429, 444, 445

and circadian clocks, 438, 439
regulation of gene expression, 428–438,

668
by Ca2+, 276
in T lymphocytes, 667

genetic code, 427, 428
Gibbs free energy, 3

and the equilibrium constant, 5
of ATP hydrolysis, 5
of glucose oxidation, 23
of glucose phosphorylation, 23

Gibbs–Donnan equilibrium, 82–83, 117, 118
Gillespie’s method, 107
Givelberg, E., 962
Glass, L., 586, 588, 624, 625, 633, 702, 706
glial cells, 279, 326, 330
glomerulus, 821–848

tubuloglomerular oscillations, 825–831
glucagon, 775, 803, 806–808
glucose, 89, 433, 436

absorption in the proximal tubule, 832,
834

and bursting oscillations, 392
and insulin, 803
and insulin oscillations, 806–808, 812

and insulin secretion, 386, 388, 808
diffusion, 54
euglycemic hyperinsulinemic glucose

tolerance test, 804
formation, 803
in blood plasma, 628
intravenous glucose tolerance test, 804
oral glucose tolerance test, 804
oscillations, 806–808, 812
oxidation, 23
phosphorylation, 23, 116, 803
transport, 50, 64, 66, 67, 116, 140, 171,

761, 834, 852
glutamate, 152, 349

at the bipolar cell synapse, 930
ionotropic receptor, 349, 931
metabotropic receptor, 349, 930

glycine, 349
glycolysis, 23, 116

and bursting oscillations, 399–402
Goldbeter and Lefever model, 30
in the pancreatic β cell, 385, 399
oscillations, 23–33
Sel’kov model, 25

Glynn, I.M., 77
Goldbeter, A., 21, 25, 30, 31, 35, 341, 342,

400, 439, 440, 442, 459, 462, 469, 813,
817

Goldbeter–Koshland function, 21, 22, 45,
459

Goldman–Hodgkin–Katz current equation,
85, 87, 139, 170, 354

and the independence principle, 133
and volume regulation, 99
comparison to the linear I–V curve, 122,

124
derived from an electrodiffusion model,

128, 131, 132
derived from nonsaturating barrier

models, 136
in vertebrate axons, 122, 198
reversal potential in the multi-ion case,

123
Goldman–Hodgkin–Katz potential, 86, 123,

124
derived from an electrodiffusion model,

128
multi-ion case, 85

Golgi apparatus, 304, 759
gonadotroph, 414, 419, 777, 790
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gonadotropin, 414, 419, 777, 778, 789, 790
pulsatile secretion, 777–781

Goodwin, B.C., 429, 432, 439
granulocytes, 627, 628, 630–633, 652
granulosa cells, 784, 802
Griffith, J.S., 429, 432, 435
Grindrod, P., 229, 268
Grodins, F.S., 706
growth hormone, 775

pulsatile release, 781
guanine, 427
guanylate cyclase, 903, 905, 910, 912, 915
Guckenheimer, J., 36
Guevara, M.R., 624, 625
Guyton, A.C., 237, 471–473, 486, 496–498,

554, 684, 687, 688, 701, 715, 822, 825,
826, 832–834

Haberman, R., 936, 937
Hai, C.M., 756, 758
hair bundle, 963, 967, 969

adaptation, 970, 971
and transduction, 967
mechanical tuning, 946
negative stiffness, 969, 970
oscillations, 969

hair cells, 945, 946, 962
electrical resonance, 946, 962–969
electrical tuning, 946, 967
mechanical tuning, 946, 969
oscillations, 968

Haldane effect, 650, 681
Hale, J.K., 36
haloperidol, 842
Hamer, R.D., 905, 912–915, 917
Hankel functions, 973
harmonic oscillator, 949, 950, 952, 962
Hartline, H.K., 917–919
Hastings, S., 250, 779
Hawkes, A.G., 152, 155, 158
heart attack, 154, 495, 577, 604
heart dipole vector, 529, 531, 532
helicotrema, 946, 947
Helmholtz, H.L.F., 946
hemoglobin, 643, 644, 679, 714

allosteric effect of hydrogen ions, 648–650
and carbon monoxide, 681, 692
and cooperativity, 15, 644, 647
diffusion, 54
fetal, 648

H+ buffering, 650, 651, 681
oxygen binding, 19, 643, 646, 648, 650,

680, 689
saturation curve, 644, 646, 647, 649, 679,

680
saturation shifts, 648

hemophilia, 669
heparin, 671
Hering–Breuer inflation reflex, 710
heteroclinic trajectory, 234, 249, 390

and traveling fronts, 232, 233, 242, 307
in Fisher’s equation, 270
in the bistable equation, 247

Hilbert, D., 581
Hill equation, 16

modeling cooperativity, 17
modeling guanylate cyclase activity, 910
modeling light-sensitive channels in

photoreceptors, 907
modeling pupil area, 935
modeling the Ca2+ ATPase, 283, 328
modeling the hemoglobin saturation

curve, 645, 646
modeling the ventilation rate, 702

Hill, T.L., 739
Hille, B., 121, 122, 125, 128, 129, 135, 140,

144, 147, 156, 354
Hindmarsh, J.L., 410
Hirsch, M.W., 36, 615
Hodgkin, A.L., 126–129, 143, 177, 198, 201,

203, 205, 224, 907
Hodgkin–Huxley equations, 196–216, 224,

324
wave propagation, 250–252

Höfer, T., 326, 330, 332, 667
Höfer, T., 331
Holmes, M.H., 38, 871, 949, 962
Holmes, P., 36, 615
Holstein-Rathlou, N.H., 827, 831
homoclinic trajectory, 242, 251, 307

and bursting oscillations, 390, 392
and Ca2+ waves, 309, 345

homogenization, 315, 560, 606, 626
effective diffusion coefficients, 257, 336,

376
gap junctions, 376
periodic conductive domain, 618
the Ca2+ bidomain equations, 304, 336
the cardiac bidomain equations, 566,

618–622
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Hooke’s constant, 950
Hooke’s law, 753
Hoppensteadt, F.C., 90, 483, 491, 498, 624,

625
horizontal cells, 895, 897, 902, 925

and lateral inhibition, 921
coupling, 895, 921
coupling to photoreceptors, 895, 921–923,

931
frequency response, 938

Hudspeth, A., 946, 963, 967–969
Hunter, P.J., 572, 759
Huntington’s disease, 349
Huxley, A.F., 126, 198, 201, 203, 205, 224,

735
hydrochloric acid

secretion in the stomach, 852, 866, 873
hydrogen bond, 427
hydrogen ions

and aquaporins, 853
and gastric protection, 872, 873
binding to hemoglobin, 648–651
buffering, 56, 650, 651, 681
concentration gradient in the stomach,

866
diffusion, 54, 115
from carbonic acid, 650
H+–K+ pump, 873
Na+–H+ exchanger, 50, 834

hydrolysis, 23
of ATP, 5, 24

and active transport, 73, 74
and glucose transport, 761
free energy, 76
in molecular motors, 760

of cAMP, 45
of cGMP, 902
of GTP, 79
of neurotransmitter in the synaptic cleft,

348
hypertension, 495
hyperventilation, 698
hypophyseal artery, 775
hypothalamus, 385, 419, 773, 775–784
hypoventilation, 698
hysteresis

and a biological switch, 341
and gene transduction, 668
in bursting oscillations, 391, 415, 418
in cardiac arrhythmia, 599

in the cell cycle, 449
in the control of breathing, 712, 715

I-V curves, see current–voltage curves
ICC, see interstitial cells of Cajal
ideal gas law, 88, 89, 628
ileum, 874
impedance, 952

matching in the inner ear, 943
of the basilar membrane, 962
of the cochlear fluid, 943

incus, 943
independence principle, 125–128, 133, 139,

142, 143
infection, 627, 657, 666, 857
inositol (1,4,5)-trisphosphate, see IP3
insulin, 98, 803

and bursting oscillations, 386
and glucose oscillations, 807, 812
and glucose storage, 803
and glucose transport, 66, 803
diffusion, 54
euglycemic hyperinsulinemic glucose

tolerance test, 804
oscillations, 806–813, 817
pulsatile secretion, 774, 775, 803, 806–812
receptors, 774, 803
resistance, 804
secretion, 398–400, 403, 803
sensitivity, 804–806
units, 803

integrate-and-fire model, 625
intercalated disk, 553
interstitial cells of Cajal, 887
IP3, 274, 275, 377, 774, 891

and Ca2+ influx, 282
and Ca2+ oscillations, 276
and Ca2+ waves, 278, 306
and intercellular Ca2+ waves, 326, 327,

331
Ca2+-dependent production and

degradation, 298, 299
diffusion of, 327, 329, 330, 332
in gonadotrophs, 419, 421, 422
in smooth muscle, 756
in the interstitial cells of Cajal, 888
intercellular permeability, 330
oscillations, 298, 300

IP3 receptor, 152, 274, 285–293, 458, 552
and adaptation, 814
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and Ca2+ oscillations, 276
and Ca2+ waves, 306
clusters, 321
modulation by Ca2+, 286
open probability, 288
similarity to ryanodine receptors, 301
stochastic behavior, 321, 323
subunits, 286

irrotational flow, 950
ischemia, 557
Izhikevich, E.M., 419
Izu, L.T., 280, 550

Jack, J.J.B., 181
Jafri, M.S., 259, 550, 551
Janeway, C.A., 628
jejunum, 874, 878
Jones, C.K.R.T., 245
Jung, P., 324, 327
juxtaglomerular apparatus, 821, 826, 834,

835

K+ channels
activation, 148, 211, 212
and volume regulation, 102
ATP-sensitive, 399
blockers, 153, 201, 603, 604
Ca2+-sensitive, 387, 389, 415, 420, 421,

963, 966–969
current–voltage curve, 122, 197, 202
flux ratio, 128
gating, 148–150, 206, 207
in barnacle muscle fibers, 225
in bursting oscillations, 387
in hair cells, 963, 965, 967
in photoreceptors, 902, 903, 908
in Purkinje fibers, 537
in the Hodgkin–Huxley equations, 201–204
in the squid axon, 124, 147
postsynaptic, 348
stretch-activated, 102
two-state model, 148

K+ current
in hair cells, 963
in models of bursting oscillations, 393
in Purkinje fibers, 536, 539, 540
in the Hodgkin–Huxley equations, 197,

204, 207, 208
in the Noble model, 537
in the sinoatrial node, 541

in ventricular cells, 543, 544
stochastic, 405
unaffected by TTX, 201

Kaplan, W., 588
Karma, A., 267, 595
Katz, B., 152, 199, 349–352, 359
Keizer, J., 56, 259, 286, 288, 289, 298, 299,

311, 318, 386, 387, 400, 552
Keller, E.F., 655
Keller, J.B., 243, 254
Kevorkian, J., 38, 319, 937, 957
kidney failure, 386, 495
kinesin, 755, 760
Knight, B.W., 588, 625, 919
Knobil, E., 777
Koch, C., 176, 181, 192
Kopell, N., 306, 417, 615, 882, 887
Koshland, D.E., 16, 21, 647, 648
Koshland–Nemethy–Filmer model, 19
Kramers’ rate theory, 135, 166–170
Kramers, H.A., 135
Krebs cycle, 23
Kreyszig, E., 193
Kuffler, S.W., 176, 350, 930, 933
Kuramoto, Y., 615
kymograph, 496

Lacker, H.M., 739, 790, 801, 802, 873
lactose, 89, 432, 433, 436

the lac operon, 432–438
lactotroph, 783
Laidler, K.J., 135
Lamb, T.D., 902, 905, 906, 915, 925
lambda–omega systems, 615, 626
Langevin equation, 110
Laplace transform, 160, 173, 191–193, 744
Laplace’s equation, 379, 380, 955
Laplace’s law, 477, 521
larynx, 683
lateral geniculate nucleus, 929, 933
lateral inhibition, 894, 917–926

and Mach bands, 894
in the Limulus eye, 917

Lauffenberger, D.A., 653, 655
law of mass action, 1–3, 7, 8, 11
Layton, H.E., 827, 831, 848
Lechleiter, J., 278, 306
Lefever, R., 25, 31, 400
Leng, G., 779, 782, 783
leukemia, 632
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leukocytes, 627, 628, 652–665
level set method, 261
LH, see luteinizing hormone
Li, Y.-X., 288, 419, 421–423, 813, 817
Liénard equation, 425
lidocaine, 154, 603
light adaptation, see adaptation
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uniports, 64, 68

menopause, 801
menstrual cycle, 784–788
Menten, M.I., 7
metoprolol, 603
mexiletine, 603
Meyer, T., 298
Michaelis, L., 7
microvilli, 852

Milton, J.G., 633, 639, 934
Minorsky, N., 219, 425
mitochondria, 175, 275, 443, 832, 834

and Ca2+ dynamics, 274, 276, 282, 306,
888

metabolism, 400
mitosis, 443, 444, 452, 457, 464

in wee1− mutants, 461
in Xenopus oocytes, 462
minimal model, 469
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in the Hodgkin–Huxley equations, 205–206
in the sinoatrial node, 541
in the squid axon, 124, 147
inactivation, 147, 148, 157, 208, 212
Markov model, 172
postsynaptic, 348
production of, 842
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agonist-controlled ion channels, 152
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neurotransmitter kinetics, 358, 364
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the kidney, 843
waves in myelinated fibers, 239

boundary layers, 38, 382, 846
corner layers, 38, 382, 870–872
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references, 38
regular perturbation problems, 37
scroll waves, 268
singular perturbation problems, 37
spiral waves, 263, 267
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and Ca2+-induced Ca2+ release, 274, 719
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